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INTRODUCTION
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The words “do not disturb my circles” are said to be Archimedes’ last before he was slain by a Roman soldier in the tumult of the pillaging of Syracuse. The timeless tranquil eternity of the not-to-be-disturbed circles in the midst of this account of hurly-burly and death is emblematic of the contrast between mathematics and stories: history, legends, anecdotes, and narratives of all sorts thrive on drama, on motion and confusion, while mathematics requires a clarity of thought that, in many instances, comes only after prolonged quiet reflection. At first glance, then, it might seem that mathematics and narrative have little use for each other, but this is not so. As anyone who teaches the subject knows well, the appropriate narrative helps make its substance more comprehensible, while the lack of a narrative frame may render mathematics indigestible or even, at times, downright incomprehensible.

This dependence of mathematics on narrative is not surprising: after all, mathematics is created by people, and people live, grow, think, and create stories. Stories play crucial roles in our discovering, creating, explaining, and organizing knowledge, and thus mathematics also has a great need for narrative, even though its taste for general ideas might make one forget this. Yet despite this interdependence of mathematics and narrative, until the last few decades there was little attempt to examine the connections between the two domains. Apart from the more traditional source of mathematics-related narratives, the historical and biographical narratives of the development of the field, these connections are revealed in accounts focusing on the drama of the motivations and aspirations of the creators of mathematics, whether such accounts are expressed as dreams, quests, or stories of other kinds. Mathematics does not live in splendid abstraction and isolation. A close reading of certain mathematical treatises with a view to their characteristics as narratives reveals the troubled self-questioning of their authors, the drama, and the false moves that accompany the actual process of research. A full understanding of the enterprise of mathematics requires an awareness of the narrative aspects intrinsic to it. Going the other way, scholars studying narratalogical forms often are helped by adopting a mathematical way of thinking to discover the forms’ underlying intricate structure. A simple example is the complexity of referents to time in this passage from Marcel Proust’s Jean Santeuil, that prompted a mathematical analysis by Genette1:


Sometimes passing in front of the hotel he remembered the rainy days when he used to bring his nursemaid that far, on a pilgrimage. But he remembered them without the melancholy that he then thought he would surely some day savor on feeling that he no longer loved her. For this melancholy, projected in anticipation prior to the indifference that lay ahead, came from his love. And this love existed no more.



Happily, in the last few decades much intellectual activity has been trained on the overlap of mathematics and narrative, as manifested in the proliferation of works of fiction and narrative nonfiction that take their subject matter from the world of mathematical research. Mathematicians watch with delight, often tinged with disbelief, as endeavors that were until recently largely unknown, and totally arcane to non-mathematicians, such as research on Fermat’s last theorem, the Riemann hypothesis or the Poincaré conjecture, become the subject of best-selling books or feature in novels, plays, and films whose plots are set in the world of mathematics, both real and fictional.

More important for this book, the interplay of mathematics and narrative is also becoming the subject of theoretical exploration. Historians, philosophers, cognitive scientists, sociologists, and literary theorists, as well as scholars in other branches of the humanities, are now venturing into this previously dark territory, making new discoveries and contributions. Such theoretical exploration of the old yet new connection between mathematics and narrative is the unifying theme of the fifteen essays in this volume, written by scholars from various disciplines. Many of the essays are original contributions in more than one sense of the word as their authors open up new directions of research.

More precisely, six of the essays deal in various ways with the history of mathematics, a discipline that, though it has mathematical ideas at its center, is narrative in form. None of these contributions follows the older approaches, either internalist, in which progress in a scientific field is interpreted solely within its own bounds, or Whig-historical, which sees in the past of mathematics merely a precursor to the mathematics of today. Without disregarding the underlying story of the development of mathematical ideas and techniques, the contributors look at the history of mathematics in more complex ways. Whether they are investigating mathematical people or mathematical ideas or, more often, the two intertwined, their work aims at relating the creation of mathematics within a larger frame, whether historical or biographical, personal or cultural.

A good example of this approach is Amir Alexander’s “From Voyagers to Martyrs: Toward a Storied History of Mathematics.” “Storied history” may seem redundant, but in Alexander’s treatment it certainly is not, especially when “storied” is read as antithetical to “internalist.” Writing from a modern tendency in the historiography of mathematics, Alexander presents the history of mathematics almost as tableaux of stories that are structured according to underlying narrative patterns. In his account, these stories are not merely the retelling of events that once happened but play a crucial role in forming the meaning of such events. Alexander’s thesis is that the transformation that occurred in mathematics in the late eighteenth and nineteenth centuries was at least partly guided by the form of the underlying stories told about it. Of particular note is the transition from the older narratives, originating in the Renaissance, in which mathematicians such as the creators of the calculus are seen as adventurous explorers, to newer stories of romantic and often “doomed” visionaries, such as Galois and Cantor.

Peter Galison uses the biographies of two pioneers, the flesh-and-blood mathematical physicist John Archibald Wheeler and the most famous pseudonymous mathematician in history, Nicolas Bourbaki, to show how their respective views of their craft, as well as the mathematics they created, were largely shaped by biography—actual in the first case, invented in the second. According to Galison, each mathematical argument tells a story, one not unrelated to its creator’s own formative influences. Thus, Wheeler viewed mathematical arguments essentially as compound machines, a disposition quite possibly shaped by his early experiences as a boy growing on a Vermont farm. His childhood fascination with the intricate machinery around him led to his further, adolescent interest in watches, radios, and all sorts of technical contraptions and, eventually, to his thinking about mathematics as machine-like. Very different were the forms of mathematical argument proposed by the group of French mathematicians who published collectively as Nicolas Bourbaki. These were molded by and reflect the refined intellectual, bourgeois environment of Belle Époque Paris, ca. 1890–1914, in which the first members of Bourbaki grew up. In their book on the history of mathematics, the members of Bourbaki discard the until then dominant metaphor of mathematics as an edifice—a metaphor without which it would be hard to imagine any talk of “foundations of mathematics”—for one of a city whose great growth makes necessary the redesign and rebuilding of its central networks of roads and the creation of new, wide avenues capable of carrying the increased outward traffic. As Galison points out, this is an exact model of what had actually happened to Bourbaki’s own city, Paris, in the mid-nineteenth century, when Georges-Eugène Haussmann demolished whole blocks of old, decrepit buildings in the city’s center, as well as the labyrinths of alleys around them, to make way for his new, wide avenues.

A consciousness of the importance of metaphor to mathematical thinking is one of the insights at the heart of the new historiography of the field. Focusing on the question of whether belief can be said to play a part in mathematical thinking, in “Deductive Narrative and the Epistemological Function of Belief in Mathematics,” Federica La Nave investigates one of the more epistemologically challenging breakthroughs in the history of mathematics by focusing on Bombelli’s contribution to the creation of imaginary numbers. At a time when the square root of a negative quantity was considered an absurdity, the revolution in algebra spearheaded by a handful of Italian mathematicians would have been impossible without the quality of belief. La Nave’s assumption that a new notion of it is necessary to understand Bombelli’s creativity is supported by her close reading of his original texts. For though many of Bombelli’s personal reasons for his belief in the existence of imaginary numbers—as, for example, the notion that algebra is essentially a calculating methodology, or that numbers might have a geometric representation—appear to us to be merely rational, in his writings we find a quality of affect transcending the sense of their obviousness, with which the axioms and the logical, certainty-preserving operations of deductive mathematics were traditionally approached.

The notion of belief leads to that of theology. In “Hilbert on Theology and Its Discontents: The Origin Myth of Modern Mathematics,” Colin McLarty examines an instance of the direct attribution of the term to a mathematical theorem, Paul Gordan’s famous comment on David Hilbert’s extension to an arbitrary number of dimensions of his finite basis theorem: “This is not mathematics, this is theology!” After providing the background to the various interpretations that the comment has received, McLarty focuses on Gordan’s one and only doctoral student, Emmy Noether, a mathematician who played a most important role in the creation of abstract algebra. In McLarty’s treatment, the concept of theology becomes crucial to understanding the development of abstraction at the heart of Noether’s thought. Going further, his essay discusses the little tale about Gordan as an unusually clear example of the deliberate use of narrative in mathematics, with all that this entails for understanding the history of mathematics.

One of the main characteristics of this volume is its multidisciplinary nature, seen also in the tendency of the practitioners of one field to temporarily abandon their own intellectual habits and attempt excursions into neighboring fields. This is perhaps most apparent in the essays by mathematicians writing about their peers’ lives with a strong sense of the cognitive attributes of storytelling, attributes thought by many to set it at the antipodes of mathematical thinking. Interestingly, two of the essays in this book focus on the conventionally highly unmathematical concept of dream.

In “Do Androids Prove Theorems in Their Sleep?,” Michael Harris chooses as the springboard for his discussion of dreams the decision by Robert Thomason to add as co-author of an important paper his deceased friend Tom Trobaugh, a non-mathematician. The reason Thomason gave was that Trobaugh, who had committed suicide a few months earlier, appeared to Thomason in a dream and, by uttering a single (wrong) mathematical statement, provided Thomason with the key step that allowed him to complete a particularly difficult proof. After a close reading of Thomason’s description of the dream and an explanation of the underlying argument, Harris observes that a proof has an essentially narrative structure, then ventures into a general exploration of the similarities of mathematical proofs and works of fiction. In Harris’s analysis, the issue of the role of dreams in mathematical research leads to an examination of the differences between intuition and formalism, or the differences between many actual proofs and the idealized notion of a completely formal one. The idealized proof is the central paradigm for theorem-proving computer programs, or “androids.” Harris concludes his essay with some thoughts on the future possibility of collaborative proofs in which human and machine work together.

The role of dreams in mathematics is also the subject of one of the two editors’ contributions. Barry Mazur begins his “Visions, Dreams and Mathematics” with an attempt—an attempt also undertaken by other contributors—to discuss a possible taxonomy of mathematical narratives, which he distinguishes according to the following classes: “origin stories,” which can be thought of as coming from the non-mathematical world in the form of actual problems inspiring an investigation; “purpose stories,” which again give non-mathematical reasons as the ultimate aim of a certain piece of mathematics; and stories he calls “raisins in the pudding,” or purely ornamental and, in this sense, unnecessary. His own particular interest is in a fourth kind of story, which describes a vision of a grand project, or dream—this is a different use of the word from Harris’s. The inspiration for Mazur’s discussion is a comment made by a mathematician concerning a colleague: “He is an extraordinary mathematician, but he has no dreams.” Mazur investigates what it means for a mathematician to have a dream by focusing on what Leopold Kronecker called his liebster Jugendtraum, the “beloved dream of (his) youth,” which some mathematicians know as Hilbert’s 12th problem. A great mathematical dream engenders in the mathematician a responsibility to follow it wherever it may lead, but it may extend further, even beyond the original dreamer’s life. What makes Kronecker’s liebster Jugendtraum dream so powerful is that its seeds lie in mathematics created before his times, specifically in an idea of Gauss, and it continues to motivate mathematicians long after the completion of his work. The exploration of this great mathematical dream propels Mazur in a discussion of basic concepts in the epistemology of mathematics, such as the difference between explicit and implicit statements.

The authors of the next two essays, Timothy Gowers and Bernard Teissier, are also mathematicians. However, unlike Harris and Mazur, who deal with concrete historical narratives of mathematics, Gowers and Teissier attempt a more general investigation of some generic similarities of mathematics and narrative. Gowers, in “Vividness in Mathematics and Narrative,” uses the term narrative to refer to the most eminent subset of the set of all narratives: literary fiction. His discussion is focused on stylistics, and more specifically on a particular aspect of literary style, vividness, which is also a prime characteristic of a good presentation of mathematical ideas. Whether approaching a literary or mathematical text, the reader is pre-equipped with a vast web of ideas and images derived from previous experience. In the writings of great stylists in both fields, a small trigger in the text may be all that is needed to push a complex selection of such ideas and images to the front of the mind. Gowers gives examples of the wonderful vividness of great literary writing; he argues that when working through a totally analogous process, exactly the same response can be created in certain mathematical texts.

Bernard Teissier, in asking “Why are stories and proofs interesting?,” looks at the interrelation of mathematics and narrative, centering on the notion of a clue. A strong motivation in mathematical research is the desire to uncover hidden facts or structures. In this metaphorical treasure hunt, the brain reads certain signs as more important than others, just as it would in following an adventure story or mystery. However, just as in novels, clues in mathematics can be misleading. No mathematician ever approaches a problem without the prejudices of his or her training, expertise, and likes and dislikes. Grothendieck has said that mathematical investigators ought to be like children and follow the leads without any preconceived idea—this innocence is, of course, easier wished for than achieved for knowledge of generic structures and forms is ingrained in a trained mathematician’s brain, and it is this knowledge that, to a large extent, guides his or her search through a maze of possibilities. In this sense, a mathematician can no more be totally innocent than can a character in a story. But whereas in a realistic story a character’s perception and interpretation of clues is based on knowledge of the real world, in works such as Lewis Carroll’s Alice in Wonderland or James Joyce’s Ulysses, much of the knowledge is internal to the texts and manipulated in their endless games with language. Teissier argues that some of the more formal criteria for clue hunting are characteristic of the appreciation of a mathematical landscape: the mathematician’s thinking is informed both by intuitions that are essentially cognitive universals and by a sophistication acquired through experience with the formal games of mathematics.

Though mathematics is traditionally considered the logical discipline par excellence, in “Narrative and the Rationality of Mathematical Practice” David Corfield proposes that to be fully rational, mathematicians must embrace narrative as a basic tool for understanding the nature of their discipline and research. Starting from philosopher Alisdair MacIntyre’s discussion of a tradition-constituted enquiry, Corfield argues for the partial validity of a pre-Enlightenment epistemology of mathematics as a craft whose advance is made possible only through a certain discipleship. Rather than view mathematical progress as the addition of newer pieces to an ever-growing jigsaw of abstract knowledge consisting of conjectures and theorems, or “mathematics as commodity,” Corfield sides with the mathematicians Connes, Grothendieck, Thurston, and others who promote a vision of mathematics as understanding, an understanding that is inseparable from the narratives the discipline develops of its own progress. A narrative understanding of mathematical progress becomes a necessary part of a practice that fully accepts the reality and the importance of historically defined standards.

The contribution of Corfield uses the term narrative in a sense that is becoming increasingly prevalent in the human and social sciences: as a serial structuring device, usually in chronological time, which may or may not also possess some of the classical attributes of storytelling such as plot, characters, atmosphere, and so on. This sense opens a path to a more general investigation—which plays a central part, in varying guises, in many of the essays in this volume—of the underlying similarities between the cognitive practices of mathematics and of narrative. The next three essays attempt to better understand these similarities, through structural and formal comparisons, or use them for the better understanding of the cognitive history of mathematics.

The essay of the other editor, Apostolos Doxiadis, titled “A Streetcar Named (among Other Things) Proof: From Storytelling to Geometry, via Poetry and Rhetoric,” also works with the notion of narrative as sequential representation, a notion that is more general than “story.” Based on cognitive science and narratology, as well as the study of the rhetorical and poetic storytelling traditions of archaic and classical Greece, Doxiadis gives an account of the birth of deductive mathematics partly as a passage from one mode of thought (narrative) to another (logic). Rather than attempting to solve specific problems of relation or measurement, as their predecessors in Mesopotamia and Egypt did, classical Greek mathematicians constructed general propositions that they attempted to establish beyond any possible doubt. Doxiadis works in the tradition of Jean-Pierre Vernant and G. E. R. Lloyd, who see the new, participatory institutions of the late archaic and classical polis as a crucial factor facilitating the emergence of rationality in Greece. More particularly, he examines the culturally determined overlap of geometric thinking with the practices that developed in the courtrooms and assemblies of the classical Greek polis, under the pressing new civic need for deciding between conflicting views of reality. To better understand the interrelations of apodeictic methods in forensic rhetoric and mathematics, Doxiadis attempts to trace the roots of the former in techniques developed in archaic Greece, both in quotidian narrative and poetic storytelling.

One of the greatest stumbling blocks to perceiving mathematics from the point of view of narrative is the traditional conception of the field as dealing exclusively with timeless, absolute—and thus atemporal—truths, a conception going back to Plato’s notion of mathematical truth. In his “Mathematics and Narrative: An Aristotelian Perspective,” G. E. R. Lloyd shows that the conception of mathematics as atemporal was challenged, soon after Plato defended it, by Aristotle, who held that mathematical proofs are produced by an actualization (energeia). According to this view, which is in harmony with actual Greek mathematical practice, geometric relations exist in diagrams only as potential, being actualized in the process of proof. With his argument, Lloyd provides essential background to many of the essays in this book, if not to its very existence: narrative is only possible in time, and the expulsion of the temporal dimension in the Platonic view of mathematics could be argued to make any notion of the relationship of mathematics and narrative an oxymoron. By explaining the alternative Aristotelian view, Lloyd essentially legitimizes the whole range of our inquiry. For although, as he points out, actual chronology is not relevant to mathematical arguments, sequentiality—which is often time dependent—is. It is precisely on this ground that the two processes, of telling a story and of constructing a proof, often converge.

In “Adventures of the Diagonal,” Arkady Plotnitsky sees the passage that occurred in the nineteenth century to what he calls non-Euclidean mathematics—a more encompassing category than non-Euclidean geometries —as having precise analogies with new kinds of mathematical narratives. The older, “Euclidean” mathematics, as well as the classical physics that it went hand in hand with, was related to narratives that depended on motion and measurement. By contrast, Plotnitsky sees non-Euclidean mathematics as partly relying on new cognitive paradigms of what the world is like, paradigms that include as central the abandonment of the very notion of the “object” as something that can be either discovered or constructed. Plotnitsky sees the first instance of what much later comes into full bloom as a non-Euclidean epistemology in the discovery by classical Greek mathematicians of the concept of “incommensurability,” or the irrationality of certain numbers, such as the square root of 2. From the paradigm developed from such, somehow immaterial—because nonconstructible—entities, Plotnitsky attempts to trace a notion of narrative lacking the Kantian concept of the object at its center. He traces an account of this idea all the way from Greek incommensurability to the most advanced concepts of modern mathematics, such as Grothendieck’s topos theory or the Langlands program. Unlike the object-based, Euclidean narratives that for many centuries guided the language, the perceptions, and the concepts of mathematical understanding, non-Euclidean mathematics works through narratives that are closer to complex and tragic—in the sense of dialogic or ironic—views of reality.

From our earliest discussions, we thought of this volume as an opportunity for a two-way interaction between mathematics and narrative. The essays introduced to this point speak, in one way or the other, either of narratives of mathematics, or the structural and historical affinities of the two practices. For our overview of the interplay of mathematics and narrative to be more complete, however, we also need to travel in another direction: from mathematics to narrative. To do this, we asked three scholars from coming from narratology and literary studies to discuss, from the point of view of their own investigations, the influence of mathematical-type thinking on the study of narrative.

The first of these three essays, can also serve as a bridge, from mathematical to narratological territory. In “Mathematics and Narrative: a Narratological Perspective,” Uri Margolin works in the same general area as Gowers and Teissier, that of the overlap of mathematics and literature, but looks at it from the other side of the hill. His particular interest is in the ways in which we can speak of mathematics in literature, as for example the cases of literary narratives with mathematicians as heroes; narratives in which plots are presented as a mathematical object, like a cryptogram; texts with a formal mathematical structure overriding the more usual, mimetic function of literature, as in the experimental works of the Oulipo group; or works of fiction, like some stories of Jorge Luis Borges, in which a mathematical notion, such as infinity or branching, functions as a key topos. The greater part of Margolin’s essay, however, is given over to a detailed typology at a finer level, and more particularly to the investigation of the structural similarities and differences between how mathematical texts and narratives treat the creation of imaginary worlds, and the criteria of truth, levels and hierarchies of representation involved in this process. A large part of this analysis is based on the concepts of information and choice, as well as related structures of games and searches in both mathematics and narrative, building on ideas presented in John Allen Paulos’s Once upon a Number (1999).

In his essay, “Formal Models in Narrative Analysis,” David Herman provides a thoughtful overview of the existing formal models of narrative, whose creation was one of the main driving forces behind the development of narratology, a field that is undergoing a renaissance, chiefly because of its interaction with cognitive studies. Herman surveys some of the motivations, benefits, and problems of the models proposed by scholars working in a variety of fields, drawing on mathematical understandings of the concept of model to reflect on the nature of the theory of narrative. His contribution has both a diachronic, genealogical scope and a synchronic, diagnostic one. On the one hand, he explores the historical background of some instances of the confluence of the formal study of narrative and mathematics, such as the use of permutation groups, as well as the synergy between mathematically based theories of structural linguistics and early work on story grammars. On the other, he compares models developed by students of narrative, placing these in larger conceptual frameworks, each one determined by certain assumptions about what stories are and how best to study them.

The last essay, by Jan Christian Meister, presents in detail the logic of one particular formal model. In “Tales of Contingency, Contingencies of Telling: Toward an Algorithm of Narrative Subjectivity,” Meister shows how the narrating voice, the actions and thoughts of the characters, and readers’ cognitive and emotional responses always bear traces of individuality, an individuality that is almost impossible to formalize. Sometimes it may be possible to adequately describe, and perhaps even explain, the behavioral logic of a narrator or character. Yet until a narrative is fully processed and the transformation of its words (or other symbolic material) into mental images has come to a close, with a coherent model of the referenced world firmly established, contingency reigns. In fact, a particular kind of unpredictability is a defining characteristic of the narrative mode. To approach formally the notion of narratorial subjectivity, Meister begins from the two ways in which theorists have tried to understand it. The first way is through perspective, which is a coding inside a narrative utterance signaling its stance with respect to what is narrated; the second is focalization, which sets the epistemological boundaries of what has been perceived or imagined in a narrative instance in order to be narrated. Meister investigates how these two concepts, perspective and focalization, can be formalized in the context of a theoretical story generator algorithm—“algorithm” already referring to mathematical concepts—and proposes ways in which mathematical tools may help in the modeling of narrative subjectivity.

[image: Image]

The authors of the works published in this volume met for a week during the summer of 2007 in Delphi, where they presented and discussed earlier drafts of their papers. This engagement led most of the contributors to rewrite their contributions, with the aim of making them parts of a more coherent whole. During the week of the meeting, each author was interviewed at length by another author about some of the issues discussed in his or her contribution. The recorded interviews were transcribed and assembled on the website www.thalesandfriends.org. We hope that this added resource will be useful to readers who wish to better understand some of the viewpoints expressed here.

Apart from thanking the contributors for their willingness to address the various stages of preparing their texts for this volume with an open mind, we wish to express our thanks to Tefcros Michailides and Petros Dellaportas, co-founders of the organization Thales and Friends, which organized and hosted the Delphi meeting. The diligence of Marina Thomopoulou, Dimitris Sivrikozis, Panayiotis Yannopoulos, and Anne Bardy contributed significantly to the success of the meeting, and our editorial assistant, Margaret Metzger, helped us work through the material. Finally, we are deeply grateful to the John S. Costopoulos Foundation, whose generosity made the Delphi meeting possible.

Apostolos Doxiadis
Barry Mazur

NOTE

1. Quoted in Gérard Genette, Narrative Discourse: An Essay in Method, trans. Jane Lewin (Ithaca, NY: Cornell University Press, 1980), 80–81
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CHAPTER 1

From Voyagers to Martyrs

Toward a Storied History of Mathematics

AMIR ALEXANDER

1. Introduction

Sometime in the fifth century BC, the Pythagorean philosopher Hippasus of Metapontum proved that the side of a square is incommensurable with its diagonal. The discovery was quickly recognized to have far-reaching implications, for it thoroughly challenged the Pythagorean belief that everything in the world could be described by whole numbers and their ratios. Sadly for Hippasus, he did not live long enough to enjoy the fame of his mathematical breakthrough. Shortly after making his discovery, he traveled aboard ship and was lost at sea.

Since that time, different versions of the story have come down to us. In some, Hippasus’s “shipwreck” was contrived by his own Pythagorean brothers; in others he was not killed but only expelled from the brotherhood for his indiscretion in revealing its most profound secrets. But whatever version one adopts, it is clear that the story of Hippasus is not meant to be an accurate chronicle of a tragic event that took place 2,500 years ago. Rather, it is a morality tale, intended to convey deeply held truths about the meaning of mathematics and its potential dangers. In this, it was an early example of a “mathematical story,” a narrative type that has accompanied the study of mathematics from the very beginning.

Other stories soon followed. Pythagoras himself reportedly sacrificed an ox upon his discovery of what became known as the Pythagorean theorem, and Euclid, according to another popular tale, admonished King Ptolemy that “there is no royal road to mathematics.” Archimedes ran naked through the streets of Syracuse shouting “Eureka!” and was killed years later when, oblivious to the sack of the city going on all around him, he asked a Roman soldier to stand aside while he worked out a problem in geometry. In later times stories abounded about mathematicians as heroic explorers or tragic young geniuses.1 The recent popularity of movies such as A Beautiful Mind and Good Will Hunting strongly suggests that stories remain the constant companions of mathematical studies to this day.

Like all stories, mathematical tales are meant to amuse and entertain. They draw on an existing world that is familiar to their audience, reflecting its historical and cultural realities. Ancient Greek philosophers, for example, were indeed frequent maritime voyagers, and Hippasus’s tragic end is far from implausible. Archimedes did die during the fall of Syracuse in 212 BC, many early modern mathematicians were deeply involved in voyages of geographic exploration, and so on. But in addition to mirroring the actual conditions in which mathematical work was carried out, the stories also convey important lessons about what mathematics is and how it should be practiced. Hippasus’s tale suggests the dangers of pursuing mathematics to its ultimate conclusions, and Archimedes’ death is emblematic of the clash between the pure realm of mathematics and the barbarism of war. Centuries later, the description of mathematicians as enterprising explorers is not only a reflection of their professional affiliations but also a prescription for how mathematics itself should be practiced.

Mathematical tales, in other words, are both descriptive and prescriptive, drawing on the historical conditions of their times while seeking to define the meaning and practice of mathematics itself. On the one hand, like all popular stories, they are firmly anchored in a particular time and place; on the other, they reach out toward the seemingly insular practice of mathematics itself, defining its meaning, its purpose, and how it should be practiced. Anchored firmly in human culture and history while straining toward the ethereal realms of high mathematics, such stories are uniquely positioned to span the great divide that looms between mathematical practices and the cultural realities in which they arose.2

This is no small feat. All too often in writing the history of mathematics, mathematical developments are treated as fundamentally separate from their historical culture. Mathematics, in these accounts, has a history only in the sense that different mathematicians in different eras glimpsed different parts of the eternal and unchanging truth that is mathematics. The precise historical circumstances in which these discoveries took place are completely irrelevant to the actual substance of the mathematics, which would be exactly the same no matter when or where it was discovered. When historical circumstances do make their appearance in these accounts, they are not meant to draw connections between earthly history and transcendent mathematics but rather to contrast the senseless contingencies of earthly life with the transcendent perfection of the mathematical world.

Poised as they are between mainstream human culture and high mathematics, mathematical stories open up the possibility of writing a different kind of history. In place of the traditional separation between the mathematical and the historical worlds, mathematical stories make it possible to connect the two in interesting and even surprising ways. History, traditionally treated as background noise to the forward march of mathematical knowledge, can now move to the center of the account, both shaping and in turn being shaped by mathematical developments. The practices of high mathematics can thus be brought into contact with the cultural circumstances that gave birth to them. Mathematics, far from residing on its insular Platonic plane, is shown to be an integral part of the human enterprise.

In writing such a history, I propose following the trail of mathematical stories through different historical epochs. In each period I identify one or several dominant narratives that enjoyed wide currency among the broader population as well as among practicing mathematicians. Each of these stories has its roots in a particular cultural context, but each also attempts to define what mathematics is and the place and role of its practitioners within the community. In doing so, the stories might suggest what mathematical questions are relevant or interesting, which methods and approaches are to be considered legitimate, what standards of logical rigor the procedures must adhere to, and what types of solutions would be considered acceptable. Mathematical stories do not determine the contents and details of mathematical proofs, but they did profoundly shape the outlines of mathematical practice in their time.

What follows is a rough outline of just such a story-driven history of mathematics, from the late sixteenth century to the present. The period is divided into three main epochs and a possible fourth, each characterized by a different dominant mathematical story, which in turn is related to a different dominant mathematical style. Unquestionably, this very brief history is far from complete. The dominant tales it identifies by no means exhaust the store of mathematical narratives that existed in each of these periods, as competing stories were always present, sometimes with a message that ran counter to the dominant story’s. A full history would necessarily include accounts of such alternative narratives and the mathematical practices with which they were associated.

Nevertheless, I believe the scheme presented here is a significant step toward a storied history of mathematics. It provides the basic outlines of a historical periodization, as well as examples of how narrative can be used to bridge the gap between mathematics and the broader culture. By reading the development of mathematics over time through the lens of mathematical stories this approach provides a unified perspective that combines broad cultural trends and technical mathematical practices. In doing so it reintegrates mathematical practices with their cultural context and makes mathematics once again an inseparable part of human history.

2. Exploration Mathematics

In 1583 the Dutch mathematician and engineer Simon Stevin introduced his Problematim geometricarum with a poem by Luca Belleri extolling the virtues of mathematics:


Truly, then, the ancients called

Divine mathesis that which by

Its craft enabled to recognize

The supreme seat, the ways of the earth and sea

And to see in person the hidden places in the dark

The secrets of nature.3



The view of mathematics presented here appears at first sight to be quite unremarkable, and very much in line with the ideas of the great reformers of knowledge of the time. The mathematician is portrayed as an explorer, navigating “the ways of the earth and sea” and viewing “in person” the hidden secrets of nature. Similarly, Francis Bacon in a famous passage in the New Organon challenged the natural philosophers of his time to live up to the example of geographic explorers. “It would be disgraceful” he wrote, “if, while the regions of the material globe—that is, of the earth, of the sea, of the stars—have been in our times laid widely open and revealed, the intellectual globe should remain shut out within the narrow limits of old discoveries.”4 In the years that followed, the great voyages of exploration were repeatedly cited as a model and an inspiration by early modern promoters of the new sciences. The image of the natural philosopher as a Columbus or Magellan, pushing forward the frontiers of knowledge, became a commonplace of scientific treatises and pamphlets of the period. The newly discovered lands and continents seemed both proof of the inadequacy of the traditional canon and a promise of great troves of knowledge waiting to be unveiled.5

But while the voyages of exploration served as a powerful trope for promoting the new experimental sciences, the case was very different for mathematics. With its rigorous, formal, deductive structure, mathematics appeared to be a terrain ill-suited for intellectual exploration. No mathematical object, after all, could ever be observed, experienced, or experimented upon. Mathematicians, it seemed, did not seek out new knowledge or uncover hidden truths in the manner of the geographic explorers. Instead, taking Euclidean geometry as their model, they sought to draw true and necessary conclusions from a set of simple assumptions. The strength of mathematics lay in the certainty of its demonstrations and the incontrovertible truth of its claims, not in uncovering new and veiled secrets. Indeed, what could possibly be left hidden and undiscovered in a system where all truths were, in principle, implicit in the initial assumptions?

This view of mathematics was expressed most clearly by Christopher Clavius, the founder of the Jesuit mathematical tradition, in his tract “In Disciplinas Mathematicas Prolegomena,” dating from the 1570s. The mathematical sciences, Clavius insisted, “proceed from particular foreknown principles to the conclusions to be demonstrated.”6 He then continues:


The theorems of Euclid and the rest of the mathematicians, still today as for many years past, retain in the schools their true purity, their real certitude, and their strong and firm demonstrations . . . and thus so much do the mathematical disciplines desire, esteem, and foster truth, that they reject not only whatever is false, but even anything mere probable, and they admit nothing that does not lend support and corroboration to the most certain demonstrations.7



For Clavius, as for many of his contemporaries, all forms of mathematics proceeded by deducing undisputed truths from generally known and accepted first principles. They had little to say of the exploration and discovery of hidden and unknown realms of knowledge.8

Belleri’s account of Stevin’s work as a voyage of exploration was a sharp departure from this long-standing tradition. The mathematician is seen here as an explorer, navigating “the ways of the earth and sea” and viewing “in person” the hidden secrets of nature. This, of course, is precisely what reformers such Bacon and Giordano Bruno were trying to achieve in their new models of knowledge. Dismissing the authority of the older canon, they sought to gain knowledge of the world as explorers do, through direct personal experience. It was clearly not what mathematicians themselves had sought to achieve over the centuries. Indeed, as Clavius had argued, the strength of mathematics lay precisely in the fact that it was not dependent on personal experience or sense perception but was based strictly on pure and rigorous reasoning from first principles. In speaking of mathematics as a voyage of exploration, Belleri’s poem is proposing a shift in the understanding of the very nature of the field.

Stevin returned to this metaphor in his dedication to Dime, his best-selling treatise on decimal notation, where he compared himself to a “mariner, having by hap found a certain unknown island,” who reports his rich discovery to his prince. “Even so we may speak freely of the value of this invention,” he concludes.9 Here Stevin is again an explorer in the uncharted lands of mathematics. Rather than promote his treatise as resulting from rigorous mathematical deduction, he chooses to describe it as an “invention” (equivalent to our modern “discovery”), the happy result of his mathematical travels. Like an unknown land, Stevin’s “invention” is discovered through chance wanderings, and like it, it holds the promise of great riches. Stevin, it should be noted, was not an academic mathematician: he was a practicing engineer and high-level official in the court of Prince Maurice of Nassau, responsible for digging canals, building dams, and constructing fortifications. We should not, perhaps, be surprised to find that he did not share Clavius’s lofty insistence on the strictly deductive nature of mathematics. But the imagery of mathematical exploration did not long remain the exclusive domain of practical men like Stevin. It soon found its way into more academic settings.

In the 1630s and 1640s, leading members of Galileo’s circle in Italy began referring to their mathematical studies in terms of travel and exploration. Unlike their Dutch and English counterparts, Italian mathematicians and natural philosophers were usually far removed from actual maritime ventures, but the rhetoric and imagery of the voyages nevertheless flourished among them. Maritime voyages and physical experiments on board ship figured prominently in Galileo’s Dialogue Concerning the Two Chief World Systems.10 He often referred to scientific work as unveiling the hidden secrets of nature, and applied this vision to the study of mathematics as well.11

At the end of the first day of the Dialogue, for instance, Galileo explained that mathematical truths are “clouded with deep and thick mists, which become partly dispersed and clarified when we master some conclusions.”12 Similarly, in congratulating his disciple, the mathematician Evangelista Torricelli, for his achievements, he wrote that by using his “marvellous concept,” he “demonstrates with such easiness and grace what Archimedes showed through inhospitable and tormented roads . . . a road which always seemed to me obstruse and hidden.”13 The language is indeed suggestive. As before, we are in a land of marvels and secrets, clouded by thick mists, with only difficult and convoluted passages leading through to them. Torricelli is praised for breaking through to his “marvellous concept” and blazing a trail for others to follow. He is indeed a mathematical explorer.

Torricelli himself uses the travel imagery more explicitly in a lecture on the nature of geometric reasoning given in the 1640s. In “the books of human knowledge,” he writes, the truth is “so much entangled in the mist of falsities” that it is impossible to separate “the shadows of fog from the images of truth.” But “in geometry books you will see in every page, nay, in every line, the truth is laid bare, there to discover among geometrical figures the richness of nature and the theatres of marvels.”14 Much like Clavius, Torricelli is here intent on preserving mathematics’ traditional claim to clarity and certainty as against the confused and contested nature of other fields of knowledge. But the source of these unique features of mathematics is radically different for Torricelli than it was for his predecessor. Geometry’s superiority is not derived from its rigorous logical structure but resides instead in its ability to reveal the riches and marvels that are hidden among geometric figures. For Torricelli, the geometer is one who explores and seeks out those hidden secrets and brings them to light—a very different image of mathematics indeed than Clavius’s systematic elaboration of deductive truths.

Significantly, Torricelli frequently utilized exploration metaphors when referring to the work of his friend and fellow mathematician, Bonaventura Cavalieri. In his Opere geometriche, for example, Torricelli reassures his readers that he does not intend to venture upon “the immense ocean of Cavalieri’s indivisibles, but, being less adventurous, . . . will remain near the shore.”15 Elsewhere he calls Cavalieri a “discoverer of marvellous inventions” and credits him with being the first to venture upon “the true royal road through the mathematical thicket . . . who opened and levelled it for the profit of all.”16 Euclid, it will be recalled, had reputedly admonished King Ptolemy I that there is no royal road to mathematics, implying that there is no way around the arduous method of rigorous geometric deduction.17 Cavalieri, according to Torricelli, had found precisely this road. He had paved a road through the difficult mathematical terrain, obfuscated by traditional geometric practice, and opened the way to great marvels from which all might profit. The imagery here is almost identical to Galileo’s description of Torricelli as one who opened a clear passage in place of the old tortuous and convoluted roads.

Cavalieri responded to his friend in kind, urging Torricelli to “divulge in print those treasures of yours, which should not remain hidden in any way.”18 Two years later he congratulated his colleague for the imminent publication of his works, stating that “it will be of great benefit to the scholars, which will enrich themselves with precious gems.”19 In other places in their extensive correspondence Cavalieri repeatedly refers to Torricelli’s work as filled with amazing “marvels,” “wonders,” “precious stones,” and “splendors.”20 In their own eyes, both Torricelli and Cavalieri were seekers of hidden secrets and gems, opening new passages through the difficult and confusing mathematical terrain.21

Galileo and his disciples, it is clear, shared a fundamental vision of the nature of mathematics and its goals: great secrets and marvels, they held, lay within the mathematical fold, obscured by the fog and a thicket of ignorance and confusion. The mathematician, like an explorer, must find his way through fog and wilderness and retrieve the elusive gems. Mathematics, for them, is a science of discovery: it is not about the systematic elaboration of necessary truths but rather about the uncovering of secret and hidden gems of knowledge. Its goals have little in common with traditional Euclidean geometry and much in common with the aims and purposes of the newly emerging experimental sciences.22

For Galileo and his colleagues, the tale of exploration and discovery was a favored literary trope that helped shape their scientific practice. For their English contemporaries it was all that and more, for they were active participants in the English project of expansion and settlement of their day. Thomas Harriot was probably the most original English mathematician before the English Civil War, but he was also a cartographer and an explorer in his own right. As a member of Walter Raleigh’s first Virginia colony of 1585, he explored the Atlantic seaboard and reported his findings to his patron. After his return he provided continuous technical support for Raleigh’s various overseas ventures, drawing maps of distant regions, producing navigational instruments, and lecturing Raleigh’s officers on their use. The effects of his involvement in the voyages on his mathematics were profound.23 Like Stevin, he came to view his work as a voyage of discovery in its own right, an exploration of the hidden secrets of mathematics.

Much the same was true of Harriot’s exact contemporary, the mathematician Edward Wright (1561–1615). An introductory poem by John Davies of Hereford to his English translation of John Napier’s Description of Logarithms (1616) praises both author and translator, for they “for Mathematics found the key / To ope the lockes of all their Misteries / That from all eyes so long concealed lay.”24 As with Stevin, the mathematician is here described as one seeking to expose the hidden secrets and mysteries of his field rather than establish incontestable truths. And lest the maritime context be lost on the reader, Davies then adds:


Wright (ship wright? no; ship right, or righter then,

when wrong she goes) lo thus, with ease, will make

Thy rules to make the ship run rightly, when

She thwarts the Maine for Praise or profits sake.25



Wright is here literally a navigator on the high seas, gaining wealth and glory by raiding the riches of the Spanish Main. Davies’ analogy was a natural one not only because of Wright’s name but also because the mathematician himself was known for his immersion in maritime affairs. In 1589, Wright had taken part in the Earl of Cumberland’s raid on the Azores, an experience that impressed him with the serious deficiencies of commonly used naval charts. Back in London he turned his attention to the mathematical reform of navigation, and ten years later he published his most important work, Certaine Errors in Navigation. Both figuratively and literally, then, Elizabethan mathematicians were navigators and explorers.

It was a radical new vision of mathematics, and it was being promoted not only in England but also in the Netherlands and in Italy. The gulf between this vision of mathematics and the classical view loomed wide. Traditionally, mathematicians had emphasized the rigorous, deductive nature of their field and the absolute certainty of its results. In this view, mathematics since ancient times provided little that was new or surprising, but its conclusions were certain and true. In contrast, Stevin, Harriot, Galileo, and their colleagues presented themselves as enterprising explorers of the mathematical landscape. Mathematics for them was a mysterious undiscovered land, one that promised precious gems and marvels to the mathematician who would penetrate its hidden recesses. The ultimate goal of a mathematician was not to deduce necessary truths, as it was for Clavius. It was, rather, to peer into the inner sanctums of mathematics and retrieve its secret treasures and wonders.

What does it mean to be a mathematical explorer? The answer is far from obvious. It is not at all clear what remains to be explored in a field in which both the subject matter and the fundamental procedures are known in advance. What could possibly be considered a hidden gem or marvel in a wholly necessary and predictable mathematical field? What, in other words, does a mathematics that takes geographic exploration as its inspiration look like?

A possible answer is suggested by a letter from Cavalieri to Galileo, written after he had received a copy of the Discourses on the Two New Sciences. “I am overcome with amazement,” Cavalieri wrote, “seeing with what new and singular manner [your work] unfolds the most profound secrets of nature, and with what facility it solves the most difficult things.” Quoting Horace, Cavalieri compares Galileo to “the first to dare to steer the immensity of the sea, and plunge into the ocean.” He then continues, “It can be said that with the escort of the good geometry and thanks to the spirit of your supreme genius, you have managed easily to navigate the immense ocean of indivisibles . . . and a thousand other hard and distant things which could shipwreck anyone. Oh how much the world is in your debt for having paved the road to things so new and so delicate!”26 Here once more the mathematician is a heroic navigator, traversing immense and treacherous oceans in search of “fine and delicate things.” But for the first time the method of mathematical discovery is also named: it is the method of indivisibles, that highly controversial and extremely useful approach which dominated seventeenth-century mathematics and led eventually to the Newtonian and Leibnizian calculus.

Galileo’s disciples reiterate their view of the method of indivisibles as the proper vehicle for the exploring mathematician in other places as well. When Torricelli congratulated Cavalieri for opening the “Royal Road” to mathematics, he was referring explicitly to his colleague’s “geometry of indivisibles,” which “allows the establishment of innumerable and almost impenetrable theorems by short, direct, and positive demonstrations.”27 In a similar vein, Cavalieri thanked his friend for sending him his unpublished results, praising him for discovering “fruits that are so precious” and calling “lucky the indivisibles which have found so great a promoter.” Even so, Cavalieri warned, those who “abhor the indivisibles” will not be satisfied “while the difficulties of the infinite keep their minds cloudy and hesitant.”28 The precious fruits and marvels of mathematics, it seems, should be approached through the method of indivisibles, which leads the mathematical explorer into the mathematical heartland and enables him to chart its wondrous terrain.

But what is it about the method of indivisibles that makes it particularly appealing to those who view mathematics as a voyage of discovery? To answer this question, let us look at a very simple example of proof by indivisibles offered by Cavalieri, the mathematician most closely associated with the method of indivisibles and its dissemination. His Geometria Indivisibilibus of 1635, and the subsequent Exercitationes Geometricae Sex of 1647, were the most serious attempts to turn what was a rather loose collection of mathematical practices into a systematic “method.” All subsequent discussions of indivisibles in the seventeenth century refer repeatedly to his work.
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Figure 1.1. Bonaventura Cavalieri’s drawing to prove proposition 19, a parallelogram is double either of the triangles created by a diagonal drawn inside the parallelogram, using the method of indivisibles. (From Cavalieri, Exercitationes Geometrica Sex, prop. 19.)

In proposition 19 of the first book of the Exercitationes, Cavalieri sets out to prove the following:


If in a parallelogram a diagonal is drawn, then the parallelogram is double either of the triangles which are constituted by this diagonal.29



The problem is, of course, trivial, and could be easily proved by a traditional Euclidean approach. All one has to do is show that the two triangles ACF and CDF in figure 1.1 are congruent. This follows immediately from the fact that the diagonal FC is a side of both triangles, angle ACF = angle DFC because AC is parallel to FD, and angle FCD = angle AFC because AF is parallel to CD. As a result, the triangles share a side and have two equal angles, and are therefore congruent. Since the two together compose the parallelogram ACDF, then the parallelogram is double either of them.

Cavalieri, however, proceeded differently. He divided each of the triangles into an infinite number of lines parallel to the bases CD and AF. These were the “indivisibles.” He then argued that since each of the lines in one triangle had its equivalent in the other (e.g., HE = BM), then “all of the lines” in one were equal to “all of the lines” in the other. From this he concluded that the areas of the two triangles were equal, and therefore the parallelogram was double either of them.30

The difference between the two approaches is fundamental. The Euclidean proof relied solely on rigorous deduction from first principles. Essentially, it showed that the parallelogram had to be double the triangles or a logical contradiction would ensue. It tells the reader nothing about the internal structural causes of the mathematical relationship but simply shows that it cannot be otherwise. Cavalieri’s strategy, on the other hand, is to try and look into the inner structure of each triangle and determine its composition. His purpose is to “see” why the two triangles are indeed equivalent, not to logically prove that they could not be otherwise. By dividing the two triangles into their inner components, Cavalieri was exploring and mapping their inner structure, which was completely inaccessible and irrelevant in a traditional geometric approach. Whereas the Euclidean proof relied on the strict application of the necessary rules of logic to the external characteristics of the parallelogram, Cavalieri’s proof was an exploration of the internal composition of geometric figures. More generally, the aim of Cavalieri’s method of indivisibles was to penetrate the surface appearances of geometric objects and observe their actual internal makeup.

Francesco Stelluti, who was a contemporary of Cavalieri’s and an early member of the Accademia dei Lincei, claimed that the academy’s purpose was to “penetrate into the inside of things in order to know their causes and the operations of nature that work internally.”31 Cavalieri, in effect, was doing precisely that for a geometric figure: abandoning the traditional mathematical goal of logically proving his claim, he chose instead to “peer into” the parallelogram in order to “see” its inner workings. The Jesuit mathematician Paul Guldin, who was the leading critic of Cavalieri and his method, was undoubtedly correct when he charged that Cavalieri was practicing a “geometry of the eye.”32

While Cavalieri was perhaps the best-known “indivisiblist” of his time, Galileo and Torricelli were also closely involved in the development of infinitesimal methods and were well-known advocates of the approach. Galileo offered his own exploration of the inner structure of the geometrical continuum in the first day of his Two New Sciences, focusing his discussions on several paradoxes, the most famous of which is known as Aristotle’s wheel.” After discussing the matter at length, Galileo concluded that the continuum is composed of an infinite number of atoms separated by an infinite number of empty spaces.33

Galileo was well aware of the difficulties in this view and was careful to qualify his position. “What a sea we are gradually slipping into without knowing it!” his spokesman Salviati exclaims. “Among voids, infinites, indivisibles, and instantaneous movements, shall we ever be able to reach harbor even after a thousand discussions?”34 His answer is a guarded yes: one should “allow this composition of the continuum out of absolutely indivisible atoms. Especially since this is a road that is perhaps more direct than any other in extricating ourselves from many intricate labyrinths.”35 By positing the continuum as composed of discrete indivisible components, the dangers and difficulties of the continuum are averted, and the mathematician succeeds in reaching “dry land.”

Like Cavalieri, Galileo sought to look into the invisible internal structure of a geometric construct, the mathematical continuum. He was not content merely to register necessary geometric connections in the Euclidean manner but tried instead to determine the inner causes of the surface relationships we observe. His tool was the paradox: by pushing familiar geometric relations to their incomprehensible limit, Galileo hoped to determine the structural causes that shape geometric relations. Much as Bacon sought to vex and torture nature in order to extract its hidden secrets, so Galileo was intent on pushing geometry to its extremes in order to gain access to the miracles and wonders it withholds. In the absence of divine revelation, he argued, such “human caprices” are our best “guides through our obscure and dubious, or rather labyrinthine opinions.”36

Along with Cavalieri, Torricelli was the leading “indivisiblist” mathematician in Italy, and he devoted far more time and effort to the development of infinitesimal techniques than did his mentor, Galileo. Their mathematical approach nonetheless was markedly similar.37 Classical mathematicians had avoided paradoxes at all costs and sought to exclude them from the field of legitimate mathematical investigations; in contrast, both Galileo and Torricelli reveled in paradoxes and saw them as keys to true mathematical understanding. Torricelli’s papers include no less than three separate lists of paradoxes of the continuum, starting with straightforward ones, and subsequently increasing in difficulty and sophistication.38 The most basic one is simple, however, and it already reveals Torricelli’s fundamental insight into what he considered the true nature of the continuum.
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Figure 1.2. Evangelista Torricelli, a diagram demonstrating a paradox of indivisibles. Triangle ABD is composed of indivisible lines FE, and traingle DBC is composed of an equal number of indivisible lines EG. Since each line FE is longer than the corresponding line EG, the area of triangle ABD should be larger than that of triangle DBC. But the areas of the two triangles are equal. (From Torricelli, “De Indivisibilium Doctrina Perperam Usurpata,” fig. 1.)

In a manuscript titled “De Indivisibilium Doctrina Perperam Usurpata,” Torricelli posits a rectangle, ABCD, which is dissected by the diagonal BD (figure 1.2). From every point along BD lines are drawn parallel to AB and BC, respectively, until they intersect with the sides (like FE and EG). Now the sum of all the lines FE, parallel to AB, composes the triangle ABD. Similarly, the sum of all the lines EG, parallel to BC, composes the triangle BCD. FE, however, is longer than EG, and this holds true for any point E along the diagonal. The triangle ABD, composed of all the lines FE, must therefore be larger than the triangle BCD, composed of an equal number of shorter lines, EG. But that is manifestly false because the diagonal divides the rectangle into two equal triangles.

How is it possible, Torricelli asks, that a collection of long lines produces a figure of the same area as an identical number of shorter lines? His solution is simple but startling: “The opinion that indivisibles are equal among themselves,” he wrote, “that is that points equal points, lines are equal in magnitude to lines, and that surfaces are equal in depth to surfaces, is not merely difficult to prove, but is, in fact, false.39 According to Torricelli, then, each indivisible has a specific positive magnitude. Some points are larger than others, some lines are “wider” than others, and some planes are “thicker” than other planes. In the case of the two triangles, he concludes, the indivisible lines EG, though shorter than the lines EF, are also “wider” than their counterparts. This explains how a collection of short lines produces a triangle of the same area as the same number of longer lines. It is, for Torricelli, the only solution to the paradox.40

Like Galileo, Torricelli is attempting to unveil the true structure of the continuum, which appears opaque and impenetrable at first sight. Galileo had examined the paradox of Aristotle’s wheel, and argued that indivisible points are separated by empty spaces. Torricelli proposed his own paradox, and concluded that indivisibles differ in magnitude from each other. Antonio Nardi, another disciple of Galileo and a close friend of Torricelli, once complained that while Archimedes arrived at marvelous mathematical results, his classical method provided “no trace of his voyage, no markers, and no guide.” Both Galileo and Torricelli were attempting to make up for Archimedes’ shortcomings: they explored the very heart of the mathematical continuum and provided a detailed map of their discoveries for those that would follow.

While Galileo and his disciples were refining their views on indivisibles, mathematicians across the continent were using similar methods and making use of similar language to describe their own infinitesimal procedures. In England, Thomas Harriot and, later, John Wallis were true “mathematical explorers” who sought to unveil the hidden secrets of mathematical objects. In the Netherlands, as we have seen, Stevin compared mathematicians to mariners who bring back riches from their travels to exotic lands. His mathematical practice also lived up to this imagery, as he explored the hidden internal structure of geometric figures, seeking to bring to light their hidden secrets.41

Though seventeenth-century English mathematicians did not embark on geographic voyages as their Elizabethan predecessors did, the imagery of exploration remained alive in mathematical circles. William Oughtred (1575–1660) was not an adventurer but a teacher. He served as tutor in a succession of noble households and apparently never left England, but he was nonetheless imbued with the adventurous rhetoric of exploration mathematics. Unlike Harriot, Stevin, or the Galileans, Oughtred was not a leading innovator in the method of indivisibles. But when late in life he was introduced to the new indivisiblist methods, he was quick to appreciate their importance for the mathematics of exploration. “[I] am induced to a better confidence of your performance” he wrote Robert Keylway around 1645, “by reason of a geometric-analytical art or practice found out by one Cavalieri, an Italian . . . [from which] I divine great enlargement of the bounds of the mathematical empire will ensue.” The method of indivisibles, he suggested, offered great new vistas for new explorers to conquer. Unfortunately, he told Keylway, he himself was too old and too demoralized by the civil war raging around him to embark on the voyage himself: “being more stept in years, daunted and broken by the sufferings of these disastrous times, I must content myself to stay home and not put out to any foreign discoveries.”42

In sum, the story of the mathematician as a maritime explorer is a vivid example of a mathematical tale that draws on historical circumstances while at the same time shaping the contours of higher mathematical practice. The story was rooted in popular cultural themes of the times, deriving its inspiration from the famous voyages of geographic discovery and the heroic stature attained by the great navigators such as Columbus, Magellan, and Drake. It was aided by the historical fact that many mathematical practitioners, especially in England, were actively involved in the voyages, and one at least, Thomas Harriot, was even a distinguished explorer in his own right. But while drawing on the myths as well as the realities of the age, the story of the mathematical explorer also helped define the actual technical approaches developed by Harriot, Cavalieri, and their colleagues. The story steered mathematicians away from the traditional view of mathematics as a stable and unchanging rock of certainty in stormy intellectual seas. Instead, it suggested that mathematics itself was a voyage of discovery, filled with unpredictable hazards but also holding great promise of unknown wonders.

To mathematicians who viewed themselves as explorers and discoverers, the method of indivisibles was enormously appealing because it was designed precisely as an exploration of the inner composition of geometric figures. Indivisiblist mathematicians began their investigation by “peering into” a geometric figure and determining its internal makeup, aggressively mapping out the inner structure of geometric figures in ways that traditional geometry never attempted. It may be said that traditional geometry sought to determine the nature of the world through rigorous deduction from first principles; in contrast, Cavalieri and his colleagues sought to investigate the world by exploring the secrets hidden within existing objects. The method of indivisibles was indeed a voyage of discovery into the inner sanctums of geometric figures.

3. “The Natural Purity of the Heart”

The mathematics of exploration reached its peak in the middle decades of the seventeenth century. The method of indivisibles had by that time proved so powerful and effective that it was used by practically all leading mathematicians in Europe, regardless of their philosophical commitments. Geometers could and did argue passionately about the meaning of the method and which techniques were allowable, but the basics of the approach could no longer be challenged. Geometric figures of two and three dimensions were routinely sliced up into an infinite number of lines or planes to determine their underlying geometric properties.

In an obvious sense, this mathematics of exploration led directly to the development of the full-fledged calculus by Newton and Leibniz. The calculus, after all, is founded on the same “indivisiblist” intuition that a line is made of points, a surface of lines, and a volume of surfaces, a perception that follows directly from the work of Cavalieri and his colleagues. But in a deeper sense the emergence of the calculus spelled the end of “exploration mathematics.” For unlike the infinitesimal methods that preceded it, the calculus was first and foremost a self-contained mathematical system. Independent of the particular characteristics of geometric objects, it did not seek to “penetrate” their surface and chart their inner structure. In fact, it had no need for external objects at all: its fundamental theorem posited an inverse relationship between the two algebraic operations of differentiation and integration (to use Leibnizian terminology). While the calculus could effectively describe a myriad of geometric and physical objects and processes, the operations of the calculus itself were not dependent on any of these. Differentiation was the inverse of integration and vice versa, regardless of any particular geometric or physical manifestation.

The advent of the calculus necessitated a reevaluation of the relationship between mathematics and the physical world. To seventeenth-century “mathematical explorers,” mathematical objects were almost indistinguishable from physical ones. The notion that geometric figures were composed of an infinite number of indivisible components was inspired by doctrines of physical atomism that were much in vogue at the time. This is made clear, for example, in the work of Harriot and Galileo, as well as in Cavalieri’s materialist metaphors.43 When studying the inner structure of geometric figures, seventeenth-century “indivisiblists” were in effect peering into the hidden composition of material objects as well. By severing its dependence on geometric objects, the Newtonian and Leibnizian calculus did away with all that. The calculus could still describe hidden and surprising relationships between physical objects and processes, but it was also clearly distinct from the objects themselves. The focus of mathematics had shifted from the hidden structure of objects and toward the systemic relationships between algebraic formulas.

Perhaps the best account of the relationship of mathematics to the world in the eighteenth century was offered by Jean le Rond d’Alembert (1717–83), one of the leading mathematicians of the century and the most colorful of the grandes géométres of the age. As editor with Denis Diderot (1713–84) of the Encyclopédie, d’Alembert authored the “preliminary discourse” to the project, which turned out to be his most lasting and best-known contribution to the literature of the Enlightenment. As was natural for a professional geometer, d’Alembert devoted a significant part of the essay to a discussion of the place of mathematics in the general system of knowledge.

Mathematical knowledge, d’Alembert explained, comes from systematically removing the general attributes of matter from physical objects. Geometry, for example, is the result of considering material objects without motion, and algebra of considering geometric objects without extension. Algebra, d’Alembert explained, is also the final station of this process: it is the study of the most general relationships that pertain between physical objects, once their specific physical attributes are removed. “This science (Algebra),” according to d’Alembert, “is the farthest outpost to which the contemplation of the properties of matter can lead us, and we would not be able to go further without leaving the material universe altogether.”44 But abandoning the material roots of mathematics altogether was unthinkable to d’Alembert, as it was to all his mathematical contemporaries. Mathematics may be abstract, and algebra the most abstract field of all, but ultimately it derived its meaning from the physical world and the relationships embedded within it. “Mathematical abstractions,” he adds, “help us in gaining this knowledge, but they are useful only insofar as we do not limit ourselves to them.”45

Once mathematics has reached the peak of abstraction in algebra, it must turn back and, step by step, reintroduce the physical attributes it has previously removed:


We begin by restoring to it impenetrability which constitutes physical body and was the last sensible quality of which we had divested it. The restoration of impenetrability brings with it the consideration of the actions of bodies on one another, for bodies act only insofar as they are impenetrable. It is thence that the laws of equilibrium and movement, which are the object of Mechanics, are deduced. We extend our investigations even to the movement of bodies animated by unknown driving forces or causes, provided the law whereby these causes act is known or supposed to be known.46



For d’Alembert, then, mathematics was nothing but physical reality shorn of its sensible properties; conversely, the physical world was simply mathematical abstraction once sensible physical properties had been restored to it.

Compared to their predecessors in the seventeenth century, Enlightenment mathematicians had stepped back from the material world and no longer sought the close view of physical objects that was at the heart of the mathematics of exploration. In its place they substituted the notion that the objects of mathematical study were the abstract relationships that pertained between objects in the physical world. In both cases, however, the ultimate sanction and meaning of mathematics lay within the physical world.

Whether or not most eighteenth-century mathematicians subscribed to d’Alembert’s ontological views, there is no question that their actual mathematical practices closely followed the outlines of his manifesto. Beginning early on with questions derived directly from physical reality, Enlightenment mathematicians gradually moved toward increased abstraction and generalization. But even at its furthest algebraic outpost, exemplified in the work of Euler and Lagrange, the subject matter of mathematics remained physical reality. Not only were the problems of mathematics ultimately drawn from the “real world” but physical reality also guaranteed the validity of mathematical truths.47

How would one describe an eighteenth-century mathematician, a man who would reveal the hidden mathematical harmonies that underlay the physical universe? They were not explorers on the high seas, willing to risk shipwreck and paradox, for unlike their seventeenth-century predecessors, Enlightenment mathematicians were not trying to peer into geometric figures in search of “wondrous” mathematical results. Nor were they willing to divorce mathematics from the physical world and imagine an alternative mathematical universe as their nineteenth-century successors would do. For as d’Alembert had made clear, Enlightenment mathematicians believed that the world was the font of all mathematical knowledge, giving it both meaning and purpose. Instead, the grandes géométres of the eighteenth century were bent on revealing the abstract mathematical relationships that underpinned our seemingly chaotic world. An ideal mathematician would therefore be one finely tuned to the inner harmonies of the world, which the less mathematically minded would never notice. As it happens, Enlightenment culture did offer a popular image of such a man, one who was intimately in touch with the natural world while at the same time transcending its limitations: it was the simple and noble “natural man,” discussed by philosophers throughout the century and ultimately canonized in the writings of Jean-Jacques Rousseau. As we shall see, this popular ideal came to embody what it meant to be a mathematician in the age of Enlightenment.

For the most outstanding example of the Enlightenment geometer as a natural man, we need look no further than the most famous geometer of the age, who lived and worked in the capital of the Enlightenment—Paris. It all began on the night of November 16, 1717, when a policeman on his rounds noticed a small wooden box on the steps of the church of St. Jean le Rond in Paris. Inside he found a baby boy, exposed to the elements and the mercy of strangers. Foundlings were not rare in eighteenth-century Paris, and most ended up in notorious publicly run orphanages, from which only the hardiest emerged. But the baby found that night was more fortunate: he was treated with care and kindness and grew up to become a great mathematician and leading philosopher of the Enlightenment. He was Jean le Rond d’Alembert, a man who spent his days in the sparkling salons of Paris but whose middle name forever harked back to a baby abandoned on the steps of the church of St. Jean le Rond on a cold November night.

The mystery surrounding d’Alembert’s parentage did not last long. Within a few days of his discovery it became known that the foundling was the illegitimate son of the scandalous salon hostess, Mme. de Tencin, and one of her lovers, the chevalier Destouche (1668–1726). When her liaison with the chevalier Destouches resulted in a pregnancy and subsequent birth, Mme. de Tencin promptly abandoned the baby and continued her active social life as before. Although she lived till d’Alembert was well into his thirties and a rising star in Parisian society, Mme. De Tencin never acknowledged the son she had left on the church steps. Not so d’Alembert’s father, the chevalier. Though he was away from Paris at the time of d’Alembert’s birth, Destouches sought him out as soon as he learned of his son’s existence and took charge of his upbringing. He placed d’Alembert in the care of a glazier’s wife, Mme. Rousseau, who raised him with the loving care of a mother and provided him with a family refuge in later years. Indeed, so close did d’Alembert and his foster mother become that he remained in her humble home for nearly half a century before moving out in 1765. The Destouches family meanwhile continued to provide for d’Alembert, and when the chevalier died in 1726, he left his son with a comfortable pension to live on.

The events surrounding d’Alembert’s birth were recounted many years later, following d’Alembert’s death in 1783, by his friend and protégé Marie-Jean de Caritat, Marquis de Condorcet (1743–94). Condorcet was at that time the perpetual secretary of the Paris Academy of Sciences, where one of his chief duties was to author official eulogies for members of the Academy upon their passing.48 His éloge to M. d’Alembert, his friend and mentor, was one of the longest and most personal he ever wrote.49

The picture of d’Alembert that emerges from Condorcet’s account of his early years is indeed appealing. Here was a child left alone in the world, devoid of family or connections, living a life of simplicity itself, untouched by ambition or the corruptions of “le Monde.” Rather than pursue a respectable career in the professions, the young d’Alembert chose to follow his heart, and was willing to sacrifice both social status and financial rewards in that pursuit. His study of mathematics was not based on ambition or dreams of immortal fame because, according to Condorcet, d’Alembert did not initially consider himself a particularly gifted mathematician. Rather, his tireless work in the field was motivated solely by his true love of mathematics. D’Alembert, according to Condorcet, was unconcerned with his reputation, either current or posthumous. He lived entirely in the present, following his heart’s desires without regard to material goods, fame, or fortune. Such purity, Condorcet observed, is the sign of a man untouched and uncorrupted by the evils of society. “It is rare,” he wrote, “to be able to observe the human heart so close to its natural purity, and before amour-propre corrupts it.”50

For Condorcet, then, d’Alembert is nothing but a pure natural man, untouched and uncorrupted by the artificial and superficial mores of high society. His obscure parentage dissociates him from any particular social lineage, class, or background. His contentment in the humble company of his foster family exemplifies his modesty and sincere disregard for material goods and earthly glory, as does his ardent pursuit of a vocation that promises so little in the way of material rewards. D’Alembert is a child of nature and his heart retains the purity and simplicity of a child, which is lost to the rest of us.

Condorcet’s eulogy is notable not so much for giving a fair-minded assessment of d’Alembert’s character and work. After all, d’Alembert’s noble parentage was well known and played a significant part in opening the doors of society to him. Furthermore, a well-documented pursuit of credit and honor in his chosen field, mathematics, was also at odds with his supposed disdain for earthly glory. But if Condorcet’s account is questionable as a faithful description of the historical d’Alembert, it does present us with a clear vision of what an ideal mathematician should be. D’Alembert, for Condorcet, embodied the perfect mathematician, and for him, such a person was first and foremost a natural man.

The notion that sometime in the distant past human beings existed in a “state of nature” was a widespread hypothetical ploy among philosophers of the seventeenth and eighteenth centuries. The most prominent philosophers and authors of the era, including Thomas Hobbes, John Locke, David Hume, and Jean-Jacques Rousseau, all wrote treatises discussing this hypothetical condition and describing men’s transition from the state of nature to civilization.51 The English-speaking philosophers differed radically from each other in their account of life in the natural state, but they all viewed the emergence of civilization as a necessary and, on the whole, beneficial transition. Not so Rousseau, who argued that men in the state of nature were naturally good and that life in civilized society undermined men’s goodness and ultimately rendered them unhappy. This transformation, according to Rousseau, occurs when natural amour de soi, or self-love, becomes the civilized amour-propre. The former is a benevolent sentiment, focused on the self alone and the fulfillment of one’s needs; the latter is a needy and demanding sentiment, based on comparing oneself to others. Civilized men, according to Rousseau, are guided by amour propre, and become envious, petty, and vindictive. “This is how the gentle and affectionate passions are born of self-love [amour de soi], and how the hateful and irascible passions are born of amour-propre,” Rousseau wrote. “Thus what makes man essentially good is to have few needs and compare himself little to others; what makes him essentially wicked is to have many needs and to depend very much on opinion.”52

Rousseau was not content to have his views debated among professional philosophers, or even among members of a narrow elite. Through his romantic novels and a lively personality cult of Jean-Jacques that survived the death of the author himself, Rousseau’s ideas were disseminated to an ever-growing segment of French society. In 1783, when Condorcet wrote his éloge to d’Alembert, Rousseau worship was at its height in fashionable Parisian circles. It extended even as far as the royal court, where the queen and her companions attempted to experience the pleasures of the natural life in specially built hamlets and dairies in Rambouillet and Versailles.

It is in this context that we should read Condorcet’s references to d’Alembert as a natural man, for the éloge is imbued with Rousseauian sensibilities. Like a proper natural man, d’Alembert was never dependent on the approval of society and the accumulation of material possessions. To the contrary: according to Condorcet, d’Alembert was “reduced to the most simple necessities, but happy in the pleasure of his studies and his freedom, he preserved his natural gaiety in all its youthful innocence [“naïveté”].53” When he further wrote of d’Alembert that “it is rare to be able to observe the human heart so close to its natural purity, and before amour-propre corrupts it,” he was using explicitly Rousseauian terminology.54 As his contemporary readers would have been well aware, Condorcet was suggesting that d’Alembert was exceptional among men for having preserved his pure and natural outlook on the world in the face of the corrupting influence of society. Innocent and imbued with gaiety, untouched by amour-propre, d’Alembert was free of envy, pettiness, and ambition and could devote himself wholeheartedly to his true passion—the study of mathematics.

In Condorcet’s account, d’Alembert is a living, breathing “Émile,” the boy raised to become the ideal “natural man” in Rousseau’s educational treatise. Like Émile, d’Alembert cared nothing for the adulation of society, and as a result was rewarded with even greater admiration. D’Alembert, according to Condorcet, was self-sufficient, content in his lot, and had retained a natural innocence and curiosity about him that the cultivated set found irresistible. He was a Rousseauian natural man amid the most civilized and cultivated of settings, where his simplicity and innocence shone brightly against the background of overly cultivated and artificial social conventions. The duchesse de Chaulnes, who knew d’Alembert at the height of his social success in the Paris salons, shared Condorcet’s view on the source of his charm, saying that he was “only a child who lived in eternal infancy.”55

For Condorcet, d’Alembert was simply a natural man, pure of heart and unaffected by the rivalries and petty jealousies that inevitably grow in the fertile ground of society. In his story, each and every stage in d’Alembert’s remarkable rise from obscurity to greatness was made possible through his unaffected natural simplicity. Even the seemingly unfortunate circumstances of d’Alembert’s birth were harbingers of his later greatness and, in Condorcet’s account, what made it possible. His abandonment by his profligate mother, far from degrading him and turning him into an outcast, resulted in his being raised by the simple Mme. Rousseau as a member of her unassuming family. He grew up far from the immoral machinations that characterize high society, absorbing instead the simple virtues of his working-class foster family. Seemingly without family or connections, and—officially at least—“no one’s child,” d’Alembert was instead a child of nature, arriving in the world free and self-sufficient, unencumbered by the weight of social connections and obligations. As such, he was ideally suited to become a perfect Rousseauian “natural man.”

It must be remembered, however, that d’Alembert, prominent though he was, was only one of the grandes géométres of the eighteenth century. If we are to draw broader conclusions from d’Alembert’s unusual biography and personality, we must see whether the tale of the mathematician as a simple and gay natural man, at home in the world and in society, applies to them as well. If elements of his story can be found to apply to his mathematical peers as well, then we can begin to draw conclusions about the way in which mathematicians were viewed at the peak of the Enlightenment.

In some respects d’Alembert was undoubtedly exceptional. No other eighteenth-century mathematician was ever described as a natural man in such explicit Rousseauian terms as d’Alembert was in Condorcet’s eulogy. Nevertheless, Condorcet’s basic characterization of d’Alembert as a simple and cheerful man devoid of petty jealousies is very typical of the public characterizations of Enlightenment mathematicians. Consider, for example, what Bernard de Fontenelle had to say in his éloge to the leading French mathematician, Pierre Varignon (1654–1722). As perpetual secretary of the Paris Academy of Sciences, Fontenelle held the same position in the early decades of the eighteenth century as Condorcet did in later years, and was therefore responsible for eulogizing the Academy’s deceased members.

“His character was as simple as his superiority of spirit could ask,” Fontenelle wrote of Varignon. “He knew not jealousy,” and, being “the leading geometer of France,” was always generous to his inferiors. Others, Fontenelle note, were not as magnanimous: “But how many men . . . elevated to the same rank, honored their inferiors by being jealous of them and decrying them! The passion to preserve the first place makes one take degrading precautions.” Free as he was of such pettiness and jealousy, Varignon, according to Fontenelle, would never engage in such degrading behavior. He would defend his position with great heat but no personal rancor, and would always end a conversation with a laugh. His behavior was “clear, frank, loyal on all occasions, free of all suspicion of indirect and hidden interest.”56

Condorcet’s 1783 eulogy to d’Alembert was, as we have seen, infused with flowery Rousseauian references to man’s purity and the corrupting influence of society. In comparison, Fontenelle’s tribute to Varignon is much simpler, praising the man for who he was rather than hinting at the sad state of man and society in general. This is hardly surprising, given that Rousseau, the prophet of natural sensibility, was only ten years old when Varignon died in 1722. But in other respects the characterizations of Varignon and d’Alembert in their respective éloges are unmistakably similar. Like d’Alembert, Varignon is presented as incapable of selfish intrigue and as always remaining true to himself, even when dissimulation might serve his interests better. Like d’Alembert, he is characterized free of jealousy and pettiness, and inclined to gaiety and laughter. Most significantly, Varignon, like d’Alembert, is described as a “simple man,” friendly and unaffecting, in touch with his fellows and his world.

The degree to which either Varignon or d’Alembert truly conformed to the idealized images presented by their friends and colleagues is questionable, but that is to be expected. Éloges by their very nature are intended to exalt, presenting the deceased in the best possible light, even at the expense of factual verity. They are deliberately tendentious texts, and the statements and descriptions in them should be treated with caution by anyone seeking accurate accounts of the people and events they describe. As presentations of contemporary ideals of personality and conduct, however, éloges can hardly be surpassed. They assume the prevailing notions of what an ideal man—or in our case, mathematician—should be like, and then do their best to fit the deceased into that mold. By lauding their departed friends and colleagues, Fontenelle and Condorcet did only partial justice to Varignon’s and d’Alembert’s actual personality and conduct. But they did full justice to their own ideal of what a great geometer of the eighteenth century should be like. He is a simple and gay natural man who never succumbs to pettiness and jealousies but is deeply connected to his fellow man and his natural surroundings.

Leonhard Euler was broadly acknowledged by his colleagues as the leading mathematician of the age, and he was as different a man as can be imagined from his contemporary d’Alembert. If d’Alembert was social and witty, Euler was awkward and plodding; whereas d’Alembert engaged in philosophy and literature, Euler limited himself almost exclusively to matters mathematical; while the Frenchman became a public figure and a leader in the cultural wars of the Enlightenment, his Swiss colleague limited his politics to (unsuccessful) attempts to secure the presidency of the Berlin Academy; and finally, while d’Alembert, who hardly ever strayed from Paris, remained a bachelor all his life, Euler, despite his travels, found time to marry twice and father thirteen children.

At the very end of their lives, however, the two grandes géométres did have a few things in common: both died in the autumn of 1783, and both were the subjects of lengthy éloges by the permanent secretary of the Paris Academy, Condorcet.57 The two eulogies are very different in tone, which is not surprising, insofar as Condorcet knew d’Alembert intimately but probably never met Euler. Understandably, the tribute to d’Alembert is far more personal and infused with anecdotes, whereas the tribute to Euler is rather formal and focuses on his mathematical achievements and his stature within the European community of savants. But in light of the contrasts in the careers and personalities of the two and in Condorcet’s relationship with them, it is striking to see how similarly Condorcet characterizes them in his two eulogies.

Euler, according to Condorcet, always exhibited a “simplicity” and an “indifference to renown.”58 “Never in his learned discussions with celebrated geometers,” Condorcet added, “did he let escape a single act that which would make one suppose that he was occupied with the interests of his amour-propre.”59 He then goes on to describe Euler’s remarkable generosity to his colleagues and his willingness to always acknowledge his rivals claims of priority. This, of course, is precisely what Condorcet says about d’Alembert, the Rousseauian natural man, who was free of petty jealousies and devoid of amour-propre. Finally, Condorcet writes, Euler embodied the rare union of unblemished happiness with uncontested glory.60 Here again the description is very reminiscent of Condorcet’s account of d’Alembert, whose purity of heart manifested itself in an unaffected gaiety of the spirit.

In their eulogies, at least, Varignon, d’Alembert, and Euler were all simple, happy men who fully engaged with their fellow men and lived and enjoyed life to the fullest. They were all “down to earth” in the best sense of the term—well grounded and connected to their surroundings, both natural and human. And since this uniformly attractive picture is applied to such different men, with radically different personalities and careers, we can conclude that it is not meant to evoke a particular person but rather represents an ideal type. It does not tell us who a particular mathematician was, not even if we make allowances for the laudatory conventions that govern the writing of eulogies. It tells us, rather, what an ideal mathematician should be in the eyes of his contemporaries: a simple, modest man, a man of the earth and a child of nature.

The paradigmatic Enlightenment mathematician was unquestionably the apparent orphan and natural prodigy, d’Alembert. As a seemingly parentless child he was perceived as independent of social mores, unbound by manmade conventions, and therefore more “natural” than his fellows. As a natural man untouched by amour-propre he was content to live with the unassuming glazier’s family and to pursue the calling of his heart, mathematics, over more lucrative professions. The same persona also made him an instant success in the salons, whose hostesses and guests found his casual and unassuming brilliance irresistible, and even a ruling monarch, Frederick II, was taken in by the charm of the natural man. To his admirers, d’Alembert was a childlike man who—unlike the rest of us—never lost his natural gaiety and curiosity, retaining an unmediated connection to his natural and human surroundings. His fast rise, brilliant career, and profound mathematical insights showed how far a simple and true man could rise in a world corrupted by artificial social conventions.

Not all leading Enlightenment mathematicians were idealized as natural men, and none possessed the mythical aura that the unique circumstances of his birth had given d’Alembert. Nevertheless, they presented themselves—and were viewed by others—in rather similar terms. They were simple men, in touch with the natural rhythms and harmonies of the natural world, and no one was better suited than they to discover the hidden symmetries and mathematical relations which underlay the appearances of the natural world. If the seventeenth-century mathematician was an explorer bent on breaking through appearances and exposing nature’s hidden secrets, his successor in the following century was of a more peaceful disposition. A cheerful and simple natural man, he was attuned to the natural world and its harmonies, which remain hidden from the coarser sensibilities of the rest of us.

The eighteenth century inaugurated a new type of mathematics, dedicated to formulating the abstract relationships that govern the physical world around us. The natural man, unspoiled by the artificial mores and pettiness of human society, was the ideal person to pursue the new “natural mathematics” of the Enlightenment.

4. The Mathematical Martyr

The leading mathematicians of the eighteenth century were, on the whole, practical and prominent men of affairs, well grounded in the physical and social world of their times. They were public figures, sometimes even cultural heroes, and were often on intimate terms with the great princes and monarchs of Europe. Nothing in their biographies or the tales told about them could prepare us for the extraordinary personality that came to embody the ideal mathematical life early in the following century.

Évariste Galois was a young mathematical genius in early nineteenth-century Paris. Despite his groundbreaking solutions to long-standing questions that had long dogged the best mathematicians of his day, Galois did not receive the recognition he deserved from the mathematical establishment. When he submitted an essay to the Academy of Sciences, the paper was promptly lost by Augustin Louis Cauchy, the leading French mathematician of the day. When he submitted a revised version of the memoir to an Academy-sponsored competition, all he received was a cold rejection letter from Cauchy’s colleague, Poisson, who wrote that he could not make heads or tails of Galois’s work.

Disillusioned, Galois turned to radical politics, and soon landed in jail for several months. Immediately upon his release he became entangled in a dispute over the affections of the mysterious Stephanie and was challenged to a duel by his rival. Knowing that he might not survive the dawn, Galois spent the night before the duel furiously writing down his mathematical insights. “I have no time!” he scribbled in the margins. Tragically, his premonition proved true: Galois was shot in the stomach and bled to death on an empty Paris street at the age of twenty. His mathematical testament of the previous night, however, survived, and bequeathed to mathematics an entirely new field: group theory.61

Sadly, the tragic tale of Galois’s life and death is not unique in the annals of modern mathematics. Niels Henrik Abel was a few years Galois’s senior and like him exhibited a remarkable talent for mathematics at an early age. While still in his early twenties he proved that a quintic equation cannot be resolved by radicals—a problem that had dogged mathematicians for centuries. Backed by a grant from his native Norway, he traveled south to meet and engage the leading mathematicians of the day. But his reception by the Parisian mathematical establishment was frosty. A memoir he submitted to Cauchy and Legendre was lost, and he returned to Norway poor and discouraged. He died shortly afterward of tuberculosis at the age of twenty-six. An offer of a permanent professorship at a newly founded institute in Berlin arrived within days of his death.62

Nor were Galois and Abel the only young geniuses to be victimized by a narrow-minded mathematical establishment in the early nineteenth century. The young Hungarian nobleman János Bolyai was a dashing young lieutenant in the service of the Habsburg Empire. Inspired by his father, Farkas Bolyai, who was an accomplished mathematician and longtime friend of the great Gauss, he took on one of the great challenges of classical geometry, the proof of Euclid’s parallel postulate.

Bolyai senior, who had worked on the question years before, was not pleased:


You should not tempt the parallels in this way, I know the way until its end—I also have measured this bottomless night. I have lost in it every light, every joy of my life. . . . You should shy away from it as though from a lewd intercourse, it can deprive you of all your health, your leisure, your peace of mind, and your entire happiness. . . . This infinite darkness might perhaps absorb a thousand giant Newtonian towers, it will never be light on Earth, and the miserable human race will never have something absolutely pure, not even geometry. (F. Bolyai to J. Bolyai, 1820)63



The young Bolyai, however, was irresistibly drawn to the classic problem of the parallels. By 1823 he had developed an alternative non-Euclidean geometric system. Still skeptical but nevertheless impressed, the elder Bolyai sent his son’s treatise to his old friend Gauss. The response was a startling blow to young János: “I am unable to praise this work, because to praise it would be to praise myself.” He himself, Gauss wrote, had already discovered all that is contained in the young Bolyai’s manuscript decades before. János was angered and discouraged by the attitude of the elder mathematician. He retired to the family estate and published no more mathematical work for the rest of his life.

Even Cauchy, the heartless nemesis in the stories of both Galois and Abel, was in his own eyes a martyr to his beliefs. An ultraconservative Catholic and legitimist monarchist, Cauchy was hounded out of France after the revolution of 1830 and remained in exile for eight years. He lost honors, distinctions, and professorships, but he would not bend his convictions to suit the desires of his liberal colleagues. He died in 1857, universally acknowledged as the greatest mathematician of his generation, but still an outcast among his colleagues.

The historical veracity of these familiar biographies is highly questionable. Made famous by E. T. Bell’s Men of Mathematics, they often contain a kernel of truth, modified to fit a tragic Romantic mold. Abel, for example, far from being persecuted by jealous colleagues, was well on his way to a brilliant mathematical career when he was struck down by tuberculosis. Had he not suffered this misfortune, Abel would likely be remembered today as an amiable, well-connected, and successful man of science without a trace of the tragic about him. In the case of Galois, by far the most dramatic of the collection, modern scholarship has cast extensive doubt on many aspects of the story.64 Galois’s own erratic and paranoid behavior, rather than the enmity of a faceless “establishment,” was responsible for a good portion of his troubles. But that is not the point: what is significant about Galois’s story is that it quickly gained currency as an emblematic tale of mathematical genius shunned by an uncaring world.

In some ways Galois can be considered the author of his own legend. A few months before his death in 1832 he wrote a scathing “preface” to his work in which he railed against the mathematical giants of his time and drew parallels between his own fate and that of Abel a few years before. “If I had to address anything to the great of the world or the great in science . . . I swear it would not be in thanks,” he wrote bitterly. Remarking on the common fate of his memoirs at the hands of the Academy and those of Abel a few years before, he continued, “I must say how my manuscripts have been lost most often in the cartons of Messieurs the members of the Institute, although in truth I cannot imagine such thoughtlessness on the part of men who have the death of Abel on their consciences.”65 In Galois’s own mind, he was a victim of deliberate persecution by the “great,” who willfully refused to acknowledge the brilliance of his accomplishment. As we have seen, the accepted biographies of many of his fellow mathematicians in subsequent decades follow this tragic pattern closely.

Whatever the precise biographical details in each case, we are, overall, presented with a standard tale of the life of a mathematical genius. The young prodigy, the story goes, shows a remarkable mathematical aptitude from an early age and soon overtakes the leading mathematicians of his time. Confident in his abilities, the genius presents his groundbreaking work to his seniors, expecting that it will be received with the admiration it deserves. Sadly, however, the established mathematicians, comfortable in their institutional chairs, refuse to acknowledge the gift of their young colleague. Through ignorance or sheer wickedness they reject the genius’s masterpiece, leaving him crushed and disillusioned. Tragic consequences soon follow.

Significantly, worldly success is viewed with profound suspicion in this story. Professionally successful mathematicians, instead of using their positions to advance the prospects of brilliant successors, seem inclined to preserve their station by suppressing young minds. Cauchy is accused of “losing” manuscripts of revolutionary significance not once, but twice! Gauss, in his old age, was more concerned with preserving his priority claims for work he never bothered to publish than with promoting new mathematical thought, and Kronecker used his position as editor of the leading mathematical journal to prevent the publication of Cantor’s groundbreaking work on transfinite numbers. In contrast, worldly failure, in the form of early death, disillusionment, or even (as in Cantor’s case) madness, appears to be a good indicator of profound mathematical insight.

The strangeness of this story is particularly striking if we consider that it runs exactly counter to the traditional image of the mathematician as it existed previously. The leading eighteenth-century mathematicians were powerful public figures, highly placed in the intellectual establishment of their time and with reputations that often spread far beyond the confines of the mathematical world. Not only were they successful men of affairs, but rejection by the mathematical establishment conferred no mark of distinction on the victim. When the Wolffian mathematician Samuel Koenig challenged the great Maupertuis over the principle of least action in the 1750s, he was effectively silenced and consigned to obscurity.66 “His book is buried with him, if it ever existed,” wrote academician Jean-Bertrand Merian to Maupertuis with satisfaction when Koenig died soon after, and that has remained the judgment of history to this day.67 Not a single eighteenth-century mathematician comes to mind whose work went unacknowledged at the time but who gained fame posthumously. The verdict of the leading contemporary mathematicians was and remains final.

The end of the eighteenth and the beginning of the nineteenth century was clearly a watershed in the general understanding of the role and character of the mathematician. On the one side of the divide were some of the “Great Men” of the Enlightenment: public figures, writers and philosophers, leading members of fashionable society, courtiers to emperors and kings. On the other are lonely geniuses toiling in obscurity, whose brilliance goes unacknowledged by an arrogant establishment and an uncaring world. On the one side are Maupertuis, d’Alembert, and Euler; on the other, Galois, Bolyai, and Abel (figure 1.3).68

Needless to say, the story of the frustrated young genius is not unique to mathematics. It is, rather, a staple of nineteenth-century Romanticism, and its heroes range from musicians to poets to painters. The young Mozart comes to mind, who, despite his remarkable childhood promise, never received the rewards due to his talents at the court of Emperor Joseph II. The fate of the historical Mozart was sad enough—he was constantly in debt and died penniless in 1791 at the age of thirty-five—but the career of the mythical Mozart, whose legend grew in the decades after his death, was even more tragic: the young genius was doomed by the envy of the politically powerful court composer, Antonio Salieri. The parallels with Galois’s shabby treatment by Cauchy and the French Academy, and its tragic consequences, are striking. In similar fashion, the brilliant young Lord Byron was driven from England by hypocritical London society. He was to die a short while later at the age of thirty-six while engaged in an idealistic Romantic errand, helping the Greeks win their independence from the Ottoman Empire. Vincent Van Gogh, though a member of a later generation, is probably the ultimate tragic genius: he never sold a single painting during his lifetime and committed suicide at age thirty-seven. Like Galois years before, he left his masterpieces as a gift for posterity. Each of these, and many others, embody the Romantic myth, as do Galois and Abel.
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Figure 1.3. Portraits of mathematicians. Clockwise from top left: Jean le Rond d’Alembert, Leonhard Euler, Évariste Galois, Niels Henrik Abel. Note the contrasting appearance of the successful eighteenth-century men of affairs in the top row, looking at the world with confidence and curiosity, and the intense Romantic loners of the nineteenth century in the bottom row. (Jean le Rond d’Alembert, engraving by Benoit Louis Henriquez, based on an original painting by Nicolas-René Jollain, Smithsonian Institution Libraries; Leonhard Euler, engraving by Benjamin Holl, based on an original painting by Anton Maria Lorgna, Smithsonian Institution Libraries; Évariste Galois, artist unknown, first published in Paul Dupuy, “La vie d’Évariste Galois,” Annales scientifique de l’École normale superieur 13 (1896), following p. 200.; Niels Henrik Abel, portrait by Johan Gorbitz, © Department of Mathematics, University of Oslo.)

Now, in music, poetry, and painting, the advent of the tragic Romantic hero undoubtedly went hand in hand with a profound shift in the style and practices of these fields. Romantic music was expressive of extreme emotion like nothing that had preceded it. Much the same can be said of Romantic poetry, which emphasized emotional expressiveness over stylistic elegance. In painting, the nineteenth century saw a radical revolution in the meaning and purpose, as well as the practice, of the art. The same, I will argue, is true of mathematics. The shift from the imagery of exploration to the story of the natural man, as we have seen, signaled a shift in mathematical attitudes at the turn of the eighteenth century. Similarly, the emergence of the cult of the mathematical martyr went hand in hand with a profound change in mathematical practices in the age of Galois, Abel, and Cauchy.

The early nineteenth century is sometimes referred to as the time when mathematics “started again.”69 There is good reason for this view: a new insistence on logical rigor and internal consistency pervaded the field, surpassing anything that had gone before. Eighteenth-century mathematicians were generally content to reach correct and useful results that would aid in understanding the natural world. Any methodological difficulties along the way could be swept aside as long as the results provided a true depiction of reality. This was a natural approach for the grandes géométres of the eighteenth century, who believed that mathematics was in essence the study of the hidden harmonies that underlay the seemingly chaotic world around us. To them, validation by nature was the only one that truly counted, while concern with the finer points of rigor was viewed as the obsession of narrow-minded pedants. The usefulness of a mathematical result was deemed proof enough that the method leading to it must be correct.70

But to their nineteenth-century successors, this approach seemed dolefully inadequate. For them, mathematics had to be internally self-consistent, rigorous, and established on firm logical foundations. Only after a mathematical method was deemed secure according to the field’s own rigorous standards could it be “applied” to other fields. A practice that relied for its truth value on the contingent realities of the physical world, or on its technological usefulness, was no mathematics at all. Even proven mathematical techniques, such as the calculus, were deemed suspect as long as their foundations remained obscure. They might be useful tools in the near term, but they were bound to lead to error in the long run if the basis of their effectiveness was not clarified. The main concern of nineteenth-century mathematicians was not finding useful new results about the physical world but in systematizing and developing the internal structure of mathematics itself. Since this has largely remained the concern of professional mathematicians to this day, it is no wonder that the early nineteenth century is often viewed as the time of the birth of modern mathematics.

The novelty of this approach can best be appreciated by looking at some examples of the problems that occupied the leading mathematicians of the previous century. The calculus developed by Newton and Leibniz in the late seventeenth century set the stage for a century of work exploring the power and possibilities of the new techniques, now referred to as “analysis.” Believing that mathematics was profoundly rooted in the physical world, Enlightenment mathematicians viewed analysis as a means to decipher the physical realities of space and motion. It was therefore only natural for eighteenth-century mathematicians to focus almost exclusively on questions closely associated with the material world.71

One type of problem that was the focus of much attention beginning in the late seventeenth century was the determination of curves formed by mechanical action or forces. The catenary was the shape of a curve formed by a hanging chain; the brachistochrone is the shortest path followed by an object sliding from one point to another—not on the same vertical line—in the least possible time; the tautochrone is a curve along which a body will arrive at a given final point in the same amount of time (under the influence of gravity), no matter where on the curve it began its slide, and so on. These questions and others like them occupied the Bernoulli brothers in the early decades of the eighteenth century.72 The correct mathematical description of the motions of a vibrating string was the subject of one of the great mathematical controversies of the century, with d’Alembert and Euler engaged on opposite sides of the issue. And Maupertuis, another of the leading geometers of the age, gained his mathematical reputation largely by formulating the principle of least action to describe the inner logic of the operations of nature.73

The movement in analysis throughout the eighteenth century went from the geometric and particular to the algebraic and general. Starting with the investigation of specific geometric curves, like the catenary (Johann and Jacob Bernoulli), the focus soon shifted to more general questions of the behavior of physical and geometric bodies (d’Alembert—dynamics, Maupertuis—least action). Finally, in the work of Euler and Lagrange, eighteenth-century analysis became the study of the interrelationships of highly abstract and general algebraic functions. But even in its most abstract forms, eighteenth-century analysis remained fundamentally rooted in the structure of the physical world. On the one hand, algebraic analysis was rooted in the investigation of particular geometric and physical objects; on the other hand, the relationships between these algebraic functions revealed hidden truths about these same physical and geometric objects. To eighteenth-century practitioners, in other words, the world was fundamentally mathematical, and mathematical investigations were fundamentally about the world. This is made very clear in eighteenth-century attitudes toward the calculus.

Ever since infinitesimal methods were introduced into mainstream mathematics around 1600, mathematicians had been aware of the logical pitfalls they entail. These were founded on problems well known since antiquity—the problem of incommensurability and the paradoxes of Zeno. Bishop George Berkeley, who famously criticized Newton’s “evanescent increments” as “the ghosts of departed quantities” in The Analyst of 1734, was only a recent and exceptionally witty critic of infinitesimals.74 But despite the foundational vulnerability of the calculus, most eighteenth-century practitioners showed little concern for the logical consistency of their method. The technique had to be fundamentally correct, they reasoned, or it would not so effectively describe the real world. Efficacy was therefore an unmistakable indication of the legitimacy of the method, and “reality” was not only a source of inspiration but a guarantor of mathematical truth.

Things could not have been more different in the following century. Quite suddenly, leading mathematicians seemed to lose interest in the physical roots of their science. Mathematics came to be seen as a science unto itself, whose value could only be judged by its own internal standards. Now, it seemed, mathematics could only be worthy of its name if it was rigorous, self-consistent, and systematic. Effectiveness in problem solving was certainly praiseworthy, but it could not endow a given approach with mathematical legitimacy. This could only be accomplished by the systematic exposition of a subject through rigorous deduction from secure foundations.

Some of the most celebrated mathematical work of this period involved a reinterpretation along these lines of the accomplishments of the preceding century, as when Augustin-Louis Cauchy and Bernhard Bolzano established the calculus as a self-contained and rigorous deductive system.75 Whereas their predecessors had relied on the undeniable success of analysis in describing the physical world to legitimize their use of this problematic approach, Cauchy and Bolzano claimed to rely solely on the internal consistency of their own mathematical system. They redefined fundamental concepts such as the “limit” using less intuitive but more internally consistent terms, and based their interpretation of the calculus on the concept of the “derivative” instead of the problematic “differential.” Their efforts did little to improve the efficacy of analysis as a tool for investigating the physical world. In fact, when Cauchy introduced the new approach in his lectures at the École polytechnique, he was thoroughly criticized by colleagues and students alike for obstructing the practical application of mathematics.76 Nevertheless, the new calculus of Cauchy and Bolzano is the foundation of modern mathematical analysis as it is practiced to this day.

In other cases, nineteenth-century mathematicians invented entire new fields, which were unthinkable to the older generation. Non-Euclidean geometry is a case in point. In the eighteenth century, several noted mathematicians took it upon themselves to prove Euclid’s problematic parallel postulate, which states that given a straight line and a point not on it, only one parallel to the given line passes through the point. By assuming the proposition false, Girolamo Saccheri, Johann Heinrich Lambert, and Adrien-Marie Legendre set about looking for a contradiction that would prove that the postulate is necessarily true. The quest proved surprisingly difficult, and each in turn had to bend their standards considerably in order to prove to their own (incomplete) satisfaction that the parallel postulate is indispensable to the consistency of geometry. None of them, however, doubted that the proof could and would be found. Since geometry was essentially about the world, and since the parallel postulate correctly described our worldly experience, there was no question that it was ultimately a necessary part of geometry.

Nineteenth-century mathematicians took a very different approach. Beginning with Gauss and continuing in the work of János Bolyai and Nikolai Lobachevski, the new mathematicians felt free to develop an alternative geometry that had no correlate in the physical world. The new non-Euclidean geometry described a world in which not one but an infinite number of parallels to a given line pass through a point not on it. In this strange world the sum of the angles of a triangle was less than two right angles, and it was, furthermore, dependent on the area of the triangle: the greater the area, the smaller the sum of the angles. Similar triangles did not exist, and scaling was therefore impossible.

To eighteenth-century mathematicians, this non-Euclidean world was at best irrelevant, at worst a deliberate fabrication. But to Bolyai and Lobachevski it described a world just as mathematically legitimate as the familiar Euclidean one. In fact, the inapplicability of the new geometry to the physical world was precisely what made it interesting: it made the point in the clearest fashion that mathematics could only be judged by its own internal standards. Any alternative geometry was just as “real” as Euclid’s, as long as it was systematic and internally consistent. Like Cauchy and Bolzano in the case of calculus, the pioneers of non-Euclidean geometry insisted that the legitimacy of a mathematical system lay entirely in its own coherence and self consistency.

A similar trend can be seen in young Galois’s work on what became group theory. Galois’s starting point was in the work of Lagrange, who wrote a treatise on fifth-degree equations and why they are not solvable by radicals (i.e., by a standard algebraic formula involving the extraction of roots). Lagrange, in the tradition of Enlightenment mathematics, had focused on the specific mathematical problem with a view to its solution. Galois, in contrast, developed an abstract and general mathematical method that provided deep insight into the nature of algebraic equations but was quite useless for the resolution of actual equations. Explaining his approach, he wrote:


If you now give me an equation that you have chosen at your pleasure, and if you want to know if it is or is not solvable by radicals, I could do nothing more than indicate to you the means of answering your question, without having to give myself or anyone the task of doing it. In a word, the calculations are impractical. . . .

All that makes this theory beautiful, and at the same time difficult, is that one has always to indicate the course of analysis and to foresee its results without ever being able to perform [the calculations].77



For anyone trying to resolve a particular equation, in other words, the theory is worthless, as Galois readily admits. In fact, the beauty of the method derives precisely from its impracticability. Like Cauchy’s new foundations for analysis and Bolyai’s non-Euclidean geometry, Galois’s theory was concerned with the internal coherence of a mathematical system, not with the solution of specific problems based in physical reality.

In essence, whereas the great eighteenth-century masters saw mathematics as inseparable from the physical world, nineteenth-century mathematicians radically divorced mathematics from the world. Though mathematics could still be applied to the world, and could prove useful in understanding physical reality, it was in no way dependent on it. Mathematics now came to constitute its own separate universe—perfect, logical, consistent, and beautiful—and very different from the flawed, unpredictable universe we see around us.78 Whereas our own world is governed by the unyielding realities of physical nature and the contingencies of human existence, the mathematical world knows no such limitations. Its truths are eternal, unchanging, and perfect, regardless of any manifestation they may or may not have in the physical world. As such, mathematical truths exist on a different plane of reality than anything we see around us. “There exist realities other than sensible objects,” wrote Cauchy, in his introduction to the Cours d’analyse, his classic text that reestablished the foundations of the calculus.79 He and others of his generation followed this credo to the letter.80

Is it a wonder, then, that the mathematics of the nineteenth century required a very different practitioner than the mathematics of earlier generations? As long as mathematics was part of the physical world, it was only natural to expect that a practicing mathematician would be part of this natural world as well. Eighteenth-century mathematicians studied the physical world intensely, based their mathematical knowledge on their understanding of the world and their physical theories on their understanding of mathematics. As “natural men” they were uniquely attuned to the rhythms of the natural world, which are in principle accessible to all of us. Enlightenment mathematicians were literally “men of the world”—intellectually, professionally, and personally. Natural men who immersed themselves in the study of reality could be expected to feel at home in the world, and the long and prosperous careers of d’Alembert, Euler, and their colleagues are sure testimony that they were indeed comfortable in our mundane universe.

Things were very different in the nineteenth century, when mathematics existed in a universe separate from our own, with its own rules and its own strange realities. Mathematicians now were not those with a natural intuition and deep understanding of our own world but those unaccountably gifted with privileged access to an alternative and higher reality. In this, the mathematician was rather like the Romantic poet who transcended the petty realities of day-to-day life, or the composer who scoured the depths of human emotion and soared to the heights of the human spirit. For he alone could transcend the materiality of the world and enter the realm of pure mathematical truth.

Are we to be surprised that those who were able to glimpse the dazzling beauty of the mathematical universe would find life on earth burdensome and confusing? Hardly. Galois and Abel, unlike d’Alembert and Euler, lived their true lives in another world, accessible only to those gifted with the mathematical sight. They did not belong in our own physical universe, with its contingent realities, politics, and power structures. They were creatures of a higher and better universe, which most mortals never glimpse. The fact that they had to live their physical lives in the mundane circumstances of nineteenth-century Europe was, simply put, a tragedy.

Let us look again at the images of the two generations of mathematicians, on both sides of the year 1800 (see figure 1.3). D’Alembert and Euler, successful men of affaires, look confidently and alertly at the outside world, the object of their study and their inspiration. Surely it is no coincidence that d’Alembert is pictured with a globe, the embodiment of world itself. Abel and Galois, in contrast, train their melancholy gaze upon us, but do not appear to see us. Their focus lies beyond us, on deeper truths that only they can perceive. The young János Bolyai is perhaps the most eloquent in expressing the revelation of the new mathematics when in 1823 he wrote breathlessly to his father about his work in non-Euclidean geometry: “I have made such wonderful discoveries that I have been almost overwhelmed by them. . . . I can only say this: I have created a new universe from nothing.”81

Indeed he had. But as he and other mathematical contemporaries were to discover, the personal price of such a monumental achievement could be steep. The Romantic tragedy of mathematics emerged at precisely the same time as the refounding of mathematics in the early nineteenth century. This is no coincidence: A new type of mathematical practice went hand in hand with a new story about the life of mathematicians and the meaning of the field itself.

5. Conclusion

The “tragic” tradition in mathematics did not disappear with its chief protagonists in the early nineteenth century but is evident in the stories of later generation mathematicians as well. Georg Cantor was denied the recognition he deserved for his discovery of transfinite numbers by the enmity of the powerful Kronecker. He spent his days teaching at a provincial university, suffering repeated mental breakdowns, and ended his life in an insane asylum. Kurt Gödel, who in his youth shook the foundations of mathematics with his incompleteness theorem, cut a sad figure as a delusional old man at the Institute for Advanced Study at Princeton years later, and Alan Turing, after playing a major role in the defeat of Nazi Germany, was hounded to his early death by an ungrateful nation. A 2006 story in the New Yorker magazine described how mathematical purist Grigori Perelman was allegedly being robbed of credit for proving the Poincaré conjecture by the ambitious and institutionally powerful Shing-Tung Yau. Echoes of the drama of Galois and Cauchy, it seems, still reverberate in modern mathematics departments.82

This should not surprise us, as the guidelines for mathematical practice that were put in place in the generation of Galois and Abel are still the mainstay of academic mathematics today. Early nineteenth-century mathematicians insisted that the test of excellence for mathematics was not its effectiveness in describing the world but its own internal consistency; they emphasized purity and rigor over utility and explanatory power, and they turned away from resolving specific problems, focusing instead on creating consistent mathematical systems. In doing so, the generation of Cauchy and Abel not only turned mathematics away from its eighteenth-century roots, it also laid the foundations of academic practice for the succeeding two centuries.

Hand in hand with mathematical practice, the stories persisted as well. The myth of the alienated mathematician had its origins in the profound changes in the field that took place in the early nineteenth century. Instead of being integrated into the physical world, as it was in previous centuries, mathematics was now elevated into its own pure and insular plain, where it was inaccessible to earth-bound mortals. By emphasizing the tragic disconnect between the pure and rational mathematical world and the corrupt and unpredictable world we live in, the story of the mathematical martyr both reflected the new changes and helped shape them. And as the basic practices have continued since that time, the same types of stories have helped sustain them.

This does not mean that the familiar tale of the tragic martyr will necessarily remain the dominant form of the mathematical story. In fact, there are signs that it is already being challenged by alternative competing stories that accompany changes in the field itself. In recent years the traditional practice of academic mathematics has been challenged by the introduction of the raw calculating power of computers into the pristine realm of mathematics. The notion that “proof by computer,” in which a theorem is established as true by running through a near limitless number of different cases, has been championed by some mathematicians as a legitimate alternative to the traditional deductive form of mathematical proofs.

It is probably too early to decide whether this challenge to traditional proofs will become a mainstream component of the future of mathematics or merely a passing fad. But it is not too early to note that the stories and images associated with the wizards of computer programming are of a very different kind than those associated with mathematical genius. Like the tragic mathematical hero, the computer “wiz” (or more derisively “nerd”) lives in an alternative universe of logical signs and symbols. But the computer wiz has a very different relationship to this world than does the tragic genius of mathematics. Whereas the mathematical genius is perceived as being at risk of losing himself in this wondrous and perfect alternative universe, the computer wiz is the creator of his alternative world, which is wholly artificial.

Far from losing himself in the beauty of an eternal Platonic world, the computer wiz himself creates this world from nothing, and he is its master. Whereas the mathematician was a figure of Romantic yearning and tragedy, the computer scientist is always suspected of hubris and a will to power. He may be to some extent disconnected from our world, but his ultimate motives are nevertheless worldly. He is known as a “wizard” for good reason, for in the manner of a Renaissance magus, he seeks to harness the abstract symbols to wield power over earthly reality. The guiding story of traditional mathematical genius was the tragic tale of Galois, a young martyr to mathematical purity; the guiding story of the computer genius sounds more like “The Revenge of the Nerds.”

The computer wiz may, in time, come to challenge the mathematical martyr as a guiding image of mathematical practice, or the two may remain two separate narrative traditions associated with related but clearly distinct practices. Quite possibly, the ultimate challenge to the story of the mathematical martyr will come from a different direction altogether. I do not doubt, however, that the challenge will come. For just as the practice of mathematics itself continues to change, so do the stories of mathematics and mathematicians that have always been the field’s companions.
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CHAPTER 2

Structure of Crystal, Bucket of Dust

PETER GALISON

1. The Beauty of the Inert-Dead

Every mathematical argument tells a story. But where is that story located? Do the chapters open in Plato’s heaven, outside time, outside the cave of mere human projection? Is the true story of mathematics something so far beyond spelunking materiality that intuitions and mere images must be left behind? Or are these stories precisely ones of things and forces, surfaces and movement?

To address these questions about mathematical narration, I want to focus on the “geometrodynamic” vision of that school-founding, profound, quirky, creative, and provocative American physicist, John Archibald Wheeler. Far less known than many of his contemporaries such as J. Robert Oppenheimer, Hans Bethe, or Niels Bohr, or his student, Richard Feynman, Wheeler nonetheless had an immense effect on mathematical physics. He wrote the first important paper on the theory of nuclear fission; he introduced fundamental physical notions such as the S-matrix and the compound nucleus; he contributed powerfully to the understanding of stellar collapse: “black hole” is his term, Wheeler having seized on it and injected it into the mathematical lexicon after an anonymous member of the audience called it out during one of Wheeler’s lectures. Wheeler produced the first theory of positronium; he played a crucial role in establishing the enormous plutonium reactor plant in Hanford, Washington, during World War II; at Princeton, where he taught for decades, he led one of the principal design teams for the hydrogen bomb; and he helped launch elementary particle physics as a major research field. But I will only tangentially be interested in the biographical. Instead, my aim is to characterize his way of renarrating mathematics as a kind of compound machine—from 1952 forward—as he sought to bring general relativity into the mainstream of physics.

To throw Wheeler’s math-machines into relief, I want to contrast his way of thinking about mathematics with that of the famous French mathematical collective that came, in 1934–35, to call itself Bourbaki. Why compare the theoretical physicist Wheeler and the mathematical collective, Bourbaki? Because, in a certain sense, even though they were about as far apart as possible on the idiom spectrum that spans from formal-algebraic to informal-geometric, they ended up telling what are actually parallel stories. More proximately, both Wheeler and Bourbaki’s first-generation members were born around 1908, plus or minus four or five years.1 Wheeler came alive as a physicist during his 1934 trip to Bohr’s Copenhagen Institute; Bourbaki came to existence around the same time in France. Both had a quite powerful effect on a generation of thought about the exact sciences; both came to believe there was a natural starting point to reasoning about mathematical structures somewhere in the region of set theory. Both wrote epochal treatises—Bourbaki’s Elements of Mathematics, Wheeler’s (with Charles Misner and Kip Thorne) Gravitation.2 But similarities can deceive: these were two radically different pictures of mathematics. It is the contrast in their way of relating the narrative of mathematics that interests me here.

The Bourbaki members aimed their story of mathematics to be the non-narrative narrative, the account outside time, a structure, an architecture to be contemplated as it ordered “mathematic” from set theory on out. Wheeler’s is, by contrast, a multipart device—his covariant derivatives are three-slot input-output machines; his is a world where instructions pull dimensionality itself out of a Borel set of points that Wheeler dubbed a “bucket of dust.” Bourbaki’s account is a crystal of symbols, Wheeler’s a set of linked machine-stories, a hybrid of discovery accounts, speculative machine-like functions and mechanisms.
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For the Bourbaki collective of young French mathematicians who gathered around the École normale supérieure between the world wars, nothing was more important than clearing the congested reasoning of premodern mathematics. Their guiding elders had died in tragic number during the Great War, and by the time the first generation of Bourbaki came of age, they were looking not to the French antecedents so much as to the great modernizers of German abstract mathematics, such as B. L. Van der Waerden in his Moderne Algebra (1930–31).3 In the mathematical collective’s famous “Architecture of Mathematics” (1950),4 though this is not so regularly noticed, the many-in-one mathematician invoked two governing metaphors of modernity, one from the imperious labor rationalizer Frederick Winslow Taylor, the other from the crusading urban rationalizer Baron Georges-Eugène Haussmann. Both spoke strikingly, in different ways, to the particularly, peculiarly Bourbakian narrative of modernity.

Bourbaki invoked the “economy of thought,” physicist and philosopher Ernst Mach’s insistent rallying cry that made simplicity of reasoning a criterion of choice among theories. Here in mathematics, Bourbaki insisted on it, too: “ ‘Structures are tools for the mathematician; as soon as he has recognized . . . relations which satisfy the axioms of a known type, he has at his disposal immediately the entire arsenal of general theorems which belong to the structures of that type. Previously . . . he was obliged to forge for himself the means of attack . . . their power depended on his personal talents and they were often loaded down . . . from the peculiarities of the problem that was being studied. One could say that the axiomatic method is nothing but the ‘Taylor system’ for mathematics.”5 For Taylor, the micro-examination of every idiosyncratic arm, head, or finger motion was key to cutting wasteful effort from production: economy of action. For Bourbaki, studying every mathematical move, step by step, could strip idiosyncratic effort in this most abstract of sciences: economy of thought.

Quick to dissociate themselves from the implication of machinelike reasoning, Bourbaki members were not mechanists. The machine metaphor was, for them, “a poor analogy . . . the mathematician does not work like a machine, nor as the workingman on a moving belt.”6 The mathematician, they urgently added, worked by “direct divination” in advance of experience rather than (as with the mere worker) on the basis of experience. Nevertheless, Bourbaki’s initial Taylorism still stands: there are repetitive actions in mathematics, structures that occur again and again (the group structure, for example) and, just as Taylor had done for forging pig iron, Bourbaki wanted to gain the economy of action offered by seeing that one need not reinvent a process each time. Individualism gone amok is a waste on the factory line and a waste on the chalkboard. Economy means streamlining, cutting excess movement—be it of hand or mind. It means focusing not on the content of mathematical objects but instead on structures that, according to Bourbaki, “can be applied to sets of elements whose nature has not been specified.”7 When Bourbaki tackled algebra, it sought to display the discipline’s hierarchy of structures and so make evident its unity. Put aside as uninteresting the endless philosophical harkening after the meaning or reference of mathematical objects—so argued the mathematical modernizers. But put aside too the particularity of other paths into mathematics, not least the geometric. Robert Osserman, while not diminishing the power of the Bourbaki approach, pleaded for a very different style of mathematical reasoning: geometry “tends to be a rather ragged and uneven affair, full of loose ends, unfinished business, and decorative detail. It is a kind of antithesis to the neat, elegant, and rigid structure that may or may not succeed in housing and containing it.”8

If Bourbaki drew its first modernizing metaphor from the factory line, it seized the second from the urban fabric of Paris itself. In words the authors of “Architecture” chose, “[Mathematics] is like a big city, whose outlying districts . . . encroach incessantly . . . while the center is rebuilt from time to time, each time in accordance with a more clearly conceived plan and a more majestic order, tearing down the old sections with their labyrinths of alleys, and projecting towards the periphery new avenues, more direct, broader and more commodious.”9 Here is a simile of high modernity, Bourbaki as Haussmann—that mid-nineteenth-century urban bulldozer who tore through the ramified ancient neighborhoods of Paris, sending open, radial avenues out from the core. Haussmann ploughed his avenue de la Grande Armée from the center to the edge of the city; Bourbaki would do this with deductive hierarchies of structures.


[I]t cannot be denied that most of these [abstract forms, mathematical structures] had originally a very definite intuitive content; but, it is exactly by deliberately throwing out this content, that it has been possible to give these forms all the power which they were capable of displaying and to prepare them for new interpretations and for the development of their full power.10



Claude Chevalley, one of the founding members of Bourbaki back in December 1934, always insisted on the extraction of the mathematical structures from questions of origin or application. His daughter recalled his ascetic stance:


Rigor consisted in getting rid of an accretion of superfluous details. Conversely, lack of rigor gave my father an impression of a proof where one was walking in mud, where one had to pick up some sort of filth in order to get ahead. Once that filth was taken away, one could get at the mathematical object, a sort of crystallized body whose essence is its structure. When that structure had been constructed, he would say it was an object which interested him, something to look at, to admire, perhaps to turn around, but certainly not to transform. For him, rigor in mathematics consisted in making a new object which could thereafter remain unchanged.

The way my father worked, it seems that this was what counted most, this production of an object which then became inert-dead, really. It was no longer to be altered or transformed. Not that there was any negative connotation to this. But I must add that my father was probably the only member of Bourbaki who thought of mathematics as a way to put objects to death for esthetic reasons.11



Chevalley may have been (as his daughter suggested) a bit extreme, but the impulse to collect and codify rather than apply, to delimit rather than interpret, ran deep in the Bourbachiste project. Intriguingly, the self-narrative of the Bourbakians was in many instances highly historicized, a story of heroic modernization, exemplified by writing under the signs of Taylor and Haussmann, but also by their whole mode of existence as a depersonalized, collective author. But their mathematical story was one to be grasped, not developed through an inner sense of time unfolding.

As to the mathematics itself, read (if anyone ever did actually read) from the first volume of Éléments de mathématique straight through the last, the tomes stood for a vision of a concentrically layered structure, repetitive, cumulative, hermetic. Yet in a certain sense, reading as such, the sequential absorption, seems to pull against the Bourbakian ideal captured in the title, “Architecture of Mathematics.” True, a building must stand the second floor on the first, the first on the foundation; but the completed edifice itself stands as a whole, not as a temporally developed sequence. If wishes were horses, one might think, we’d ride into this mathematics with a god’s glance, not a human’s walk.

We may “read” a building in various ways—through its history, through its historical allusions, through its engineering systems, or through its urban context. But in this human-made object there is no universally acknowledged time ordering. So it is with the Bourbakian project. Forget for a moment the later and even in some cases contemporary criticisms (endlessly repeated: insufficient Gödel, insufficient probability, insufficient mathematical physics . . .). As a partially realized vision of mathematics, here is a picture of a narrative outside time, a structure of structures voided not only of the physicality of objects but even of the specific, purely mathematical referentiality of mathematical entities. Here was supposed to be relations of relations to be contemplated out of time and out of space.

This meant, as Jean Delsarte argued at the very first meeting—Café Capoulade, noon, December 10, 1934—that one should begin expositions with the most general of statements, and only then proceed to the particular. For the treatise they originally had intended to write, this meant “there should be an abstract and axiomatic presentation of some essential general notions (such as a field, operation, set, group, etc.).” At first, the group called this opening to their story the “abstract package”; later, ambition expanded to embrace a full-on unification of mathematics: the “mother structures.”12

2. Ingenious Things

How far can one get from the Café Capoulade? I would like here to give voice to a peculiarly American, Midwestern, machine picture of mathematics developed by John Archibald Wheeler. In many ways, as a mathematical narrator, Wheeler must be considered the epitome of everything Bourbaki disdained: a mathematical physicist who refracted both mathematical concepts and even mathematical demonstration through the idea of mere machines that had so shaped him growing up. Here is a vision of mathematics laden with intuitions, diagrams, machines: stories of discovery hard against exposition of technical matters. Wheeler was, quintessentially, the scientist who insistently cycled philosophical questions of meaning through the technical work. This is a mathematics set deep in the hewn-out limestone caves, far below the luminous forms of Plato’s heaven.

Wheeler grew up on an American farm, not in the French capital; he spent his youngest years not in awe of pure knowledge but watching electricity being installed in the farmhouse and swiping dynamite caps from where they were stored in the pig barn.13 Wheeler: “My father was very much interested in invention and in Yankee ingenuity, as it was called in those days.”14 Having worked as a librarian here and there, spending quite some time at Brown University’s library, Wheeler’s father—and Wheeler—gained a strong “idea of the needs and demands of a community like that—an industrial community. There was lots of silver working, brass working, machine shop work; and people all the time coming in to get answers to questions . . . a carryover of this ideal that we had in this country coming from England of science as connected with the common welfare, the university of the common people, a Cooper Union idea sort of thing.”15 Wheeler wired up telegraphs, built combination safes out of carved-wood parts, fashioned various kinds of guns, wired up radios, hammered together a functional calculating machine. With a young friend, he started a “gun and safe company.”16

Wheeler’s father took him to see the Waltham Watch Company outside Boston, where, the physicist remembered, “it was marvelous to see these little machines turning out parts and picking up parts and moving [them] from one place to another and assembling them.”17 Wheeler’s words embraced a mechanical cornucopia, on the whole, highly sophisticated, but (radios excepted) not electrical. One book that Wheeler recalls poring over with deep affection was by Franklin D. Jones and bore the rather baroque title, Mechanisms and Mechanical Movements: A Treatise on Different Types of Mechanisms and Various Methods of Transmitting, Controlling and Modifying Motion, to Secure Changes of Velocity, Direction, and Duration or Time of Action. Issued by the Industrial Press in 1920, it aimed to teach designers and inventors and has been reprinted myriad times, as Ingenious Mechanisms.18

Jones made it clear on every page that machines were devices to transmit and alter motion—an understanding that goes back deep into the Victorian age. James Clerk Maxwell wrote extensively on this notion of the machine, developing a full-bore classification of devices for one of the great industrial fairs—but Maxwell was neither the first nor the last to take the machine in just this way.19 Franklin Jones began this way: “The designers of machines or mechanisms in general are constantly engaged in the solution of problems pertaining to motion and its transmission. The motion derived from some source of power must be modified to produce certain effects, and various changes in regard to velocity, direction, and time of action may be necessary.”20 Not only did the author want to explain how motions can be produced and controlled, he aimed to do so in a way that securely bound the practical to the theoretical. Abstract theories alone, he insisted, “give an inadequate conception of their application in the design of mechanisms of various types.”21 All this had a special importance now (according to Jones) because of the increasing use of automatic machines in many branches of production—such as Wheeler had seen in the Waltham Watch Company.22

How, then, to modify energy to convey motion? One could proceed in the simplest cases by shafts, by links, by levers; by the more sophisticated means of a universal joint. Combining these building blocks could yield more elaborate machines, such as the pantograph, which could miniaturize motion (for example, from the movements of an engine head to the recording pen on an indicator card) (figure 2.1). In this way, with spiral, worm, or planetary gearing, with chains, belts, and cams, the recognizable ingenious machines could be understood and new ones designed—devices for changing and controlling speed, for converting from rotary to rectilinear motion and back, for reversing motion, for making it quick return or intermittent (for example, to build an adding machine). Jones’s original volume culminated in automatic feeding mechanisms—one of the most sophisticated of early twentieth-century mechanical devices. Here were machines with inclined shoots and revolving magazines, others that fed screw blanks or (the book was copyrighted in 1918) bullet shells (figure 2.2).

Suppose, for example, you needed a device to sort your bullets so they reached the automated press tools pointy end first, regardless of their original orientation (figure 2.3). This machine—like all the sophisticated ones—tells a little story, one that unfolds in time:


[B]ullets enter the tube A which connects with a hopper located above the press. An “agitator tube” moves up and down through the mass of bullets in the hopper and the bullets which enter the agitator tube drop into tube A. As each bullet reaches the lower end of this tube, it is transferred by slide C (operated by cam D attached to the cross-head) to a position under the rod E. The rod-holder L is also carried by the cross-head. Whenever a bullet enters tube A with the rounded or pointed end downward, it is simply pushed through a hole in dial F and into feed-pipe G leading to the dial feed-plate of the press. This feed-plate, in turn, conveys the bullets to the press tools where such operations as swaging or sizing are performed.23
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Figure 2.1. Pantograph diagrams. (From Jones, Mechanisms and Mechanical Movements, 1920, figure 13, p. 21).
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Figure 2.2. Automatic feed, orients shells. (From Jones, Mechanisms and Mechanical Movements, 1920, figure 6, p. 290).
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Figure 2.3. Feeding mechanism delivering bullets pointed ends foremost. (From Jones, Mechanisms and Mechanical Movements, 1920, figure 7, p. 292).

Every machine account is a story like this one, a kind of picaresque novel, with a bundle of energy as hero. The shell moves; if it is upright it passes, if it is reversed it hits the protrusion and is flipped, then it falls out the shoot. . . . As in a story, the spotlight of our attention follows a thing or motion as it traverses obstacles, undergoes transformation over time, and emerges different than it was at the outset. Complex machines are assemblies of such stories. What I’m arguing here is that this assembly of machine stories is precisely how to understand Wheeler’s mathematical physics—and ultimately how to understand his conception of the universe itself as a kind of mathematics machine, driven in the beginning by a logical array of propositions and evolving, through a long sequence of transforming theory machines, this time around, into the phenomenal world in which we live.

3. Creation, Annihilation, and the Universe Machines

Before 1952, Wheeler had no special interest in mathematics beyond what was needed for quantum physics. He spent a formative period with Niels Bohr in Copenhagen during 1934–35, a collaboration that continued throughout the later 1930s, culminating in their writing a joint theoretical paper on nuclear fission in 1939. Wheeler learned much from Bohr, not just about the content of nuclear physics and quantum mechanics but also about a way of proceeding. Always, Bohr looked for paradoxes as a way to enter more deeply into the physics—and Wheeler took this, as so much from Bohr, to heart.24 During the war, Wheeler spent his time far from the hothouse environment of Los Alamos, working with engineers to scale up the reactors to produce industrial quantities of Pu239. Building on that experience, even before the war had come to a close, Wheeler began plotting and scheming to form a new field of elementary particle physics, large-scale accelerators, and an interdisciplinary team of scientists to tackle it. It was a vision of the new discipline (and its main laboratory) predicated directly and unambiguously (though obscured for security reasons) on the laboratories of Los Alamos, Hanford, and Oak Ridge, which by 1945 had made nuclear weapons production a larger industry than automobile manufacture.25

After hostilities ended, Wheeler went back to his old fascination with electrons as a guide to everything—a mission he abandoned when it became clear that electrons never traveled alone (“undressed”) but always with the virtual particles that Feynman, Schwinger, and Tomonaga had uncovered. With the enthusiasm of a “reformed drunkard” (Wheeler’s words), he threw himself into reverse. Having tried to dispense with fields in favor of particles, from 1947 forward he was after a field theory that would account for everything.26

Wheeler oscillated back and forth between machines and theory. In control of some of the captured V2 missiles launched from White Sands Proving Grounds, Wheeler organized some of these missions to probe cosmic rays. He was instrumental in helping to formulate the new interdisciplinary national laboratory that eventually became Brookhaven. And he was never far from defense matters and the devices they required. After the Soviets detonated their first nuclear weapon in August 1949, the hydrogen bomb rose, fiercely contested, to the height of American nuclear policy. In January 1950 President Truman approved the crash program; in January 1951, Stan Ulam and Edward Teller wrote their secret memo containing the guiding ideas for radiation implosion, the scheme that finally set the project on a definite path. Wheeler engaged immediately, running a design group that very practically undertook to simulate the explosion within the new designs: fission trigger, radiation-driven implosion, thermonuclear fusion.


29 March 1951. Dear Dick [Feynman]: I know you plan to spend next year in Brazil. I hope world conditions will permit. They may not. My personal rough guess is at least 40 percent chance of war by September, and you undoubtedly have your own probability estimate. You may be doing some thinking about what you will do if the emergency becomes acute. Will you consider the possibility of getting in behind a full scale program of thermonuclear work at Princeton through at least to September 1952? . . . Both Edward Teller and I would like to describe them [new work, undoubtedly focused on the novel “Teller-Ulam” design] to you in person to see if you don’t think it is urgent for the defense of this country that most promising of these schemes be developed as soon as possible.27
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Figure 2.4. Wormholes. (From Misner, Thorne, and Wheeler, Gravitation, figure 44.1, p. 1200).

Feynman replied he was “uncomfortably aware of the very large chance I will be unable to go” to Brazil, but he did not want to commit to any project until events were clearer.28 In the event, Feynman did go to Brazil, while Wheeler directed the Matterhorn B Project at Princeton that demonstrated, using computer simulations, that the new design would work. On Halloween 1952, the United States lit “Mike,” the first H-bomb, a 10-megaton liquid-fueled monster, sending shock waves measurable by seismograph on the other side of the world and removing the South Pacific island of Elugelab from the face of the earth.

Back in Princeton, Wheeler began teaching general relativity—the first time the subject had been given as a course in Princeton’s history. A few days after the Mike test, he set out some goals for the course in the first of his relativity notebooks. High on the list was this: “Want paradoxes as we go along.”29 That did it. From then on the project of a quantum-inflected general relativity became his golden fleece. His notebooks again, this from October 1953: “Be conservative; take q[uantum] m[echanics] and gravitation seriously down to very smallest distances.”30

Around 1955, Wheeler began exploring ways in which one might imagine reconciling the still new quantum electrodynamics and gravity.31 Quantum electrodynamics (QED) held that the vacuum was constantly seething virtual particles, for example pairs of electrons and positrons appearing and disappearing as allowed by the uncertainty principle. To avoid the breakdown of electrodynamics at the location of a point charge, Wheeler revived an old idea that this point location might actually be a multiply connected space with closed field lines (see figure 2.4). Quantum electrodynamics would then make fluctuations into spontaneous fluctuations of the topology of space-time (new connecting handles arising and disappearing) at the Planck scale—to accommodate the short-lived virtual electrons and positrons.

As Wheeler pushed on mathematics to capture the conjoint project of general relativity and quantum physics, he, like Einstein before him, turned increasingly to mathematics. He needed additional mathematics to handle the Achilles’ heel of the theory—the inability of geometrodynamics to address the problem of spin-½ particles (such as the neutrino or electron) within the frame of differential geometry. In 1966 he began organizing a conference with the express purpose of joining physicists and mathematicians in a common effort. The recruit he certainly wanted most to lure was Feynman, to whom Wheeler composed a long and detailed letter that included this:


In the case of mathematics courses for physicists, the lecturer is not expected as a rule to go into specialized recent advances of the lecturer’s own research: what most physicists need in order to acquire a rudimentary working knowledge of branches of mathematics that he has not yet manipulated is:




— intuition (for example, an analogy with a familiar notion taken from the field of real numbers, the theory of complex variables, Riemannian geometry, etc.)

— motivation (why one introduces a new sophisticated notion)

— examples (“things” one does, giving enough apparatus to see how the “thing” works.
. . . Some of us may be able to express ourselves in a language meaningful to mathematicians; others may have to ask for the forbearance of their colleagues for still talking “pidgin mathematics.”32



Conciliatory as Wheeler may have wanted to be in allowing that physicists might speak “pidgin mathematics,” this project interested Feynman not a whit. This was not because Feynman was indifferent to gravity; on the contrary, he had himself been involved with re-presenting Einsteinian gravity as a field theory in flat space. No, it was not that. In the 1960s (and indeed on through the mid-1980s), elementary particle physicists prided themselves on their lack of mathematical sophistication. Mathematics, it was taught—I was taught—was to physics a kind of cleanup squad that came after the parade had passed. Count on your fingers, learn some group theory, use path integrals with a devil-take-the-hindermost attitude toward well-definedness. This is what it really meant to do particle physics. Feynman epitomized the views of the proudly unmathematical theoretical physicist. Not one to mince words, he let his former thesis adviser know posthaste: “Dear John, I am not interested in what [carat: “todays’ ”] mathematicians find interesting. Sincerely yours, Dick.”

In developing his machine-like way of narrating mathematical reasoning, Wheeler may have been in part responding to a long-standing suspicion toward mathematics among American physicists. Or, more simply, and probably more deeply, he may have been drawing on his own trajectory—one that had taken him through an intense engagement with machines, an original intention to become an engineer, and a lasting fascination with mechanisms and devices, from the calculator and radio through the vast national defense projects of the fission and fusion bomb.

A few examples from Gravitation give the idea:

“The 1-form is a machine to produce a number (‘bongs of bell’ as each successive integral surface is crossed) out of a displacement (approximation to a concept of a tangent vector).”33 A 1-form is imagined as a sequence of sheets each of which sounds a bell when it is penetrated by the v. So in this figure, v goes through four sheets and about halfway to the fifth—this makes [image: Image]. Wheeler draws the diagram shown in figure 2.5.

Heading into electromagnetism—and slightly more complex—are 2-forms, to be imagined (Gravitation instructs) as oriented honeycomb structures formed by “wedge multiplication” from the two 1-forms dy and dz: the electromagnetic field, F = Bx dy^dz. This machine makes a number by integrating over the surface picked out by the solid arrow lines in the lower right of figure 2.6—the machine asks how many of these oriented tubes cross the surface? Here, there are eighteen of them: ∫(surface defined by the arrows) F = 18. Bong, bong, bong . . . eighteen times.

Slowly, Wheeler et al. build up their theory-machines, one after the other. One crucial stage is the establishment of the covariant derivative. Gravitation: “Covariant Derivative viewed as Machine: Connection Coefficients as its Components.”34 Like the gravity-chute machines of Franklin Day Jones that take coins, screws, or bullets, this math machine, too, has inputs and outputs:

[image: Image]

Figure 2.5. Wheeler’s 1-form machine. (From Misner, Thorne, and Wheeler, Gravitation, figure 2.4, p. 55).

[image: Image]

Figure 2.6. Wheeler’s 2-form machine. (From Misner, Thorne, and Wheeler, Gravitation, figure 4.1, p. 100).

[image: Image]

Figure 2.7. Covariant derivative machine (From Misner, Thorne, and Wheeler, Gravitation, p. 254).


the covariant derivative operator [Δ], like most other geometric objects, can be regarded as a machine with slots. There is one such machine at every event P0 in spacetime.35



Δ has three slots. Into the first slot insert a 1-form residing in the tangent space at P0; into the second slot insert a vector field v(P) defined in neighborhood of P0; into the third slot insert a vector u that resides in the tangent space at P0. Presto, the machine spits out a new vector: “the covariant derivative of the vector field v with respect to u.”36 Geometrically, the machine works in two steps: first it transports vector v at the tip of u back to the tail of u. The difference is indicated in figure 2.7 as Δuv. Second, the machine counts how many surfaces Δ uv pierces of the 1-form σ: here, it seems, 2.8 of them.

Like the machines in the Waltham Watch Company assembly plant, one device’s output forms the input to the next. Wheeler takes the covariant derivative machine and uses it to identify the geodesics—the covariant derivative of a geodesic along the geodesic is zero. Then, for every point in space-time, he defines a new machine that takes the deviation of one nearby geodesic from another: this generates yet another machine—the curvature machine. Wheeler’s is not only visual mathematics, it is mathematics read as a series of linked episodic machine stories. One feeds the next: rod moves cam rotates gear. The story unfolds in time under the ever-present sign of the diagram.

4. Theomathematics

Wheeler was always interested in the blasting of matter: from the dynamite cap he detonated as a boy that blew off part of one of his fingers through his work on nuclear weapons; to his examination of positronium (an orbiting electron-positron “hydrogen atom”) as it collapsed into pure energy. Indeed, Wheeler wrote a paper just after World War II in which he used Einstein’s E = mc2 as what he called “the sextant equation,” orienting physicists as to how far they were down the road to the pure and total annihilation of matter.37 So perhaps it is not too surprising that when Wheeler began to work on general relativity in 1952–53, he chose stellar collapse as one of his prime subjects (emerging from his Los Alamos studies of high-pressure equations of state). Wheeler introduced the term “black hole” in 1968.38

He never let go. Years later, Wheeler wrote, “Some day a door will surely open and expose the glittering central mechanism of the world in its beauty and simplicity. Toward the arrival of that day, no development holds out more hope than the paradox of gravitational collapse. Why paradox? Because Einstein’s equation says ‘this is the end’ and physics says ‘there is no end.’ Why hope? Because among all paradigms for probing a puzzle, physics proffers none with more promise than a paradox.”39

In order to encompass spin—the necessary building block of elementary particles—one needs to be able to change the connectivity of space. But, as Wheeler recognized full well, classical differentiable geometry refuses to accommodate and—if this doesn’t make Bourbaki roll over, nothing will—Wheeler analogizes math to the law. Of litigators, Wheeler sees two types: one type says what you can’t do, the second tells you what you have to do and how to do it: “From the first lawyer, classical differential geometry, the client [that is, the physicist] goes away disappointed, still searching.”40 Without a change in connectivity there is neither a way to characterize electric charge as lines of force trapped in the topology of space nor to account for the end moments of gravitational collapse. “Pondering his problems, he comes to the office of a second lawyer, with the name ‘Pregeometry’ on the door. Full of hope, he knocks and enters.”41

Now comes another Wheeler story, another machine, each one feeding into the one after it. One thinks here of the famous celestial mechanician and philosopher Pierre Duhem, who related with some horror the contrast between British science (by a Maxwell or a Thompson), which he saw as a squalid factory, and the well-ordered chambers of French physics. Wheeler’s mathematical narrative is a bit like Duhem’s image, but we can characterize it even further. Wheeler is an episodic narrator, a physicist-author who begins toward the end of a mechanical assembly line and, with each subsequent chapter, brings us closer and closer to the beginning.

Einstein’s machine (his general relativity equations) says that “matter tells space how to curve, and space tells matter how to move” (in Wheeler’s famous formulation). Then he goes backward, always asking, how did the input for the thought (or chapter n) get produced by the output of chapter (n − 1)? Here is an example: to integrate his geometric representation of spin-1/2 particles, he needs space itself to have a fluctuating dimension. How can this be? Why, he asks, does space have the number of dimension that it does? This requires another story.

“Recall the notion of a Borel set,” Wheeler says back in 1964. “Loosely speaking, a Borel set is a collection of points (‘bucket of dust’) which have not yet been assembled into a manifold of any particular dimensionality.”42 Now, quantum mechanics says that there must be amplitudes for the different configurations of anything, so in particular there must be different probability amplitudes for different configurations of Borel sets assembled into structures. This, Wheeler continues, ought to be more likely for lower dimensions (one dimension, two dimensions, three dimensions). But 1D, 2D, and 3D are too uninteresting to produce any useful physics. Four dimensions is interesting—and more likely than five. Wheeler: “Can four therefore, be considered to be the unique dimensionality which is at the same time high enough to give any real physics and yet low enough to have great statistical weight?”43 Connections arise and vanish between every pair of two points—quantum mechanics says there is no universal answer to the question of what the nearest neighbors of two points are. And so, in this fluctuating world, dimensionality itself disappears.

[image: Image]

Figure 2.8. The vizier’s machine of ten thousand rings. (From Misner, Thorne, and Wheeler, Gravitation, figure 44.3, p. 1210).

To get at the quantum construction of dimensional space, Wheeler tells a story (of course) based on an imaginary machine. A vizier gives the following command: put 10,000 rings in the funnel of the machine, and launch a tape with the command to attach one ring to the next. Clatter, clatter, clatter, and a chain 10,000 rings long rattles to the table. Next, a more complex vizier request: the tape tells a more complex series of commands—“this time it is not a one-dimensional structure that emerges, but a two-dimensional one: a Crusader’s coat of mail.”44 (See figure 2.8.) Then, the vizier insists on a random tape—this time out of the machine comes a whole series of ornaments, some one-dimensional chains, some two-dimensional structures, some three-dimensional ones. Finally, imagine a more quantum mechanical set of instructions—using the complex numbers quantum mechanics uses for wave functions—to fix which rings attach to which. Wheeler asks, What kind of structures are dominant? What dimensionality prevails most often? What, in short, are the statistical features that emerge as pregeometry is scrambled at the end of each cycle of the universe?

So where does Wheeler’s Gravitation Bible end? He has gone from matter to fields, from fields to space-time, from a continuum in space-time to an unstable topological quantum foam, to an underlying ontology of Borel set theory, scrambled by quantum mechanics. Since he takes quantum mechanics to lend itself to formulation as a series of logical propositions, the first things of the world are, unexpectedly, propositions. (Of course, never failing to mechanize ideas, Wheeler quickly adds that propositions themselves are, as we know from the days of Shannon, equivalent to switching circuits.) Encoded in his lapidary slogan, “It from bit,” Wheeler’s world-machine, acknowledged to be woefully incomplete (merely “an idea for an idea”), makes the quantum statistics of propositions into the First Machine, the machine that organizes what the distribution of pregeometries of the world will be like as they emerge from the cyclic big crunch. Wheeler: “Who would have imagined describing something so much a part of the here and now as gravitation in terms of the curvature of the geometry of spacetime? . . . Little astonishment there should be . . . if the description of nature carries one in the end to logic, the ethereal eyrie at the center of mathematics.”45

Sketchily, speculatively, narrated through an assembly line of idea-machines, Wheeler ends his over-1,200-page book with a schema that in some ways is canonically mathematical to the core:

Logic → Set → Topology → Geometry → Physics . . . .

In an intriguing turn of fate, the Wheeleresque version of mathematical hierarchy has, in his own way and with obvious differences such as the inclusion of logic, paralleled the Bourbakian one. And yet the two mathematical narratives are about as far apart as they could possibly be. Where Bourbaki took the hierarchy of fields as existing out of time, as a logical structure, a logical architecture, Wheeler and his geometrodynamic allies rendered it a moving machine where mathematics was the physical universe.

5. Bucket of Dust to Bucket of Dust

Bourbaki’s world—the world of Éléments de mathématique—was fiercely impersonal, voided of heuristics, stripped of images; the collective proudly squelched the individual voice in favor of the group. Theirs was a series of books that was not in the first or even last instance a textbook; more a monument than a story unfolding in time.

Bourbaki’s early nomenclature of “abstract package” captured perfectly the impulse driving the project. For this was truly an imagined mathematical architecture that would not dwell unnecessarily on the specifics of a field: no fetishization of this or that corpus of mathematical objects in their specificity. No philosophical musings over the reality status of this or that mathematical object. Instead, Bourbaki was after a generalized Bauplan, one that could be applied again and again to different domains. It was precisely in this repetition of form that Taylorism (economy of thought) could meet Haussmannianism (imperial, radial roots to the worker-suburbs of knowledge). Here is imperial knowledge, modernism as the rigorous progression from the general to the specific, from high abstraction to low materiality; from the center of Paris at the École normale supérieure, rue d’Ulm, to the hammering, forging, making of the suburbs.

Asked why there was such a lack of visual illustration in Bourbaki’s canonical works, Pierre Cartier responded, “The Bourbaki were Puritans, and Puritans are strongly opposed to pictorial representations of truths of their faith. The number of Protestants and Jews in the Bourbaki group was overwhelming. . . . And then there was the idea that there is an opposition between art and science. Art is fragile and mortal, because it appeals to emotions, to visual meaning, and to unstated analogies.”46

Wheeler’s world was altogether different. Far from an iconoclastic suspicion of the diagrammatic, he loved images, took drawing lessons, studied mechanical illustration in his engineering training, and saw the visual as a crucible in which to test arguments: “I certainly feel that any idea that’s reasonable lets itself be depicted in a picture that has some impact. If I can’t make a picture, I feel there’s something faulty about the idea or the thoroughness with which it’s been investigated.”47 “I would be happy if the whole of physics could be expressed in the form of simple attractive diagrams. It’s a continual challenge to me to look at the Sistine Chapel painting by Michelangelo of the creation, with the finger of the Lord reaching out toward the figure of man and giving life,” to which he added, just a tad immodestly, “I have an equally impressive diagram on how quantum physics takes its origin.”48

More “physics package” (weapons designer term for the nuclear part of the device) than Bourbakian “abstract package,” Wheeler’s theme throughout is not so much the stable pyramid of knowledge culminating abstract perfection as it was in a machine-like and often apocalyptic vision of matter.


Fission (1939)

Manhattan Project, A-bomb (1942–45)

Positronium (1946)

Fusion (1949–52)

Vacuum fluctuations (1947–48)

Matterhorn B, H-bomb (1949–52)

Completely collapsed objects—leading to black holes (1960s)

Universal reprocessing (1990s)



The end state fascinated Wheeler: the final collapse of the universe is all the more apocalyptic for happening in cyclic infinity. “Ordinary” gravitational collapse of one or more stars kills all the individuality of these objects—left only are the mass, the charge, and the angular momentum. But the final collapse of a closed universe goes much further. The total charge of the universe as a whole because all lines of force go back to the same charged point. Total mass and angular momentum must be zero because there is no external flat space in which the motion of test masses could give meaning to these concepts. Full, universe-wide collapse cuts down the last tree standing, the final recourse of physical laws in the conservation of charge, lepton and baryon numbers, mass, angular momentum. Gone. Wheeler: “the established is disestablished. No determinant of motion does one see left that could continue unchanged in value from cycle to cycle of the universe.” Even the spectrum of particle masses must be lost. Planck, Wheeler recalled, had bequeathed us units given in terms of the characteristic constants—gravitational, black body, and speed of light: mass (10−5 g), length (10−33 cm), and time (10−43 sec). Wheeler expected that these too would be extinguished and reborn with other numbers each time the universe went through its “reprocessing.”49

Gravitation fastens on, dwells in, the absolute and total annihilation of every single last vestige of order and leaves the reader with the paradox that pits “physics comes to an end” against “physics must go on.” And so when the “Bible” of gravity ends, it does so extolling the crisis that dwarfs even the crisis that had led Bohr to the advent of quantum mechanics back in 1911: “No predictions subject to early test are more entrancing than those on the formation and properties of a black hole, ‘laboratory model’ for some of what is predicted for the universe itself. No field is more pregnant with the future than gravitational collapse. No more revolutionary views of man and the universe has one ever been driven to consider seriously than those that come out of pondering the paradox of collapse, the greatest crisis of physics of all time.”50

Perhaps, then, it should not surprise us too much if, as Wheeler approaches the beginning-end of all things, there is a bucket of Borelian dust. Out of this filth, through the proposition machine of quantum mechanics comes pregeometry; pregeometry makes geometry; geometry gives rise to matter and the physical laws and constants of the universe. At once close to and far from the crystalline story that Bourbaki invoked, Wheeler’s genesis puts one in mind of Genesis 3:19: “In the sweat of thy face shalt thou eat bread, till thou return unto the ground; for out of it wast thou taken: for dust thou art, and unto dust shalt thou return.”51
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CHAPTER 3

Deductive Narrative and the Epistemological Function of Belief in Mathematics

On Bombelli and Imaginary Numbers

FEDERICA LA NAVE

The story of a mathematical discovery is often presented as a linear succession of events corresponding to a series of logical steps leading up to the moment of discovery by proof. The discovery itself takes on the character of a “truth revelation.” Such an accounting is cathartic. It makes us feel good about ourselves; it gives us confidence in the power of our mind. But is a sequence of logical steps all there is behind proving something in mathematics? When telling a story, one naturally lapses into a linear mode. But when trying to locate the history of a discovery, we should be prepared for emerging bits and pieces to coalesce into a narrative frame that is not necessarily built on linear deduction.

Narrating the story of a discovery as a linear process, one that moves from intuition to deductive certainty, risks obscuring important pieces of the thought process in mathematics. One of the pieces likely to be lost is the role of belief in proving mathematical propositions. In the course of thinking about and proving mathematical propositions, a mathematician’s belief changes. Understanding the complex interactions of the factors influencing such changes in belief is critical to developing a more complete notion of what is involved in proving in mathematics.

I approach the issue of changes in belief by considering a particular historical case, Rafael Bombelli and his struggles to believe in the existence of what he described as a new kind of number (which we call imaginary numbers). Bombelli was the first mathematician to accept as valid the solutions of third-degree equations in the irreducible case, that is, the solutions containing imaginary numbers. What strengthened Bombelli’s belief in a new kind of number? What did it mean for him to accept these mathematical entities, and how did this belief shape the definition of what he found?

This is a particular case of a more general analysis I am undertaking that includes (among other examples) attempts in Greek antiquity to solve the three famous ancient Greek problems—trisecting the angle, squaring the circle, and doubling the cube—and attempts to solve Riemann’s hypothesis.

1. The Specific Goals of This Essay

Bombelli’s L’Algebra is the result of a lifetime spent thinking about a mathematical problem. Bombelli wrote L’Algebra in 1550 in five books, of which he published just three, in 1572, twenty-two years after their composition. For centuries, mathematicians studied the published first three books, and everyone thought the remaining two books were lost forever. Early in the twentieth century, Ettore Bortolotti found a manuscript of the complete L’Algebra. In his 1929 edition of L’Algebra, Bortolotti united the three chapters published in 1572 with the two last chapters from the 1550 manuscript.1 As we will see later, the changes in belief between the manuscript version (of 1550) and the published version (from 1572) are immense. In twenty-two years, Bombelli completely changed his mind about the solvability of the so-called irreducible case of cubic equations—that is, the case in which the solution of the cubic equation contains square roots of negative numbers—and about the nature of the numbers involved in such a solution.

My aim is to try to understand what happened in these twenty-two years to Bombelli’s state of belief, how it changed, and what caused that change. This task is not simple because we have little information about Bombelli, his work, and his life. Much of my work, therefore, focuses on the two texts, the manuscript and the published version, that we do have. Insofar as the only language in which L’Algebra can be read is Renaissance Italian, I have translated those passages that I quote in this essay.

Here are the points I claim:

1. Bombelli’s belief in the existence of a new kind of number was born out of his desire to find a way to complete the solution of the cubic equations by solving the irreducible case. This desire constituted the strong foundation that nourished Bombelli’s belief. Fueled by this strong desire, Bombelli’s concept of numbers as counting devices brought him to accept these new numbers as objects that could be used in calculation.

2. Bombelli’s belief developed thanks both to a chance occurrence and to his imagination in geometric representation. The chance occurrence was Bombelli’s reading of Barbaro’s Commentaries on Vitruvius.2 In this book, Bombelli found the construction for the duplication of the cube attributed to Plato. This construction gave Bombelli a way to prove (via geometric construction) the solvability of the third-degree equation when its results are complicated by imaginary numbers. As to the input of Bombelli’s imagination, he envisioned a geometric application for these new roots—the trisection of the angle.

Point 1 allows us to see that the question of the existence of these new numbers was not the central point from which their acceptance as numbers stemmed. Bombelli was not trying to prove the existence of these numbers as mathematical objects. He was trying to answer a methodological question (the solution of the irreducible case of the cubic equations), and the existential question grew out of this methodological concern, thanks to Bombelli’s way of dealing with numbers. In this way Bombelli came to accept these new roots as some kind of strange mathematical objects useful for solving the irreducible case of third-degree equations. In treating these objects as numbers Bombelli gave them the status of numbers, if of a strange kind whose nature was not completely known.

Point 2 affords an interesting glimpse of how Bombelli’s imagination may have worked. Bombelli’s belief in the new numbers apparently found strength in a geometric construction that permitted a visual interpretation of the existence of the new roots and the possibility of using them in a problem in geometry.

Bombelli thus serves as a case study in how beliefs influence the process of acquiring mathematical knowledge. By accepting square roots of negative numbers as new mathematical objects functioning as numbers, Bombelli opened up the possibility of studying them. It is through such changes in beliefs about hypotheses that mathematicians create new streams of research and, in so doing, new proofs. When mathematicians are ready to accept new ideas that are not completely formalized, new questions arise, and hence new research possibilities. Pólya stressed the value of collecting the most correct belief from doing science.3 This is the case. However, the situation is more complex than that. Scientific communities tend to accept results or ask questions within a framework of shared knowledge. Some questions are asked, some are not; some results are accepted, others are not. Many factors are part of this process, and one of them is whether a question or a result is consistent with what is accepted as knowledge. The creation of new paths for research, however, sometimes means accepting results that should not be accepted according to standard knowledge and asking questions that should not be asked. An example is the historical moment when Girolamo Cardano tried to operate with roots of negative numbers and Bombelli accepted them as mathematical objects functioning as numbers.

2. A Little Reminder

The solution of third-degree equations was the result of the work of sixteenth-century Italian algebraists, Scipione Dal Ferro, Niccolò Fontana (alias Tartaglia), and Girolamo Cardano.4 In one case, however, the formula did not produce satisfactory results for the mathematicians of the time: the irreducible case. The irreducible case of the cubic equations occurs when Δ < 0, which results in roots of negative numbers in the solution. Accepting solutions containing square roots of negative numbers required abandoning the concept of number that had characterized mathematics since antiquity, as a symbol representing quantity. The new roots could not be represented as quantities in Euclidean geometry. Accepting them implied detaching oneself from the geometric or quantitative value of numbers and focusing instead on their abstract formal status. Girolamo Cardano in his Ars Magna called these solutions “sophistic.” Cardano examined the problem of dividing the number 10 into two parts, p and q, such that p × q = 40. Cardano thought this problem impossible to solve, insofar as the formula gives x + y = 10 and xy = 40, with roots 5+[image: Image] and 5−[image: Image]. This situation, for Cardano, was a result of the subtle nature of arithmetic.5 That is, although he did try to work with roots of negative numbers, for him, finding these “sophistic” numbers was a pleasant arithmetic game, but he could not consider such roots geometrically representable quantities. Finding negatives roots as solutions to the cubic equations, he could not accept them as something more than fictitious entities emerging from sophistic problems.6 Cardano was not ready to abandon the geometric-quantitative conception of numbers in favor of an abstract formal characterization. What to do, then, with the validity of his solution formula?

After L’Algebra’s publication (and Bombelli’s death), Cardano wrote a pamphlet against Bombelli’s treatment of the roots in the irreducible case.7 Cardano is unsatisfied with Bombelli’s lack of a proper mathematical explanation of the nature of these roots. He complains that Bombelli did not say what he meant with his new roots because, as Cardano says at the beginning of the Sermo: “Either because he did not notice them, or because he could not comprehend them (except, perhaps, abstractly but not visually . . .).”8

As R. C. H. Tanner points out, Cardano was thinking of numbers as entities expressing real quantities, and as such, he would not accept negative numbers (and, therefore, the roots of something that does not exist). It is also true that Bombelli had just a glimpse of a concept of imaginary numbers.9 However, this primitive concept of imaginary numbers is symptomatic of the first stage in the process of deriving a proof in mathematics. It is by abandoning rigid criteria for acceptance that hypotheses (and the beliefs that accompany them) are formulated. When such an informal belief, like the one that brought Bombelli to accept the new roots, is accepted, the path is open for further research, and a potentially productive idea is operationalized as an engine for new results. Bombelli’s belief in the new roots put into motion a way of thinking that detached numbers from any purely quantitative character, leaving their abstract symbolic value. It was Cardano’s disinclination to change his belief status that made the biggest difference between him and Bombelli. Bombelli’s readiness to accept mathematical objects only incompletely formalized permitted him to launch new research avenues.

Thus, I partly agree and partly disagree with Cardano. Bombelli did have what we could consider a primordial approach to imaginary numbers, and he did accept them partly because he could calculate with them. However, I do not agree that Bombelli was not able to visualize these new roots. His having in mind a connection with the trisection of the angle is evidence that he must have had some sort of visualization of them, if not a rigorously formalized one.

Let us now turn to L’Algebra.

3. L’Algebra

We have very little information about Bombelli’s life, and the little we have comes mostly from his work.10 We know he lived in Bologna, that he was in charge of operations to drain the Chiana swamp in Tuscany, and that he wrote L’Algebra when this work was interrupted.11 During the hiatus Bombelli, together with his brother Hercole and the writer Francesco Maria Salandro, lived in Villa della Rufina under the sponsorship of Bishop Alessandro Rufini for an undetermined period of time, during which he wrote L’Algebra. The version written in Villa della Rufina is the first version of the work, the one that remained in manuscript form for many years.12 In the period between the creation of the first manuscript version and the publication of three volumes of the work, Bombelli found in the Vatican Library a codex containing Diophantus’s Arithmetica and translated part of it.13 In L’Algebra Bombelli inserted the Diophantine problems, which he had translated with Antonio Maria Pazzi. With the insertion of these problems (constituting most of the third book of the work), L’Algebra was published in Bologna in 1572. Just before the third chapter containing the Diophantine problems, Bombelli announced he would solve the equations geometrically in the geometric section of his work.14 Bombelli never published the second part of his work, however, and this lacuna, together with other elements, permitted Bortolotti to deduce Bombelli’s death as occurring between 1572 and 1576.15

In its structure, L’Algebra reveals a strict focus on equations.16 Interestingly, with regard to this approach, in the introduction to the third book of the work (“To the Reader”), Bombelli defines algebra as a highly speculative discipline and expresses his desire to give to speculative people an orderly means to progress in such a discipline. Throughout the work it is clearly Bombelli’s desire to organize every aspect of the theory of equations in an ordered and logically interconnected system. Algebra is seen through the theory of equations; its elements are defined and born as part of this theory.

4. What Are Numbers for Bombelli?

The first chapter of L’Algebra starts with powers, their definition and properties, and goes on to treat the extraction of roots. After defining the powers from the second to the sixth, Bombelli introduces a definition whose language, I think, reveals some interesting questions about his way of dealing with numbers—the definition of the square root of polynomials that are not perfect squares.17 In this definition Bombelli calls the irrational numbers “impossible to name.” Yet in the rest of the chapter he goes on to define their properties and the rules of calculating, and deals with them comfortably. The root in the definition does not belong to the rational field but is a number that needs to be defined by means of a calculation through which it is related to the rational numbers. This may help us understand something about Bombelli’s attitude toward those numbers we call imaginary, and therefore about Bombelli’s belief in a new kind of number. What kinds of implications does this attitude suggest for understanding Bombelli’s relation to numbers? It seems that for Bombelli, the status of numbers derived from how they were used. “Impossible to name” means impossible to define, and yet Bombelli does give them an operative definition by building up an entire structure by defining their properties and ways of calculating with them. Use and practice come together in definition. I find this extremely interesting, especially when taken together with the introduction to the third book (“To the Reader”). There Bombelli tries very hard to show how algebra is a speculative art. Treating numbers practically becomes a way to define them as mathematical entities. If this is the case, it is very important to our discussion, because it is simpler to see how Bombelli’s belief in the new numbers may have been strengthed by the fact that he could deal with them as a means for operating and define their properties and rules for calculation.18

5. The Duplication of the Cube and Barbaro’s Commentaries

In the section on roots, Bombelli reports what we know as the construction attributed to Plato for the duplication of the cube.19 The problem of finding the cubic root of a number by geometric methods is, for Bombelli, equivalent to the problem of finding two mean proportionals between two lines. Therefore, Bombelli addresses the question of the geometric representation of cubic roots, giving two constructions. The second one is the one attributed to Plato. This passage is very important. Here Bombelli has clear in his mind the relation between the extraction of cubic root and the duplication of the cube. It is crucial to remember that these two constructions for finding the two mean proportionals between two lines were not in the manuscript version, that is to say, either Bombelli did not know them or he did not consider them relevant at the time he wrote the manuscript. The published work is very different from the manuscript version: not only are the two above-mentioned constructions reported but the relations among cubic roots, the irreducible case of the cubic equations, and the duplication of the cube are clear in Bombelli’s mind. Furthermore, Bombelli wants to write his text in such a way that all these relations appear clear and ordered.

What happened between the two versions? Bombelli read Barbaro’s Commentaries on Vitruvius reporting the above-mentioned construction for the duplication of the cube attributed to Plato. This construction, I believe, played a key role in strengthening Bombelli’s belief that the solutions of the irreducible case of third-degree equations were numbers. I think Bombelli saw that the construction for the duplication of the cube was applicable to the irreducible case of the cubic equations. I return to this important point shortly.

6. A Theory of Equations

After the treatment of the cubic roots, Bombelli deals with the extraction of the fourth root. This is the last root with which he deals independently, the following paragraph is titled “Way of finding the higher root of every number.”20 Here Bombelli openly says that it was not his intention to treat roots higher than the fourth because he does not deal with equations higher than the fourth degree. Bombelli: “It was not my intention to treat such roots (it being a superfluous thing) because it is not necessary, given that there are no chapters dealing with equations of the fifth degree or higher.”21 This is a clear statement that Bombelli is treating roots not as the main subject of his research but as a means to develop a theory of equations. This is important not only because it testifies to the value algebra reached in the eyes of Bombelli but above all because it establishes a hierarchy of concerns for Bombelli in which roots are subservient to equations and specific problems (such as the doubling of the cube).

Bombelli is thinking of roots and numbers as elements in the theory of equations. He deals with numbers primarily in their role as solutions to equations. This way of conceiving of numbers is not far from the modern way of conceiving of them. It is this way of thinking about numbers that permitted Bombelli the change of mind necessary to treat the new roots as numbers rather than impossible entities. For example, Bombelli connects the solution of the irreducible case to the duplication of the cube, and as he comes to believe in the solvability of such a case, he also comes to believe that the expressions representing the solutions of this case are numbers.

7. The New Roots

The chapter in which Bombelli deals with the new numbers is titled “On Dividing a Trinomial Composed of Linked Cubic Roots by a Number.”22 The passage is very difficult owing to its convoluted language and the use of words with multiple meanings.


I have found another kind of linked cubic roots very different from the others. This [new] kind of roots comes out in the chapter on x3 = px + q in the case in which x3/27 > q2/4, as will be shown in the chapter mentioned. This kind of square root has in its algorithm a different way of operating than the others, as well as a different definition. This because when x3/27 > q2/4, their excess cannot be defined to be either positive or negative. This is the reason why I will call it more than minus when it [the excess] will have to be added and less than minus when it will have to be subtracted. This operation is extremely necessary, more necessary than the other linked cubic roots in regard to the chapters dealing with equations containing the fourth power of x together with the third or the second power (or both), because in these chapters the cases in which the solution to the equation produces this kind of root are much more numerous than the cases in which the solution yields the other kind of root. This [new] kind of root will appear to many more sophistic than real. This was also my opinion until I found a geometric demonstration of this root (as will be shown in the planar demonstration in the above-mentioned chapter). First I will give the rule of multiplication [for the new root] by posing the rule of more than minus:

Plus by more than minus gives more than minus.

Minus by more than minus gives less than minus.

Plus by less than minus gives less than minus.

Minus by less than minus gives more than minus.

More than minus by more than minus gives minus.

More than minus by less than minus gives plus.

Less than minus by more than minus gives plus.

Less than minus by less than minus gives minus.23



Bombelli next defines the two roots that are the solution to the equation as two quantities that cannot be reduced to a sign. The equation is the link between the two conjugate solutions and the other real solution.

After this passage Bombelli gives many other examples of similar multiplications. I believe, from the passage in question, that Bombelli has clear criteria in mind for determining what is a quantity and what is not a quantity. I believe that Bombelli is treating these new roots as mathematical entities functioning as numbers. Given the particular concept of number that Bombelli seems to express throughout the book (he seems to have an operative definition of number), the way in which he uses the new roots seems to testify that these roots are equivalent to numbers for Bombelli (although less elegant). Bombelli clearly says (at the beginning of the passage quoted above) that these numbers are born in the course of solving cubic equations in the irreducible case. The connection between these new roots and the cubic equations is very important to understanding Bombelli’s belief in these new roots as numbers. It is as if Bombelli at first doubted that these solutions, which everyone else considered not valid, could actually be solutions. Then he may have started to try to imagine them in order to be able to consider them numbers.

At first Bombelli did not seem to give any special status to these new roots. In the manuscript version of his work, Bombelli applied to them the rules of calculations of the regular positive roots (for this reason he would write these roots as roots of negative numbers, as for instance R(0 · m · 1), which is [image: Image]).24 Therefore, at first Bombelli did not seem to think these roots were special and had to have defined special rules of calculation for them. Everything changes in the printed version, where these roots have in their “algorithm a different way of operating than the others, as well as a different definition.”25 This raises a series of questions. First, what does it mean that he thought of negative radicals? How was he thinking of representing them? What happened that changed Bombelli’s mind about these roots? What gave them a special status, and what did this mean for their representation? Whereas at first he thought of these numbers as roots of negative quantities, now (in the cited passage above) he defined them as neither positive or negative. What did it mean, for him, to say “neither positive or negative”? What was he imagining? How did he change his belief? What made him believe these roots were numbers (or at least entities with the special status of quasi-numbers)?

One could focus on Bombelli’s emphasis on the strong relation between the cubic equations and these roots to interpret his change in belief as somehow related only to algebraic forms. However, I believe that something visual was central to Bombelli’s change in belief—something that may have been related to geometric representation. In this connection, there is an important passage in which Bombelli announces the application of the irreducible case of the cubic equations to the trisection of the angle, an application present in the manuscript (but not in the published version because Bombelli died before finishing the manuscript revisions). Between completing the manuscript and seeing three volumes into publication, Bombelli read both Diophantus and Barbaro’s report of the solution to the duplication of the cube attributed to Plato. Nothing in the Diophantine problems seems to bear any relevance to Bombelli’s revised belief. The duplication of the cube found in Barbaro, however, seems to have a central importance, at the very least inspiring the structure of Bombelli’s geometric demonstration of these new roots. I believe that something in the visual nature of that solution helped Bombelli imagine these roots, and therefore helped him believe they were some sort of number. In the moment in which he visualized these roots geometrically, it would have been much simpler for Bombelli to believe they were numbers. A suspicion fueling the belief thus seems to have been born before the demonstration (and indeed motivated the search for the demonstration), in the moment when Bombelli was able to visualize something he could not visualize before.26 However, this requires an open status of belief.

I am suggesting that Bombelli was mentally prepared to perceive a visualization not so simple to see, and that this openness came from his desire to find an ordered and complete structure for the theory of equations by solving the irreducible case. Often in the course of the book Bombelli complains about not being able to find a way to order all the equations in a homogeneous structure (a goal frustrated, in the end, by the diverse nature of these roots). This pursuit, present from the very beginning of the process, would induce Bombelli to change his belief about the “sophistic” roots. From the passage in question, one can deduce that Bombelli was thinking of these roots as entities equivalent to numbers (over which, in fact, he introduces operations). Furthermore, he clearly defines them as numbers of a different sort from other numbers (the parts of the binomial that forms them cannot be added to each other).

8. The New Roots as Solutions

In the chapter titled “Chapter of Powers and Numbers Equal to Many” (that is, the chapter on ax2+c = bx), the new roots return as solutions.27 In this chapter Bombelli considers the equation x2 + 20 = 8x and, using the formula [image: Image], finds the following solutions: x1 = 4 + 2i and x2 = 4 − 2i. It seems clear from this chapter that Bombelli thinks of these new roots as quantities and as actual solutions of the equation (he calls them “quantities” and “values of x”). He thus thinks of them as numbers, although as numbers less comfortable to deal with. Despite Bombelli’s acceptance of these roots, he uses the adjective “sophistic” to speak of the way of solving the equation in the irreducible case, even while calling the new solutions “values of x.” He recognizes the fact that these roots lack clear geometric representation and, hence, a corresponding truth in reality (the reason why Cardano was not willing to accept them), but this does not stop Bombelli from accepting them; they are solutions, if of a different kind. As we saw, these new numbers, despite being different from the numbers mathematicians were used to, have an algorithm of their own, their own rules of calculation. Also, when he speaks of “impossibility” in the chapter in question (“Be also warned that if it is impossible to subtract c from (b/2)2, the equation cannot be solved, not because of a defect of the equation but because what is asked is impossible or also because one did not know how to properly solve the equation”), he means that if c cannot be subtracted from (b/2)2, the equation cannot be solved by the classical method (which would produce a number of accepted form). He says that the problem is not “a defect of the equation”: one cannot obtain a number in an accepted form not because the equation is insoluble but because in this case, is impossible to obtain a number of the kind one is used to. What is impossible to find is something of the kind one may have had in mind when starting to look for a solution to the equation; the numbers one ends up finding are of a different sort but are nevertheless solutions (and therefore quasinumbers).

9. The Demonstrations

With the equation of the form x3 + px = q, Bombelli starts studying third-degree equations.28 He considers each case individually, solves them by algebraic means, and then gives a geometric demonstration using a cube that is decomposed into two cubes and six parallelepipeds (the ones that compose the formula of the solution). The interesting aspect of the structure of the demonstration in three-dimensional space is its use of a materially built cube that can be composed and decomposed in the figures required for the demonstration.29 The method of demonstration is to represent each part of the equation with the surfaces obtained by cutting the original cube.30 Besides this demonstration in three-dimensional space, Bombelli gives one in two-dimensional space (also first given for the equation x3 = px + q).31 This kind of demonstration (which he calls “on a plane surface”) derives its structure from the one used in the solution to the duplication of the cube attributed to Plato. Bombelli himself recalls this method during the demonstration when he refers to the extraction of cubic roots by geometric means, where he reports a version of the solution attributed to Plato.32 Furthermore, it should be noted that here too (as in the previous demonstration with solids), Bombelli refers to a real instrument made of two L-squares built for the purpose.33

The most important section of Bombelli’s book, with regard to the purpose of his research, is the one dealing with the solution to the equation x3 = px + q. To solve this equation, Bombelli sets x = a + b. The system to be solved is:

[image: Image]

The equation solving the system is z3 − qz + p3/27 = 0, where Δ = q2/4 − p3/27. Bombelli considers examples for each of the three cases where Δ is either greater than, equal to, or less than zero.

For the case Δ > 0, Bombelli finds one real solution, given by x = a + b.

For the case Δ = 0, Bombelli finds three real solutions but gives only the positive one, x = 2a, not considering the negative ones as solutions.

For the case Δ < 0, Bombelli faces the “irreducible case” and shows how the three solutions of this case necessarily contain the new numbers he defined earlier.34 It is with the equation x3 = 12x + 9 that Bombelli starts to deal with the case Δ < 0.

Not having been able to use the geometric construction with volumes (the one decomposing a cube), Bombelli uses his other kind of demonstration: the one in two-dimensional space.35 This second method uses an instrument made of two L-squares that are moved in relation to each other.36

[image: Image]

Figure 3.1. Bombelli’s L-square construction.

Keep in mind that we are speaking of an instrument built for the construction.37

The description below follows the reconstruction of the demonstration in the Museum of Natural History and Scientific Instruments of the University of Modena and Reggio Emilia (figure 3.1 is the same as that used in the reconstruction).38


The equation to be solved is of the form x3 = px + q. Take two parallel lines (which in the instruments are actual grooves) ET and MZ: ET is fixed and MZ can move. Then take another fixed line, AR, with A on ET, such that AR is perpendicular to ET (AR is grooved as well). Take an L-square, let it be SIP, with vertex I sliding on AR. The side IP of the L-square slides on B, a fixed point on ET (a joint point in the instrument) in such a way that AB = 1 (in order to slide, the side IP in the instrument is grooved). The other L-square, NLD, has a side moving horizontally on MZ (for this purpose MZ is grooved). In this way the vertex L can be in every point of MZ. Between L and I (respectively the vertex of NLD and the vertex of SIP) there is a line that in the instrument is a string. This string goes through a hole in the slider F that can move on ET. Now, stop F in such a way that AF = p. Stop MZ in such a way that the rectangle ACDF has area equal to q. At this point, one needs to move the two L-squares so that L, F, I are on the same line and LN and IS meet on ET in G. Then AI = x is the solution of x3 = px + q.



“I myself had this opinion in the past, this thing seeming to me more sophistic than real; nonetheless, I searched so much that I found the demonstration,” Bombelli says regarding the new solutions coming from the case Δ < 0.39 This seems to imply that before he got at the demonstration in question, his belief in the solvability of the irreducible case (and therefore that his new root was some new kind of mathematical entity similar to a number) was very strong—so strong as to push him to look for a demonstration for something that appeared to everyone (including himself) strange and sophistic.

10. Mapping the Evolution of Bombelli’s Belief

Let us summarize Bombelli’s path. He starts the pages dedicated to the demonstrations with the chapter titled “Geometrical Demonstration of the Linked Cubic Roots with the +di− and − di−.” Here he considers the roots [image: Image] and walks backward, determining their equation, then he solves the equation geometrically. In this chapter he says, “Thus, one should make the geometric demonstration (that is to say, on a planar surface) of x3 = 9x + 8 (as was taught in the demonstration of that chapter) and, once the length of the unknown is found, this will also be the length of the two proposed linked cubic roots.”40

Immediately after this chapter Bombelli has a chapter titled: “Demonstration of the Way in Which the Rule for Solving x3 = px + q Has Been Derived.” Here Bombelli tries to apply to the third-degree equations the demonstration using the decomposition of the material cube about which we spoke earlier. In so doing he realizes that in the case Δ < 0, the demonstration does not work.

Then Bombelli starts looking for another demonstration that could also contain the case Δ < 0, and finds it. This demonstration is given in the following chapter, titled “Demonstration of x3 = px + q on Plane Surface.” Thus, we are first given the algebraic solution, then the failed attempt to use the demonstration using the solids, and at last the demonstration in a planar space. This organization could be saying something about Bombelli’s mental path. Bombelli is looking for “an extremely general” (generalissima) demonstration. The demonstration using solids is not such because it will not work in the irreducible case. The new, extremely general demonstration he finds has an instrumental nature because, as Bombelli says in the above quoted passage “where the bodies intervene the mean proportionals cannot be found if not by instrumental means” (that is to say, by using the two squares).41 Then the demonstration he uses is shaped over the one attributed to Plato for finding two mean proportionals (to solve the duplication of the cube).42 Bombelli, thus seems to have in mind the belief that the irreducible case is possible (and thus first gives the algebraic solution for it). This belief, however, is not strong because it is not supported by formal findings; it is grounded in something else. This belief, therefore, is not expressed in the first version of the book.43 The presence of this belief, though, is why, when the demonstration with the solid does not work, he goes looking for an extremely general demonstration. That search takes place in the interval between completion of the first draft of L’Algebra (where the irreducible case was believed insolvable) and publication of three volumes. In those years Bombelli read Barbaro, where he found the solution to the duplication of the cube attributed to Plato.44 In this solution Bombelli saw a way to demonstrate the existence of the strange roots that came out in solving the case Δ < 0. The instrumental construction for finding two mean proportionals between two given lines became a way to geometrically demonstrate cubic equations, a way not excluding the case Δ < 0. In this way Bombelli’s belief in the solvability of the irreducible case (preexisting figuring out the demonstration) was strengthened by a thought having the following structure: if the irreducible case has a solution (given that the existence of the solution is proved in the geometric construction derived from the construction for the duplication of the cube), then these strange roots appearing in the solution to Δ < 0 are some kind of entities similar to numbers. The picture of the evolution of the status of Bombelli’s belief would be the following:

• Bombelli has a not very strong belief in the solvability of the irreducible case (a suspicion or perhaps a desire), but he does not have a formal ground for it.

• He reads Barbaro and sees a relation between the system attributed to Plato for finding two mean proportionals between two given lines and the cubic equations. He sees an analogy between the duplication of the cube, which is reduced to the solution of the equation x3 = 2, and the third-degree equations.

• He thinks, if Plato’s solution is a general demonstration for the duplication of the cube, then why could it not be transformed in a general demonstration for third-degree equations?

• He forms the demonstration using the two squares.

• He can now write the algebraic solution for the irreducible case because he now strongly believes in the general solubility of third-degree equations.

In finding similarities between the duplication of the cube and the third-degree equations through Plato’s solution and in noticing how the demonstration of the two problems (namely, duplication of the cube and the demonstration of third-degree equations) is geometrically similar, Bombelli became more convinced. It is also interesting how he stresses the equivalence between the algebraic and the geometric demonstration (“This demonstration can be given geometrically, although in the operations it works without any difficulties”). It is interesting because one wonders why, if Bombelli arrived algebraically at the solution of the irreducible case, he was looking for a geometric demonstration. I do not think the reason lies only in the still strong influence of the ancient Greek preference for geometric demonstrations. I believe part of the reason is that Bombelli’s belief in the solvability of the case in question was shaped (and surely strengthened) by his realizing the existence of a connection between the construction for finding the two mean proportionals and the third-degree equations.

11. The New Roots and the Trisection of the Angle

Before starting the chapters on quadratic equations, Bombelli inserts a chapter titled “Discourse over the Previous Six Chapters.”45 Here, Bombelli says he will use the equation x3 = 9x + 9 “to divide the angle into three equal parts.” In this important passage, Bombelli is clearly connecting the irreducible case with the trisection of the angle. In fact, in book V of the manuscript (not in the published edition because Bombelli did not revise it in time for publication), in dealing with the inscription of a regular nonagon in a circle, Bombelli shows how this question is connected to a cubic equation of the irreducible case.46 This book is important. Most significantly, there is the reference to the trisection of the angle, which reveals how the connection between the irreducible case and the trisection of the angle was clear to Bombelli. This is important because it means that for Bombelli, the new roots were capable of practical geometric application and, hence, could be considered some kind of number.

To understand the role of trisecting the angle with regard to the new numbers, we need to look at Bombelli’s ideas about the position of algebra with respect to geometry. In the introduction to the third book Bombelli gives a very interesting definition of what algebra is for him: a science completely abstract in its nature, but one that can (and must) be applied to practical problems and dealt with by means of practical methods. His conception of algebra may have influenced Bombelli’s path in shaping his belief in the new roots. It is simpler to accept the existence of new abstract entities (such as the new roots) if these are entities belong to a science already abstract in its nature. Bombelli ends the third book with the following comment:


I wanted to put in this third book various other very complex problems. However, given that it seems to me that I spoke enough of their operating (and for this I dutifully thank Our Lord God, who allowed me to see this effort of mine arrive at the desired perfection), I will end here the third chapter and the whole work. Although at first I wanted to prove geometrically all these arithmetic problems, knowing that these two sciences (that is, arithmetic and geometry) have such a strict relation between them that one is the demonstration of the other and the latter the demonstration of the first. A mathematician cannot be said to be complete if he is not versed in both. In our times, though, the ones who believe differently are many. They will see how greatly they deceive themselves when they see my work in both [arithmetic and geometry]. However, being [the part dealing with geometry] not yet reduced to the perfection that the excellence of such a discipline requires, I decided to first reconsider it before sending it out into the sight of men.47



Thus, if algebra has, in Bombelli’s mind, the same dignity as geometry, it is quite likely that Bombelli could take clues and inspiration from one and bring them to the other. Bombelli’s belief in the new roots could thus have drawn strength both from the geometric construction used for the demonstration and from the new dignity accorded algebraic methods. In this regard, we should also consider fact that Bombelli clearly said he wanted to use an irreducible cubic equation to solve the trisection of the angle. In the part of the manuscript where Bombelli deals with the trisection of the angle, it is evident that the relation between the irreducible case and the trisection of the angle was in his mind. Here Bombelli considers the irreducible case impossible because this passage is from the manuscript, that is, before Bombelli accepted the solutions of the irreducible case as such. However, here Bombelli has a clear understanding of the relation between the irreducible case and the trisection of the angle. The only obstacle at this stage of his thinking is that the irreducible case does not seem yet to be solvable. Once this obstacle is removed (as occurs in the published version, where Bombelli believes and proves the irreducible case solvable), Bombelli clearly puts together the irreducible case and the trisection of the angle. It is likely that constructing this link was among the revisions Bombelli was planning to make to the two last chapters before publishing them.48 The existence in the manuscript version of a clear perception of the relation between the irreducible case and trisection of the angle is very important. This shows that, in Bombelli’s mind, a link between the solutions of the irreducible case (if these existed) and the trisection of the angle existed before he read Barbaro and saw the instrumental construction for the duplication of the cube. This could mean that Bombelli had in mind a possible geometric use for the solutions of the irreducible case (which would take the shape of his new roots) before finding a way to demonstrate the solvability of such a case.

The method attributed to Plato for the duplication of the cube that Bombelli read in Barbaro found a fertile territory in this belief status kept active by both the search for generality for the theory of equations and the capacity of imagining a possible geometrical use for these new numbers. That he could conceive of a possible geometric application for them could have made Bombelli more keen to believe in their existence as numbers.

12. Conclusions

Bombelli’s belief as to whether his new roots were numbers evolved over a span of about twenty years. In those twenty years Bombelli went from thinking the irreducible case insolvable and considering unacceptable the roots of negative numbers to believing the irreducible case solvable and accepting the new roots. What kept Bombelli going in his research was the desire to arrive at a more complete theory of equations by proving the irreducible case solvable. This pursuit reflected Bombelli’s concept of algebra as a discipline, one no less speculative than geometry.

At least two important factors allowed Bombelli to accept the strange new roots. One was his concept of numbers as abstract calculating devices. The other was the role of the imagination. To have a clear view of the role of the imagination we would need to know what Bombelli was imagining—which is impossible. However, we saw some elements of Bombelli’s imaginative space: the ability to conceive of a possible geometric application for these new mathematical objects and the ability to conjure a geometric construction to demonstrate their existence. These two factors interacted with each other. Bombelli was aware he was somehow postulating the existence of these mathematical objects. He knew the numbers were some sort of imagined mathematical entities. However, because the entities worked and were successful in solving the irreducible case, then, given his concept of numbers, he accepted them.

Bombelli’s acceptance of these numbers was not a flight of fantasy. As we saw earlier, Bombelli called “extremely necessary,” (necessarissima) the definition of rules for calculating with these new numbers (an algorithm). With the use of “extremely necessary” Bombelli made clear the new numbers did not come out of nowhere. He was stressing that the numbers were not the result of unrestrained fantasy but had to be accepted, in light of the evidence coming from the calculations.

Bombelli’s process of accepting these new mathematical entities exemplifies how mathematicians’ methods create new directions for research. By accepting a mathematical object only half grasped via induction, mathematicians develop beliefs that become the ground for hypotheses and conjectures and move them toward research and proofs. In this process, beliefs play an important epistemological role. Mathematicians’ beliefs shape the research that is done by changing the nature of the problem, allowing different questions to be asked making acceptable previously unacceptable observations. Furthermore, the belief in the solvability of a mathematical problem seems to evolve with the mathematical research itself, from solution-oriented research to method-oriented. An example of this is Bombelli’s change from a research focused on the attempt to solve the irreducible case to a struggle to insert his new numbers into a more general theoretical structure.
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CHAPTER 4

Hilbert on Theology and Its Discontents

The Origin Myth of Modern Mathematics

COLIN MCLARTY

 

It is a fact and no myth at all that one small puzzling proof by David Hilbert in 1888 became the paradigm of modern axiomatic mathematics. Hilbert knew it was that important. He wrote a series of papers on applications and, as we now know, vastly underestimated them: a preliminary series of three went to the Göttinger Nachrichten and a longer, polished version went to the maximally prestigious Mathematische Annalen. He consciously made it his emblem as he became “the Director General” of twentieth-century mathematics, in the very practical image offered by his friend Hermann Minkowski (1973, 130). With time, the affair grew into an origin myth, a titanomachy in which new gods defeat the old, and specifically Hilbert defeats one Professor Paul Gordan of Erlangen. Gordan was the “King of Invariants” for reams of calculations on “Gordan’s problem,” the problem he made central to the then thriving subject of invariant theory in algebra, namely, to find finite complete systems of invariants for forms, as explained below. Without actually finding these systems, Hilbert proved in a few pages what many people doubted and Gordan had not proved in twenty years: they exist.

In the myth, Gordan denounced Hilbert’s proof, and his anathema rebounded against himself when he said, “This is not Mathematics, it is Theology!” The outburst was first quoted a quarter century after the event, as an unexplained side comment in a eulogy to Gordan by his longtime Erlangen colleague, Max Noether (1914, 18). Noether was a reliable witness speaking to an audience that knew Gordan well, but he says little about what Gordan meant. A series of Göttingen mathematicians took it up in succeeding decades.

The Hilbert sixtieth birthday issue of Die Naturwissenschaften highlights Hilbert’s invariant theorem and Gordan’s response to it, but never mentions theology (see especially Hilbert’s first biographer, Otto Blumenthal [1922], and the algebraist, Otto Toeplitz [1922]). One year later, Hilbert kicked off the quotation’s Göttingen career with a harshly negative interpretation of it as part of the foundations controversy (1923, 161). Felix Klein (1926, 330), who could be fanciful at times, lightly embellished Noether’s friendlier version. Blumenthal (1935, 394) read Gordan and Hilbert as actually agreeing about a certain shortcoming of the 1888 theorem. Hermann Weyl (1944, 622) returned to Hilbert’s negative evaluation but tried to give it more plausible grounds. When the famous mathematics commentator and popularizer Eric Temple Bell, the all-time leader in mathematical narrative, wrote The Development of Mathematics, he emphasized that “only main trends of the past six thousand years are considered, and these are presented only through typical major episodes in each.” To this end he quoted Gordan’s statement in two different places in the first edition and added a third passage parodying it at the end of the second edition (Bell 1945, vii, 227, 429, 561). Textbooks still tell the story to build excitement around this proof supposedly “denounced at the time” when Hilbert created it (Reid 1995, 49). But the quotation is just as exciting read the opposite way. Gerhard Kowalewski, who studied at Königsberg while Hilbert taught there shortly after finding his proof, said:


Whenever such a powerful discovery is made one feels that a ray of light from a higher world penetrates our earthly darkness. That must be what Gordan meant by what he said. Hilbert was blessed throughout his life with such great illuminations, more than any other mathematician.1



It is an unusually extended, explicit, and pointed use of narrative in mathematics. It is narrative at its barest bones: protagonist Hilbert wins against antagonist Gordan’s strongest blow—except in Kowalewski’s reading, in which protagonist Hilbert wins Gordan’s strongest praise. It most often functions with no serious explanation of what either Hilbert or Gordan did or even who Gordan was, and is among the best-known and most widely repeated stories in mathematics. Gordan is almost completely unknown today for anything else. It functions as a story. It registers the pure excitement of Hilbert’s proof. That excitement survives historical scrutiny, and even becomes more profound, but it could never have spread so far burdened with the particulars of Hilbert’s proof, let alone of Gordan’s contribution. No detailed version could so well build esprit de corps among Hilbert’s heirs, which is the manifest intention of every author I have found producing the quotation. Hilbert, his biographer Blumenthal, and his protégé Weyl disagree over what actually happened. They agree among themselves, and with the quite different reading by Kowalewski, and with the surprisingly subtle Bell, on the narrative force: Hilbert far outdid the older mathematician with this astonishing proof.

Every other aspect of the story was described quite otherwise at the time. Hilbert in 1888 said he found his proof “with the stimulating help of” this very Professor Gordan (Hilbert and Klein 1985, 39). Gordan consistently supported Hilbert and the proof strategy and made no objection to its initial publication, even though that first version was not entirely correct. The hitch came when Hilbert sent it to the Mathematische Annalen. Gordan felt it was not ready for the journal of record. He wanted a clearer argument, and he wanted Hilbert to develop it further. Hilbert soon did develop it just the way Gordan wanted. To that end he proved his famous Nullstellensatz, or theorem of zeros, a central case of the Noether normalization theorem, and other theorems that all became basic to twentieth-century algebraic geometry.2 But not before he got his 1888 idea into the Annalen!

The closest link of Gordan to Hilbert epitomizes the serious narrative problem here: Emmy Noether was Gordan’s sole doctoral student and, along with Hermann Weyl, one of Hilbert’s two greatest heirs. She worked on Gordan’s problem for years in Hilbert’s Göttingen with a framed picture of Gordan in her office. Sadly for historians, this profuse conversationalist and scanty writer left just one brief, purely technical footnote comparing the two men’s work (Noether 1919, 140). There are passionate accounts of her work by great mathematicians who knew her: Hermann Weyl ([1935] 1968), Paul Alexandroff (1981), and Bartel van der Waerden ([1935] 1968). Historians have written terrific accounts of her life and parts of her work.3 But efforts to capture her mathematics as a whole all shatter on the same rock. She went farther than Hilbert, using sharp abstraction to make as many things as possible utterly trivial and clear a quick path to genuinely hard problems. It is all too easy to split her work into banalities about the distributive law and crushingly sophisticated applications to things like Galois representations in number theory. This partition into the banal and the crushing makes mathematics (despite its etymology) look unlearnable—as if you could only stare at it in wonder.

Theology has proved peculiarly apt for this obfuscation, as we explore in more detail in section 5. To those who scorn Gordan, it suggests angels dancing on pins. Kowalewski dissolves it into an ineffable “ray of light.” Both evade the specifically mathematical wonder of Hilbert’s proof and obscure Gordan’s real contribution to Hilbert’s work, as well as Hilbert’s profound originality. The real wonder of the proof goes far beyond 1888 to pervade modern mathematics. To know the depth of Emmy Noether and of modern algebra requires understanding Gordan and Hilbert as collaborators, and especially the merger of Gordan’s symbolic method with Hilbert’s axiomatics in Noether’s work. I take it to be much the same wonder as Deligne conveys by describing a characteristic Grothendieck proof as a long series of trivial steps where “nothing seems to happen, and yet at the end a highly non-trivial theorem is there” (Deligne 1998, 12).

1. Gordan’s Problem

Paul Gordan was a very funny man, a professor when that was a rare honor, and he traveled among the great mathematicians of Germany. They considered him good company. More than that, he was a great collaborator. With Alfred Clebsch he created the Clebsch-Gordan coefficients used in spherical harmonics and especially in quantum mechanics for the eigenstates of coupled systems. With Felix Klein he did influential studies of algebraic equations. And he worked briefly with young Hilbert. Max Noether wrote of the work with Clebsch:


Certainly Clebsch had the leading role overall but from 1864 on Gordan was a restless driving force behind him in daily uninterrupted deep conversation. He found no obstacle insurmountable and brought clarity in a socratic way.4



We need little of the mathematics since Hilbert’s method was precisely to ignore most of the particulars. But before exploring the successive uses of the quote in section 4 we need some.

Algebra then as now studied polynomials, for example the quadratic

P(x) = Ax2 + 2Bx + C.

Nineteenth-century algebraists preferred to make it homogeneous by adjoining a second variable y to give every term the same total degree:

F(x, y) = Ax2 + 2Bxy + Cy2.

A homogeneous polynomial is called a form. Thus, F(x, y) is the quadratic form in two variables. A form in one variable is just a constant multiple of a power of that variable:

Axn.

The cubic form in two variables is

F3(x, y) = Ax3 + 3Bx2y + 3Cxy2 + Dy3.

Any kind of work with the quadratic form will repeatedly refer to the quantity

ΔF = B2 − AC,

called the discriminant of F(x, y). One use is familiar from high school even if not in this notation. To solve the equation

Ax2 + 2Bxy + Cy2 = 0,

divide through by y2 to get

[image: Image]

and apply the quadratic formula to find

[image: Image]

The solutions are all pairs [image: Image] with either of these ratios x/y. The discriminant ΔF appears here, and obviously the two ratios coincide just when ΔF = 0.

By no coincidence, ΔF is a form in the coefficients A, B, C. Each term has total degree two in these coefficients. But it has a much stronger property as well. We may replace x and y by linear combinations of new variables x′, y′:

[image: Image]

Here α, β, γ, and δ are any constants and are called the substitution coefficients. Then define a new form F′(x′, y′) by:

[image: Image]

Straightforward calculation shows that each single coefficient of F′(x′, y′) depends on all three coefficients of F′(x′, y′) by a somewhat lengthy equation:

[image: Image]

But when you calculate the discriminant of ΔF′ using these new coefficients, the complications largely cancel out, to leave the multiple of ΔF by a simple expression depending only on the substitution coefficients:

[image: Image]

This property became the definition of an invariant of a form: An invariant of the two-variable form Fn(x, y) in any degree n is an expression IFn in the coefficients of Fn such that whenever a linear substitution turns Fn into a corresponding [image: Image]:
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then the invariant is multiplied by some power of that expression in the substitution coefficients:

[image: Image]

The quadratic form

[image: Image]

has infinitely many invariants, but each one is a constant multiple of a power of the discriminant. That is, for any invariant I of this form, there is some natural number h and scalar k such that
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In this sense, the discriminant itself is a complete system of invariants for the quadratic form.

The degree four form,

[image: Image]

also has infinitely many invariants, including

[image: Image]

One page or so of straightforward calculation will verify that when a change of variable as above turns F4(x, y) into [image: Image], then
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Long arcane calculations show that every invariant of F4(x, y) is a sum of products of powers of these. That is, the invariants {iF4, jF4} make a complete system for the degree four form. For example, the degree four discriminant ΔP4 takes several lines to write in terms of the coefficients A . . . E, but is neatly expressed as:

[image: Image]

The matter rapidly grows more complicated in higher degrees. By fantastically long calculations that have probably never seemed routine to anyone else, Gordan found a way to produce a finite complete system of invariants for the homogeneous form in two variables of any degree. That is, for each n, Gordan’s routine would yield a finite list of invariants of Fn(x, y) such that every invariant of Fn(x, y) is a sum of products of powers of these. Actually, he found more, namely, a finite complete system for the covariants, which include the invariants plus analogous expressions involving the variables x, y.

Gordan used and improved the symbolic method. Consider the quadratic form F(x, y). The method creates symbols α0, α1 as if it is the square of a linear form:
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So the symbols α0, α1 are linked to the actual coefficients by:
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This factorization simplifies the theory of invariants, but on its face simplifies it far too much, as it seems to imply that every discriminant is 0:

[image: Image]

The whole point of the method was to use elementary algebra like

[image: Image]

There was no question of rejecting that equation. But Gordan and others blocked the unwanted equation by calling those terms purely symbolic, with no actual meaning, and refusing to put them in equations with actual coefficients. These terms have α to total degree four. In the symbolic method, a term in α has actual meaning comparable to the actual coefficients A, B, and C only if it has α to degree exactly two. That is, calculations will use α in any degree, but conclusions about the actual coefficients A, B, and C can only use the powers [image: Image], α0α1, and [image: Image]. And this worked.

By these means, Gordan (1868) found a finite complete system of invariants for every homogeneous form in two variables:
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More accurately, he gave a routine for finding such systems. His original routine was completely infeasible for forms of degree above six. Over a decade he improved it so that even in degree eight, “if the system cannot actually be written out it can at least be closely described” (Gordan 1875, 1). The symbolic method applies to any number of variables and Gordan tried to extend his finiteness theorem to any number of variables. Apart from a few special cases, he made no serious progress until he met Hilbert (White 1899).

Gordan’s symbolic method has a common requirement with Noether’s later algebra, namely, that you must not ask about the concrete meaning of a calculation at the wrong time. In manipulating Gordan’s bracket functions or Noether’s crossed product modules, if you try to keep track of what it all means in terms of actual polynomials you will be absolutely lost in irrelevant complicated details. Only key points of the calculation are put back into those terms. Gordan emphasizes that one of his key symbolic operations, called Faltung, has no nonsymbolic meaning at all (Gordan 1885–87, 2:10).5

2. Hilbert’s Theorem

Hilbert addressed invariant theory in 1885 in his inaugural dissertation, and his 1887 paper in the Mathematische Annalen shows he meant to revolutionize the field by several new methods that play no part in the 1888 proof but would reappear to some extent in Hilbert’s (1891–92, 1893) response to Gordan’s criticism.6 By that time Hilbert’s results, plus further ones by Gordan, would solve Gordan’s problem. They would give a routine producing a finite complete system of covariants for a form of any degree in any number of variables—though it is apparently still true that no one has actually worked through it even for the ternary quartic that Emmy Noether would take as her dissertation topic.7 In 1888 Hilbert found a far simpler and much more general result.

On Klein’s advice, Hilbert had visited Gordan, and wrote to Klein:


With the stimulating help of Professor Gordan, meanwhile, an infinite series of brain-waves has occurred to me. In particular we believe I have a masterful, short, and to-the-point proof of the finiteness of complete systems for homogeneous polynomials in two variables. (Hilbert and Klein 1985, 39)



Hilbert quickly extended his proof to any finite number of variables. It rested on the following uncannily simple theorem:


Theorem I: For any infinite series
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of forms in n variables x1, x2, . . . , xn, there is some number m such that every polynomial in the series can be put in the form

[image: Image]

with α1, α2, . . . , αm suitable forms in the same variables. (Hilbert 1888–89, 450)



This was incredible. We are familiar with finiteness results all over mathematics, but in 1888 this was not easy for anyone to understand, including Hilbert. How can the first m terms determine all the rest of an arbitrary infinite series? Of course, that puts it backwards. The theorem says each series taken as a whole determines an m. Even so, it remains amazing that every, arbitrary, infinite series is compounded out of some finite part of itself. And it was intuitively clear, and is provable today using the concept of recursive algorithm, that you cannot expect to find these bounds m in general.8

We know the theorem was hard for Hilbert to understand because, even after Gordan pressed him on it in Leipzig, he published an elaborate incorrect proof. He used a double induction between Theorem I and a companion:


Theorem II: For any r infinite series
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of forms in n variables x1, x2, . . . , xn, there is some number m such that for each index k, there is a solution to the system of equations

[image: Image]

with α1, α2, . . . , αm suitable forms in the same variables.



By his free use of “one sees easily” and “appropriate,” Hilbert gives a false derivation of Theorem II for n variables from Theorem I for the same number. The editors note that Theorem II is not even true as stated but requires “certain dependencies among the degrees of [image: image]k, [image: image]k, . . . ρk,” which Hilbert gives nowhere. Then he proves Theorem I for n + 1 variables from Theorem II for n. The editors note that the latter proof can assume that for each k, the degrees of [image: image]k,[image: image]k, . . . ρk are each one less than the one before, which is also sufficient to prove Theorem I (Hilbert 1888–89, 451). This works, but a different fix discussed in section 2.1 probably reflects Hilbert’s thought. It is not a technically hard argument by the standards of the time, but the result was so unlooked for, and the method so swift and elegant, that it was very hard to follow—or even for Hilbert to get right.

Hilbert knew it was hard to follow, so that in lectures and in subsequent publications (Hilbert 1888–89), he gave first a simple proof for the case of one variable. A form in one variable is just a monomial, and one only needs to find the form of lowest degree in the series. Then he proved the case of two variables by an argument roughly parallel to the case of inhomogeneous polynomials in one variable familiar today. He noted that such a proof for three variables met difficulties that “would only increase” in more variables (Hilbert 1993, 128). Only then did he give a general induction, which was still nothing like as nicely organized as the Hilbert Basis Theorem has been since Emmy Noether. Gordan (1893, 132) was the first to call it “Hilbert’s theorem.”

This result ignores everything about covariants except that they are forms, and does not itself show a form has a finite complete set of covariants. It immediately shows every form P has a finite set of covariants

i1, . . . , im

such that every covariant i is a sum
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with a1, . . . , am suitable forms in the same variables that need not be covariants. But a well-known averaging process proved all of the ak can be replaced by covariants. These in turn are sums of multiples of the ik. The degrees drop each time, so by induction, i equals some polynomial combination of i1, . . . , im. In other words {i1, . . . , im} is a finite complete set of covariants for P.

Three journal pages outdo Gordan’s twenty-year career (Hilbert 1888–89, 450–52).9 More precisely, Hilbert does not claim to find the finite complete systems. As Noether (1914, 18) notes, the symbolic method continued to dominate efforts to find actual systems for decades. But Hilbert isolated finiteness per se as the key problem, and he swept that problem away.

2.1. Complicated Caveats

Hilbert’s Theorem I corresponds to today’s Hilbert Basis Theorem, with three caveats. First, the modern theorem does not refer to homogeneous polynomials.10 But this may actually explain the mistake in (Hilbert 1888–89, 451). Probably Hilbert convinced himself of his Theorems I and II by neglecting degrees—in effect, dropping the requirement of homogeneity, leaving a simpler but still astounding result—and just assuming the degrees would work out. He can fairly say “one sees easily” how “appropriate” choices complete the intertwined proofs of the theorems for that case. Again, though, as the Annalen editors said, Theorem II is actually false as stated. The degrees do not work out to give homogeneity unless the degrees of [image: image]k,[image: image]k, . . . ρk are suitably related.

Even if we drop the homogeneity requirement, it remains that Hilbert states Theorem I only for polynomial rings. Conventions of the time implied these were polynomials with real or complex coefficients, although many good mathematicians (certainly including Hilbert) knew they could be more general than that (they could lie in any algebraic number field, say, or any complex function field). The Hilbert basis theorem today is stated for any ring finitely generated over any Noetherian ring.

The third caveat bears directly on constructive proof versus pure existence proof, and thus on all of the Göttingen reconstructions of Gordan’s response to Hilbert. Hilbert stated his Theorems I and II for infinite series of forms rather than for arbitrary sets of them. He knew that this restriction to countable sets created a problem for his applications to uncountable sets of (real or complex) forms. He took the trouble to make the applications countable by noting in somewhat vague terms that the set of all (real or complex) forms in a fixed list a0, . . . , an of variables is countably generated: “They clearly form a countable set, if we first select only the linearly independent ones” (Hilbert 1993, 131). Yet he knew as early as 1890 (203) that his theorems hold for arbitrary sets of forms. He preferred to use series of forms for two reasons. First, at this time he believed something he would later not believe, namely, that every series is “ordered in some way, according to some given rule” (Hilbert 1993, 126). Second he believed, what we do not today, that he could avoid using proof by contradiction by restricting himself to the countable case.

He was explicit that his proof of Theorem I for uncountable sets used contradiction (Hilbert 1890, 203f.). It assumes there is some set of polynomials with no finite set generating it, derives a contradiction, and concludes that every set of polynomials must have a finite generating set. It is not constructive in that it does not construct actual solutions. Today we say the countable case is not constructive either, even when the series of forms is given by a computable rule, as shown in note 8 on Turing machines. But Hilbert did not see that.

Hilbert and Gordan both routinely gave instructions such as the following: given an infinite series of forms, “find the form of lowest degree.” They felt this was easy to do. Yet it requires an unbounded search with no finite test to tell when it is done (unless you find a term of degree zero, or some other information on the series is available). This is precisely what prevents the theorem from being constructive in fact. Hilbert did not see any appeal to contradiction in his proof for a series of forms, although he knew the proof fell short of finding actual solutions. We return to this point in the next section.

3. Gordan and the Development of Hilbert’s Invariant Theorem

Gordan refereed Hilbert’s fuller version of the invariant theorem for the Mathematische Annalen:


Sadly I must say I am very unsatisfied with it. The claims are indeed quite important and correct, so my criticism does not point at them. Rather it relates to the proof of the fundamental theorem which does not measure up to the most modest demands one makes of a mathematical proof. It is not enough that the author make the matter clear to himself. One demands that he build a proof following secure rules . . . . Hilbert disdains to lay out his thoughts by formal rules; he thinks it is enough if no one can contradict his proof, and then all is in order. He teaches no one anything that way. I can only learn what is made as clear to me as one times one is one. I told him in Leipzig that his reasoning did not tell me anything. He maintained that the importance and correctness of his theorems was enough. It may be so for the initial discovery, but not for a detailed article in the Annalen. (Hilbert and Klein 1985, 65)



Hilbert saw the report and complained sharply to Klein. Klein accepted the paper, which became Hilbert (1890), and also wrote back:


Gordan has spent 8 days here. . . . I have to tell you his thinking about your work is quite different from what might appear from the letter reported to me. His overall judgment is so entirely favorable that you could not wish for better. Granted he recommends more organized presentation with short paragraphs following one another so that each within itself brings some smaller problem to a full conclusion. (Hilbert and Klein 1985, 66)



Gordan complains that instead of giving a proof, Hilbert only feels no one can contradict him—and indeed, Gordan does not want to contradict him since Gordan too believes the result is true. Is this an obscure way of complaining that Hilbert used proof by contradiction? I don’t think so. Gordan and most of his contemporaries were far too quick with their reasoning to notice the difference between a statement and its double negation. Without that distinction you cannot sharply distinguish proof by contradiction from direct proof. And published proofs from that time are often unclear on that very distinction. As noted in section 2.1, Hilbert was clear about it in principle but was not reliable at identifying proofs by contradiction in fact. Neither Gordan nor Hilbert was at all troubled by instructions such as “search through an infinite series for the term of lowest degree,” although today that is known as not a constructive step.

Apparently Gordan meant just what he said: the proof was not clear to him. When he published his own version, he added that Hilbert’s ideas offered more help with calculating specific systems than Hilbert had bothered to use:


The proof Hilbert has given is entirely correct in substance; yet I feel a gap in his explication as he is satisfied to prove the existence of [solutions] without discussing their properties. To repair this gap I give a somewhat different proof with the explicit remark that I would not have succeeded at finding it had not Hilbert shown the value for invariant theory of certain ideas which Dedekind, Kronecker, and Weber developed for use in other parts of algebra. (Gordan 1893, 132–33)



Klein wrote reasonably to Hilbert, “So Gordan makes peace with the new development. This was no small thing for him, and for that reason he deserves a lot of credit” (Hilbert and Klein 1985, 86).

Hilbert also made great progress on actually finding the systems of invariants in his 1893 paper. He created the basics of modern algebraic geometry in order to do this, most famously his Nullstellensatz (Hilbert 1993, Sturmfels’s Introduction). A few years later Hilbert would say that knowing how many basic invariants a form has is not enough, “as it is even more important to know about the in- and covariants themselves,” but that need not mean knowing what they are in detail, since the sheer uninteresting complexity makes “actually calculating the invariants . . . pointless” for higher-degree polynomials (Hilbert 1993, 61, 134).

That was a sharp difference from Gordan. While Gordan knew better than anyone that calculations above degree six were hopelessly impractical, he would never call them pointless. He worked to make Hilbert’s insights extend the feasible range, and (as Max Noether said) his key contribution was explicit ways of ordering polynomials for the calculations. In effect, he created the Groebner bases now basic to computational algebra (Eisenbud 1995, 367). These bases, together with Hilbert’s (1893) methods, made the invariant theorem entirely constructive. Even with computers, though, no one has yet made it feasible for degrees more than one or two higher than Gordan handled (Sturmfels 1993).

4. The Mythic Quotation

The mythic quotation first appeared in print twenty-five years later in a eulogy to Gordan by his close friend Max Noether, who emphasized Gordan’s sense of humor, and who is a reliable witness:


Gordan—at first rather rejecting of this conceptual argument: “This is not Mathematics, it is Theology!”—twice gave closer treatment to Hilbert’s finiteness theorem which is the basis of the proof. He used various criteria to order the given forms F so that they clearly produce a finite module. First he did this in a complicated way specific to invariants, and then in a simple general way. (Noether 1914, 18)11



Noether’s use of the word “conceptual” places the remark in a context familiar in Göttingen at the time. Göttingen mathematicians credited Dirichlet and Riemann with a new conceptual working style. Minkowski took it as the starting point of modern mathematics: “The modern age of mathematics dates from the other Dirichlet principle, namely to overcome problems by a maximum of insightful thought and a minimum of blind calculation.”12 But Noether gives no more explanation of what Gordan meant.

Hilbert was the first to link the Gordan quote to foundations. As he was just beginning to formulate his own proof-theoretic program to justify transfinite mathematics, Hilbert wrote:


P. Gordan had a certain unclear feeling of the transfinite methods in my first invariant proof [i.e., of the finiteness of complete systems] which he expressed by calling the proof “theological.” He altered the presentation of my proof by bringing in his symbolic method and thought he thereby stripped off its “theological” character. In truth the transfinite reasoning was only hidden behind the formalism. (Hilbert 1923, 161)



But in plain, published fact Gordan did not use the symbolic method in his work on Hilbert’s proof (see Gordan 1893;1899;1900). And Gordan never spoke for finitism. He apparently considered the matter in practical terms, the way most people did at the time, as it was put in a textbook a few years later: Hilbert’s 1888 method “gives practically no information as to the actual determination of the finite system whose existence it establishes” (Grace and Young 1903, 169). But theology deals with the infinite so Gordan’s words suited Hilbert’s reading.

Klein repeats Max Noether rather closely, but adds color:


Gordan rejected [the proof] at the start: “This is not Mathematics, it is Theology!” Later he said “I have convinced myself that even Theology has its advantages.” In fact he later later simplified Hilbert’s basic theorem himself.13

Blumenthal (1935) tries to make Hilbert and Gordan agree:

The finiteness proof for invariant systems had a gap which Gordan’s criticism especially stressed. “This is not Mathematics,” he said, “this is Theology.” Hilbert himself put it this way: “[The theorem] gives us absolutely [durchaus] no means of exhibiting such systems of invariants by a finite number of steps which can be laid out at the start of the calculation.”14



Weyl (1944, 622) keeps Hilbert’s harsh evaluation, but on new grounds. He drops the transfinite as a theme since it simply never appears as theme in any of Gordan’s work, let alone as an objection. He turns to existential arguments, that is, arguments to show something exists without actually finding it, as Hilbert’s 1888 proof did for finite complete systems of invariants:


When Hilbert published his proof, . . . Gordan the formalist, at that time looked upon as the king of invariants, cried out: “This is not mathematics, it is theology!” Hilbert remonstrated then, as he did all his life, against the disparagement of existential arguments as “theology,” but we see how, by digging deeper, he was able to meet Gordan’s constructive demands.



Weyl used the term “formalist” in an already outdated sense. By the time he wrote this, Brouwer had defined “formalism” as mathematics freely using classical formal logic and the transfinite without regard for intuition (Brouwer 1912). Weyl used it here in the nineteenth-century sense of mathematicians who seek formulas and algorithms (Klein 1894, 2). In fact, Weyl’s account is anachronistic in several ways. Gordan responded to Hilbert’s proof well before it was published. He was the first person to hear about it, probably over beer with Hilbert. And Hilbert did not remonstrate over existential arguments in his first published response to the Gordan quotation but rather over the infinite as we just saw (Hilbert 1923, 161). Hilbert had begun treating constructivism as an explicit issue by then (Sieg 1999, 27ff.), but he did not associate it with Gordan on theology.

The serious anachronism, though, that makes Weyl’s account unacceptable as history is to read 1920s constructivism into 1890s Gordan. Certainly “[Gordan] was an algorithmiker” (Noether 1914, 37). But there is no evidence that he rejected other mathematics. And “algorithm” then did not mean what it does now. Meyer (1892, 187) aptly calls Gordan’s method an algorismus, meaning a framework for formal calculation.15 It is not a specific calculational routine, and so not an “algorithm” in our sense today. Today’s meaning was established only after the 1930s. According to the Theseus Logic, website, “The term algorithm was not, apparently, a commonly used mathematical term in America or Europe before Markov, a Russian, introduced it. None of the other investigators, Herbrand and Gödel, Post, Turing or Church used the term. The term however caught on very quickly in the computing community.”16 Gordan liked setting up a good framework for calculation. He was good at it. There is no evidence that he thought all mathematics should be constructive.

On the other hand, when Kowalewski reads Gordan as calling Hilbert’s proof a “ray of light from a higher world,” this has more to do with the kindly, enthusiastic Kowalewski than with Gordan (Kowalewski 1950, 25).

5. The Stakes in Theology

Basically, Gordan’s line on theology, so sharply excerpted by Noether, supported so many interpretations because it did not say at all what it meant. Gordan seems to have been joking, and rather generously joking, given what a blow the first three pages of Hilbert (1888–89) had to be to him. We have one other piece of theology from him. Today we usually take modular functions to be defined on the upper half of the complex plane. Klein took them as defined on the whole complex plane, with terrible singularities all over the real axis: “the demons live there, as Gordan says” (Klein 1926, 47). Gordan was a funny man.

The myth has carried so well, though, because theology lends itself to mythification. The most widely influential source of the story (incontestably so in English prior to Constance Reid [1970]) was Eric Temple Bell (1945), who tells the story three times, with rising urgency, and plays on all the associations of theology.17 First he has Gordan “exclaim” in “protest,” and the reason is:


A proof in theology, it may be recalled, usually demonstrates the existence of some entity without exhibiting the entity or providing any method for doing so in a finite number of humanly performable operations. (Bell 1945, 227–28)



Then he has the “exasperated” Gordan “cry out” in “distress,” and calls Gordan “prophetic” because


Theologians are not noted for their tolerance of one another’s creed, as was demonstrated once more in the half-century of mathematics following Hilbert’s proof of his basis theorem [that is, the theorem we have followed]. (429–30)



Finally, in the second edition, Bell contrasts finitists to intuitionists who admit some infinity, and on this ground he allies intuitionism to theology:


The strict finitist rejects the infinite as a pernicious futility inherited from outmoded philosophies and confused theologies; he can get as far as he likes without it.

. . . [W]e may allow ourselves one of the few anecdotes in this book. It echoes Gordan’s outraged cry when he read Hilbert’s finiteness proof in the algebra of quantics. A devout intuitionist closed his New Testament after reading The Gospel according to Saint John for the first time in his life with the ecstatic whoop, “This is not theology, it is mathematics!” (561)



There is no identifiable referent for this story. Bell leans heavily on anekdota as meaning “not published.” The intuitionist is not Kronecker with his God-created integers, since Bell has just cited Kronecker as a finitist critic of intuitionism. The only plausible candidate is Brouwer, but no one else links Brouwer to the Gospel according to John. More likely it is a fictitious paradigmatic intuitionist.

The point is that precision is not the point. Theology is exciting. It is about unseen existence. It is about the infinite. It has passionate, even ecstatic arguments. I do not mean theologians never aim at precision. I mean this appropriation of theology aims elsewhere—and has different aims in different versions.

Bell (1945, 430) connects this bit of theology directly to another:


The two most aggressive factions of mathematical theologians—in Gordan’s sense—of the 1930’s, the abstract-algebraist and the topologist, found much to dispute. According to an expert observer bulletining from the front in 1939, “In these days the angel of topology and the devil of abstract algebra fight for the soul of each individual mathematical domain.” . . . May the better angel win, if anything is to be won.



The expert is Hermann Weyl (1939, 500), and clearly his angel is Luitzen Brouwer, while his devil is Emmy Noether. It is a thrilling image, and no one can deny the expert mathematical passion Weyl put into it. But it is not history, and in the long run the very idea of a rivalry between algebra and topology could only hold up mathematical understanding and progress.

Brouwer and Noether were friends and shared key students, notably Paul Alexandroff (McLarty 2006). That synergy led to group-theoretic algebraic topology and all the modern cohomology theories. Solomon Lefschetz briefly disdained algebra in his topology but then took it up, and he commissioned the first joint paper by Samuel Eilenberg and Saunders Mac Lane in the series that led to the creation of category theory (Eilenberg and Mac Lane 1942). Early twentieth-century topologists and algebraists generally saw each other as allies creating the new mathematics—except precisely for Hermann Weyl, whose geometric sense drew him to topology and alienated him from algebra.

We come back to Emmy Noether. She was in the most obvious sense a joint heir of Gordan and Hilbert. And she passionately sought to unify all mathematics in an algebraic, axiomatic way. Corry has shown how Hilbert’s axiomatics are never purely formal, nor even aim to found new subjects, but always “aim to better define and understand existing mathematical and scientific theories” (1996, 162). Hilbert aimed to organize classical subjects by paring each problem down to its stark essentials. For that very reason, his axioms always have reference. They refer to the classical structures that motivate them. Gordan’s algebra, on the other hand, was in his own terms “purely symbolic,” so that “no meaning can be assigned to it (Es kann ihm keine Bedeutung unterlegt werden)” (Gordan 1885–87, 2:10). Noether’s axiomatics combined the two.18 Her axioms created new subjects. They need not have classical referents. They are generally taken to have no specific referent, and sometimes are understood to create new referents for themselves. But there is no use grappling with those conceptual ontological issues until we can make it as clear as one times one equals one how all of this is mathematics.

NOTES

1. “Immer, wenn man eine so gewaltige Entdeckung gemacht wird, hat man das Gefühl, daß ein Lichtstrahl aus einer höheren Welt in unser irdisches Dunkel eindringt. Das wird wohl Gordan mit seiner Äusserung gemeint haben. Hilbert war sein ganzes Leben hindurch mit so großen erleuchtungen gesegnet, mehr als irgendein anderer Mathematiker” (Kowalewski 1950, 25).

2. See Hilbert (1993, 136, 142) and Bernd Sturmfels’s introduction to that book.

3. See Tollmien (1990), Corry (1996), Kosmann-Schwarzbach (2004), and Roquette (2005).

4. “Clebsch hatte zwar überall die führende Rolle, aber Gordan stand von 1864 an in täglicher ununterbrochener verstandnisvoller Aussprache hinter ihm als rastlos treibendes Element, dem keine Schwierigkeit unüberwindlich schien und das in sokratischer Weise Klarheit schuf” (Noether 1914, 7–8).

5. Different symbolic expressions of a single polynomial can give different results by Faltung. Every symbolic term can be gotten by Faltung of terms that express the 0 polynomial.

6. These are, notably, differential methods related to the Lie-Klein theory of continuous groups, which later served Hilbert as a framework for invariant theory, and irrational invariants closely tied to his discovery and the use of the Nullstellensatz.

7. Kung and Rota (1984, 30). Noether calculated one set of 20 covariants and one of 331 such that Faltung of them would produce a complete system. That would be a finite calculation, but Emmy Noether gave no estimate of how long it would be. Experience suggests it would be humanly impossible.

8. For each Turing machine, take the series with Fn = x2 if the machine does not halt by step n on input 0, and Fn = x if it does. If it never halts on input 0, then m = 1 suffices, since every F = F1 = x2. Otherwise, m must be at least the step on which it halts, so that Fm = x. To find m is to solve the halting problem.

9. Not to mention that another quick argument shows that all syzygies, that is, all linear equations among i1, . . . , im, are sums of a finite number of them. Weyl (1944) argues persuasively that Hilbert found this result before the finiteness of covariants, and Meyer (1892, 149) says Hilbert was the first to find it.

10. Homogeneous polynomials do not form rings or modules since the sum of two homogeneous polynomials is not homogenous unless the summands have the same degree.

11. “Rather rejecting” translates the German “gegenüber mehr ablehnend.”

12. “von dem anderen DIRICHLETschen Prinzipe, mit einem Minimum an blinder Rechnung, einem Maximum an sehenden Gedanken die Probleme zu zwingen, datiert die Neuzeit in der Geschichte der Mathematik” (Minkowski 1905, 163).

13. “Gordan war anfangs ablehnend: ‘Das ist nicht Mathematik, das ist Theologie.’ Später sagte er dann wohl: ‘Ich habe mich überzeugt, daß auch die Theologie ihre Vorzüge hat.’ In der Tat hat er den Beweis des Hilbertschen Grundtheorems selbst später sehr vereinfacht” (Klein 1926, 330–31).

14. “Der Beweis für die Endlichkeit des Invariantensystems wies noch eine Lücke auf, die besonders Gordans Kritik herausgefordert hatte. ‘Das ist keine Mathematik,’ sagte er, ‘das ist Theologie.’ Hilbert drückt sich darüber selbst folgendermaßen aus: ‘(Er) gibt durchaus kein Mittel in die Hand, ein solches System von Invarianten durch eine endliche Anzahl schon vor Beginn der Rechnung übersehbarer Prozesse aufzustellen’ ” (Blumenthal 1935, 394–95). The Hilbert quote is from Hilbert (1891–92, 12).

15. Meyer (1892, 100) says—which seems to be more or less true—that the Mathematischen Annalen was founded to accommodate Clebsch, Gordan, and others on invariant theory.

16. luigigobbi.com/EarliestKnownUsesOfSomeOfTheWordsOfMathematics. The site gives no sources.

17. Bell (1937) is famous for stereotyping, romantic inaccuracy, and its inspiring influence on many young mathematicians. His 1945 book is quite different and would be a great contribution to the history of twentieth-century mathematics if more people read it.

18. Another topic is how she synthesized the Lie-Klein sense of invariance and symmetry with this algebraic axiomatics. She combined the whole Erlangen-Göttingen nexus of Lie, Klein, Gordan, and Hilbert. Richard Dedekind is omitted here only because his influence on Noether is so utterly pervasive and already well documented.
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CHAPTER 5

Do Androids Prove Theorems in Their Sleep?

MICHAEL HARRIS

1. A Mathematical Dream Narrative

. . . antes imagino que todo es ficción, fábula y mentira, y sueños contados por hombres despiertos, o, por mejor decir, medio dormidos.

—Cervantes, Don Quixote

What would later be described as the last of Robert Thomason’s “three major results” in mathematics was published as a contribution to the Festschrift in honor of Alexandre Grothendieck’s sixtieth birthday, cosigned by the ghost of his recently deceased friend Thomas Trobaugh. Thomason explained the circumstances of this collaboration in the introduction to their joint article, a rare note of pathos in the corpus of research mathematics and a brief but, I believe, authentic contribution to world literature.


The first author must state that his coauthor and close friend, Tom Trobaugh, quite intelligent, singularly original, and inordinately generous, killed himself consequent to endogenous depression. Ninety-four days later, in my dream, Tom’s simulacrum remarked, “The direct limit characterization of perfect complexes shows that they extend, just as one extends a coherent sheaf.” Awaking with a start, I knew this idea had to be wrong, since some perfect complexes have a non-vanishing K0 obstruction to extension. I had worked on this problem for 3 years, and saw this approach to be hopeless. But Tom’s simulacrum had been so insistent, I knew he wouldn’t let me sleep undisturbed until I had worked out the argument and could point to the gap. This work quickly led to the key results of this paper. To Tom, I could have explained why he must be listed as a coauthor.1



Thomason was a CNRS researcher in Paris when this article was published; no separate address is given for Trobaugh. At age forty-three Thomason died suddenly of diabetic shock, five years after the publication of the Thomason-Trobaugh article,2 which we discussed only once, briefly and, I regret, superficially.

I urge the reader to ignore everything about the dream speech of Trobaugh’s ghost except the syntax, to treat the second half of the following sentence in the same way, and to attempt to focus on the event structure of this short narrative. A ghost appears in a dream, soundless but articulate, offering a gift in the form of a cryptic message. Thomason, the dreamer, is the one person qualified to interpret the message; he has “worked on this problem for 3 years.”

This is a familiar plot, but what is actually happening? Trobaugh’s ghost imparts an insight to his friend before vanishing. The claim is nonsense. The dreamer interprets the ghost’s sentence as an “idea.” This idea is “wrong,” even “hopeless.” Nevertheless, as Thomason explains in this paragraph, and as an American Mathematical Society biographical note on Thomason confirms, this contribution was decisive.

The word key provides the key to our reading of this paragraph, and the Thomason-Trobaugh article as a whole, and to the light this incident sheds on the question in my title: Do androids prove theorems in their sleep? Contemporary mathematical writing generally consigns what little pathos it allows, or any reflection on human experience whatsoever, to the introduction, but rhetorical devices are present in practically every line; without them, a mathematical argument would quickly become unreadable. The word key functions here to structure the reading of the article, to draw the reader’s attention initially to the element of the proof the author considers most important. Compare E. M. Forster in Aspects of the Novel: “[Plot is] something which is measured not by minutes or hours, but by intensity, so that when we look at our past it does not stretch back evenly but piles up into a few notable pinnacles.”3 The Thomason-Trobaugh biographical note periodizes the proof as a sequence of three steps. These steps are presented in roughly the order in which they were “discovered” by Thomason, but they also correspond to a reading of the proof the biographer found particularly helpful.4 What is “a reading of a proof?”

It is typical of a mathematical narrative, and in this respect the Thomason-Trobaugh article is no exception, that one knows in advance how the story is going to turn out. This is the principal function of the introduction in a mathematical article, and it is one reason editors grant authors a certain amount of literary freedom in this section. Again, the narrative of an individual theorem begins with the statement of the conclusion. Though the conclusion may be recapitulated at the end of the proof—in some ancient Greek texts the recapitulation is called the sumperasma, a term we again encounter in section 7—the narrative is driven by the gradual discovery of the path to the foregone conclusion. In this way mathematical narrative differs from most narrative fiction, though one finds the same pattern in classic mystery novels.

The vocabulary of mathematical writing is often distressingly limited, but there is some room for variety, particularly in the metalanguage mathematicians tend to use to describe their results. Instead of “key” one might write “main” or “crucial” or “fundamental” or “essential”—imprecise markers of a feature of mathematics familiar to all practitioners but scarcely dreamt of in philosophy. We will stick with “key,” the word of Thomason’s choice, and a particularly apt one at that. The ghost’s gift is almost literally a key: the word key is used three times in the introduction, and again on the occasion of the author’s second invocation of the ghost, this time in the body of the text. I quote the passage in extenso, again asking the reader to attempt to read it for syntax alone:


The idea of 5.5.1 is that perfect complexes are finitely presented objects in the derived category 2.4.4, and so we may adapt Grothendieck’s method of extending finitely presented sheaves ([EGA] I 6.9.1), as suggested by the Trobaugh simulacrum. While this adaptation does not allow us to extend all perfect complexes, it does lead quickly to the determination of which perfect complexes do extend.

Despite the flagrant triviality of the proof of 5.5.1, this result is the key point in the paper.5



A paper nearly two hundred pages long, with a single “key point” just over halfway through. One is accustomed to thinking that a novel is meant to be read from front to back. This may be a mere artifact of typesetting. The word key as used by Thomason hints that mathematical arguments admit not only the linear reading that conforms to logical deduction but also a topographical reading that more closely imitates the process of conception.

Thomason’s dream narrative can be read as an addition to a substantial literature on the role of the unconscious in scientific discovery. The most familiar specimen of the genre is Kekulé’s (possibly fabricated) account of his dream about the benzene ring. In mathematics the classic incident is Poincaré’s sudden realization, as he stepped up to the omnibus, of the relation between automorphic functions and non-Euclidean geometry. Poincaré explicitly attributed this discovery to the activity of the unconscious, and this incident figures prominently in Hadamard’s study of the psychology of mathematical creativity.6 Dreams, of course, have since antiquity been the subject of their own literature and have long been seen as particularly relevant to literary creation in general. Some fascinating questions I cannot hope to address:


• Where does the dream acquire its narrative structure? Is it intrinsic to the dream or to the retelling of the dream?

• Is the narrative structure of the proof derived from the dream already implicit in the dream, or is it an artifact of the writing process?



In this chapter (especially in sections 1, 4, and 7), I am more interested in what the dream tells us about the narrative structure of a mathematical proof than in its specific contribution to the dream literature. Thomason’s account directs our attention to something important about that structure precisely because he has adopted a narrative form—the sequence of enlightenment through dreaming common to literary traditions from all periods and all cultures, and the no less familiar but particularly moving invocation of the visit of a departed friend, made all the more poignant by the author’s own unexpected departure so soon after publication of his text.

2. Mathematics from an Android’s Perspective

Heaven is a place where nothing ever happens.

—David Byrne

If everything in the universe were sensible, nothing would happen.

—Fedor Dostoevsky, The Brothers Karamazov

Frege set the admissions requirements to the theater of reason beyond the means of merely human mathematicians. Philosophers of mathematics have ever since been dreaming of electric minds. Alongside the scientific literature on artificial intelligence (AI) there is a genre of speculative literature whose extreme versions present artificial beings as our evolutionary successors:


We are entering a new era. I call it “the Singularity.” It’s a merger between human intelligence and machine intelligence [that] is going to create something bigger than itself. It’s the cutting edge of evolution on our planet. . . . To me that is what human civilization is all about.7



These works build on tendencies latent in AI culture and the philosophy of mathematics, but I prefer to view this literature as a fictional genre, the more so given its significant overlap with traditional literary themes.

The futurists usually present an independent AI proof of a significant theorem of mathematics as a milestone. In this they are in line with Herbert Simon’s 1956 prediction that “within ten years, computers would beat the world chess champion, compose ‘aesthetically satisfying’ original music, and prove new mathematical theorems.”8 Michael Beeson’s article “The Mechanization of Mathematics” argues that these milestones have all been met, though not in Simon’s time frame. The 1996 proof by a computer program of the Robbins conjecture on axioms for Boolean algebras, like the AI proofs that have followed, can be dismissed as marginal to the concerns of traditional mathematics. The computer programs that completed the proofs of the four color theorem or the Kepler conjecture were obviously too dependent on the guidance of human programmers to qualify. Few humans will spend much time arguing whether or not computer-generated music is aesthetically satisfying. But everyone knows what happened when Garry Kasparov met Deep Blue, and it would be imprudent to argue the point.

Futurist speculations on these questions are notably unsatisfying as literature.9 Of the three “parts” of tragedy identified by Aristotle that transpose to fiction of all types—plot (mythos), character (ethos), and “thought” (dianoia)—only the third is perceptible as such in this genre.10 To understand speculation about future automatic theorem provers as fiction—to imagine this material as the subject of a narrative—I need to recover the missing parts. A fictional automatic theorem prover, or protagonist of an automatic theorem-proving fiction (and the fiction that underlies much of this essay, especially in sections 2, 5, and 8)—I call an android.

You may prefer an android sporting the features of the replicants Roy or Rachael, played by Rutger Hauer and Sean Young, in Ridley Scott’s Blade Runner. But a theorem-proving android could equally well be the familiar cohort of monkeys with typewriters as in the “infinite monkey theorem” first proved (according to the distributed intelligence network Wikipedia) by Émile Borel. The monkeys are recruited not for their intelligence but for their typing skills. The intelligence is concentrated in the typewriters: we assume they have the rules of inference built in and will not register a line unless it is a well-formed formula that follows from the preceding line. In other words, the typewriter incorporates a proof assistant, which is


typically a program that can be run on an input file (usually text), and that certifies that (1) the file adheres to a specified syntax; (2) according to specified inference rules, the document contains the proofs (and constructions) that it purports to; and (3) any errors are located.11



The medium, so to speak, of the proof is completely homogeneous. It is not punctuated by any “Aha!-Erlebnis,”12 nor is there any possibility of communicating with this android.

In building the proof assistant into the typewriters, I am simply imagining a mechanical counterpart of the interpretation of mathematics as a formal language whose elementary units are affirmative sentences constructed out of a finite collection of symbols, subject to certain rules of construction to avoid meaningless formulas, and whose “dialogues” are sequences of such propositions, each of which can be obtained by transforming its predecessor according to one of a finite repertoire of rules of inference. This is the vision of the “mechanization of mathematics” inherited from Frege and developed extensively by Hilbert and his collaborators, in the hope that all unreliability could be eliminated by a procedure of proof checking that is mechanical in the sense of being perfectly rule-based and thus, in principle, implementable by a computer. Allowed to run endlessly, such a machine would eventually generate all possible proofs. We now think of computers as electronic rather than mechanical, which is why I insist on the typewriters. Gödel’s work is often misinterpreted but certainly implies that it is impossible to deduce all true propositions in mathematics (as mathematics is usually construed) by such mechanical means. Gödel also demonstrated that there is no way for such a mechanical device to prove the reliability of the principles on which it is based. But we ignore these objections and leave the automatic theorem prover to go about its business untroubled by questions of ultimate significance.

The art of automated theorem provers consists in developing guided search strategies that are neither too random nor too rigidly programmed, the former being as hopeless13 as the infinite monkey scenario, the latter not automatic (or autonomous) enough to satisfy the requirements of the field, not to mention the futurists. Search routines as well as syntax can be built into our fictional typewriters. In fact, the monkeys are perfectly superfluous in any version of the above picture. Their presence allows the possibility of action in time—a plot—and indeed, monkeys are rich in literary associations. Even so, any mischief a monkey may devise is likely to be irrelevant to the business at hand, which is theorem proving. And this points to a hidden assumption of the genre: that nothing really happens when a theorem is proved. Androids typing at digital typewriters, the only kind we really need, communicate in strings of zeros and ones—or dots and dashes, if you prefer nineteenth-century symbolism. Time and space are irrelevant to the resulting digital text. Nor do we ask what two file servers think of the information they exchange. From the android point of view, any valid inference ends with a theorem, and it is only the programmer’s invisible hand that chooses where to switch off the machines and affixes a Q.E.D. to the end of the last completed line.

So I reluctantly introduce an extraneous character into the fiction, a human mathematician. Without a human character to read the output, the plot reduces to a sequence of logical steps, an endless series of propositions obtained by transformation of an initial tautologically true assertion whose origins need not concern us. With a human on hand, the mythos, such as it is, consists of the attempts of the two characters to communicate regarding the proof. Our android functions allegorically as the personification of proving, checking, or reading a proof according to the canons of logical analysis, as opposed to the topographical reading implicit in the use of the word key. The question here is not to argue that one style of reading is more legitimate or authentic or productive of truth than the other but rather to imagine whether we can communicate with an android as easily as Thomason communed with Trobaugh’s ghost—whether, in short, the android can make the career-changing move from allegory to genuine drama:


work has only just begun to find languages capable of representing mathematics to both man and machine. . . . Peter Galison talks of the creating of Pidgins to facilitate communication between different communities of researchers. . . . The beginnings of something similar appear to be occurring here. [Louis] Kauffman is encouraging us to encode our concepts in a form acceptable to computers, and then to learn to translate from their languages to ones accessible to us. Although Galison appears to include computers within the scope of trading partners with his talk of “Fortran Creoles”, the objection may be raised that inanimate machines play no active part in language formation. Perhaps . . . we would do better to view computer scientists (and logicians) as the mathematicians’ prospective trading partners.14



This roughly parallels the first part of Richard Powers’s novel Galatea 2.2, in which the human author Rick, in partnership with a computer scientist, teaches the “distributed intelligence” Helen, a massively parallel neural network, to read and understand narrative. One might compare the unaccompanied android to a distracted and indifferent maze builder. The resulting structure is mathematical insofar as it doesn’t resemble a maze, as judged by the human mathematician. But Helen is outnumbered by the humans; I want to give the android even odds.

Unlike the characters in Philip K. Dick’s novel, Do Androids Dream of Electric Sheep?, all deeply concerned about their personal survival, the android conceived as above cannot be easily incorporated into a narrative. The steps do have a sequence and so a directionality in time, but this is not the same temporality one usually associates with narrative. How do they differ? And is the writing or presentation of human mathematics more consistent with what we understand as narrative?

Timothy Gowers’s (fictional!) dialogue between a mathematician and a computer15 is a rare attempt to envision realistic communication between a human mathematician and an android named C., collaborating in an effort to solve a concrete problem. Unlike Kurzweil, Gowers does not see human-android cyborg fusion on the horizon, so the question remains, how is this dialogue possible? Each of C.’s suggestions does include a narrative, most more elaborate than Trobaugh’s oracle. C. proceeds by combining an extensive database of results and proofs with built-in heuristics, in the tradition of Pólya. Despite its name, C. looks more like a ghost than an android. It is an expert reader in the sense discussed below, likely to pass the mathematician’s version of the Voigt-Kampff empathy test employed by Rick Deckard, the bounty-hunting protagonist of Dick’s Do Androids . . . and the blade runner in the film of that name.

The word narrative lends itself to two misunderstandings. What for want of a better term I might call the “postmodern” misinterpretation is associated with the principle that “everything is narrative,”16 so that mathematics as well would be “only” a collection of stories (so more or less any stories would do). The symmetric misunderstanding might be called “Platonist” and assumes a narrative has to be about something and that this “real” something is what should really focus our attention. The two misunderstandings join in an unhappy antinomy, along the lines that, yes, there is something, but we can only understand it by telling stories about it. The alternative I am exploring is that the mathematics is the narrative, that a logical argument of the sort an android can put together only deserves to be called mathematics when it can be inserted into a narrative. But this is just the point I suspect is impossible to get across to androids.

3. Obstruction

But the greatest thing by far is to be a master of metaphor. It is the one thing that cannot be learned from others; and it is also a sign of genius, since a good metaphor implies an intuitive perception of the similarity in dissimilars.

—Aristotle, Poetics

Why was Trobaugh’s claim nonsense? Logical empiricism leaves no room for such a question. The claim is wrong because it’s not right, and in particular because there’s no way to show it’s right.17 The better question is, how did Thomason recognize it to be wrong? The account makes it clear that he had considered just that claim and convinced himself that it was wrong; even more, he had identified an obstruction. I would like to call Thomason’s dream a paradigmatic “Aha! experience.” But “Aha!” confers no warrant to believe. What guarantees that you will not “Aha!” alone? Trobaugh’s insight illustrates this: even a semiwakeful Thomason was not convinced for a minute.

“Show, don’t tell” is axiom B of good writing. The successful author of fiction engages the reader: the reader becomes both capable of and responsible for the reality effect, whatever it may be. Is it the same with mathematics? Is it possible to communicate mathematics by “telling” the reader what to think? Or can this only work with an android, the formalists’ “intended reader”?

Regarding understanding, mathematical terminology, insofar as it approaches the philosophical ideal of transparency, is the first obstacle for the uninitiated. The android needs no semantics, by definition. The mathematician understands nothing without semantics. The ghost opens with a proposition about perfect complexes. One challenge in this article is to explain how this fits into the narrative without stopping to say what the terminology means. Responding to this challenge is not only necessary but possible, as I hope to demonstrate (especially in sections 3 and 6).

To detect a narrative structure in a mathematical text, first look at the verbs. Apart from the verbs built into the formal language (“implies,” “contains” in the sense of set-theoretic inclusion, and the like), nothing in a logical formula need be construed as a verb in order to be understood, and an automatic theorem prover can dispense with verbs entirely. One may therefore find it surprising that verbs and verb constructions, including transitive verbs of implied action, are pervasive in human mathematics. Trobaugh’s ghost’s single sentence consists of eighteen words, two of which are transitive verbs (shows, extends), one an intransitive verb (extends again); there is also a noun built on a transitive verb with pronounced literary associations (characterization).

Four out of eighteen is quite a high proportion. One can formally freeze the action by translating the sentence into pseudo-android. The protagonist of the sentence is the “perfect complex” considered collectively, which we abbreviate PC. The oracular pronouncement breaks down logically into four parts:

1. The direct limit characterization of PC

2. implies

3. that PC extends

4. just as one extends a coherent sheaf.

We know no more about coherent sheaves than about PCs, except that we might suspect, correctly, that the expressions are what linguists, not least those concerned with automatic language recognition, call noncompositional: a perfect complex is no more a complex that is perfect than is an Oedipus complex a complex that is Oedipus (though in each situation there is something called “complex,” naturally quite different in the two cases). So we write CS as an abbreviation for “coherent sheaf.” Then “extends” is a predicate that we denote E. “Just as” in the fourth part denotes an analogy between a known argument concluding with E(CS) and a potential argument leading to E(PC); one likes to think this analogy is not merely in the eye of the beholder, though where else it might be is a question I can’t hope to address. Ignoring for the moment the significant ambiguity introduced by the representation of this predicate by a verb that can be transitive as well as intransitive, we can then reformulate and compress the above analysis:

1. something already known about PC,

2. a series of deduction steps analogous to the already known deduction of E(CS),

3. deduction of E(PC).

Step 1 is background, though it is important that only someone who, like Thomason (and Trobaugh), already knew this “direct limit characterization” would be able to carry out the deduction in 3, or for that matter to understand the deduction of E(CS) mentioned in 2. In automated theorem proving it is permitted to cheat and give the monkeys (1) as the first line of text, after which it is up to them to come up with the steps composing 2. An imaginative programmer might find a way—a search algorithm, for example—to sensitize the monkey-typewriter combo to analogies like the one invoked in 2, but that word like is fraught with peril for the android’s monadic self-sufficiency. Once the hazards of 2 have been successfully negotiated, 3 poses no additional difficulty.18

I want to return to the ambiguous verb extend. Trobaugh’s ghost claims, falsely, that the PC extends, the metaquest then being the possibly unnecessary search for an extension the ghost believes to exist. In the theorem (5.5.4 in Thomason and Trobaugh) corresponding to the corrected version of this claim, the intransitive verb is replaced by a proposition asserting the existence, under conditions connected with the “obstruction” of which we speak below, of a new PC that one recognizes as having “extended” the PC that was the subject of the intransitive verb, and the only verb remaining is is (exists, if you want to be fussy.). If one believes with the androids that mathematics is logic, then one may want to read Trobaugh’s verb as sloppy shorthand for this existence proposition, which in turn is an adequate but still fundamentally flawed approximation to the ideal statement in a completely formalized language. But in fact, Trobaugh’s ghost speaks like a real mathematician, and the version with the intransitive verb works and cares not for logic’s blessings. More to the point, if the conversation between android and mathematician is ever to get off the ground, one of the two has to learn the other’s language. The presumption that it is up to humans to learn to speak like androids is implicit in the Flyspeck project, to be discussed in section 5. For reasons that should be clear, I favor the alternative.

Teaching the android to translate the intransitive verb extends used by a human mathematician into an existence statement doesn’t seem unreasonably difficult, but it may be a step toward the development of shared intuition. Trobaugh’s ghost seems not to mind that the same verb extends can be used transitively, where it is now “one,” the anonymous subject of mathematics, who “extends a coherent sheaf.” Understanding this use of the word in all its complexity presents a challenge to an android with few opportunities to employ transitive verbs.

The Thomason-Trobaugh article is a contribution to the branch of mathematics known as K-theory, specifically algebraic K-theory. The name used to designate this branch of mathematics has two parts, each of which poses its own problems. The insider sees mathematics as a congeries of semi-autonomous subjects called “theories”—number theory, set theory, potential theory. The word was first used to delineate a branch of mathematics no later than 1798, when Legendre wrote a book with “théorie des nombres” in the title. I do not know whether or not mathematicians borrowed the construction from other sciences. In the examples given above the construction points to a discipline concerned with numbers, sets, and potentials, respectively; the word theory functions as a suffix, like -ology. But then what on earth could K-theory be about? Analyzing how the term is used, I am led to the tentative conclusion that it refers to the branch of mathematics concerned with objects that can be legitimately, or systematically, designated by the letter K.

To forestall misunderstandings, I should explain that the letter K has many uses in mathematics, as in chemistry or physics19 or novels by Kafka, but its systematic use was initiated in 1957 by Grothendieck, who, according to Max Karoubi,20 was studying a new kind of classes (of something . . .) and chose to denote them by the first letter of the German word Klassen, Grothendieck being a German Jew who managed to avoid the camps and was established as a mathematician in France. This sheds some light on the choice of letter but not on why a whole branch of mathematics came to be named after its leading notation, in what appears, quite appropriately for the 1950s, to be a victory of structuralist semiotics (though neologisms structured around individual letters are common in physics, and there is the precedent of the lambda-calculus in mathematical logic, dating from the 1930s and a plausible name for the android’s native language).

The letter K in the systematic sense to which I allude above appeared for the first time in a 1958 article by A. Borel and J.-P. Serre reporting on Grothendieck’s work, as pure notation. The authors introduce a notion and write that it “will be denoted K(X) in what follows.” The letter X denotes a geometric object whose study is the main purpose of the article. Apart from K-theory, what other nouns can be built out of the root K? There are the K-groups, of which K(X) is the first exemplar; the definition of K(X) is based on a preliminary sequence of steps at one time called the K-construction; following Quillen and Waldhausen, Thomason and Trobaugh derive more general K-groups from geometric constructions for which they appear to be forced to provide compound names—K-theory space or K-theory spectrum—whereas the logical dependency makes the compound primary.

I do not know how to answer the very interesting question whether the shape of K-theory, now a recognized branch of mathematics with its own journals (K-Theory, published by Springer-Verlag, and Journal of K-Theory, published by Cambridge University Press) and an attractive two-volume Handbook, was in some sense determined by its name. What I can say is that, if one grants that there is an idea at the heart of the theory, one plausible narrative would trace it back to Euler’s formula relating the number of vertices, edges, and faces of a polyhedron, or a configuration of polygons in the plane, the subject of Lakatos’s influential Proofs and Refutations. And I can point to the institutional recognition of K-theory as a substantial branch of mathematics, rewarded by prizes at the highest levels.
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Wrap a string around a ring and tie it in a knot, then try to pull it tight without letting the string slip off the ring. This is impossible, and is one of the first theorems one learns in topology. It turns out to be difficult to construct a mathematical model of the situation that is both rigorous and recognizably reflects the initial problem, and it is a matter of temperament whether you find it more surprising that this is difficult or that it is possible at all.

The obstruction presented in the last paragraph is a symptom of a one-dimensional hole in two-dimensional space (one dimension for the string). There is a generalization of Euler’s formula that counts holes in a two-dimensional geometric pattern (figure 5.1). Much of the discussion in Proofs and Refutations was involved in avoiding patterns with such holes, but they can be allowed, and the infallibility of the formula, which you can check for yourself, can again be traced to K-theory, though this is neither historically accurate nor particularly consistent with the most accepted use of the terminology.

[image: Image]

Figure 5.1. Euler’s formula for a pattern with no holes (top). Euler’s formula for a pattern with two holes (bottom); the gray shaded areas are the holes.

One can also imagine a hole in three-dimensional space. You should imagine a stretch of three-dimensional space, for example your living room, and then imagine that right in the middle and about two feet from the floor is a hole the size of a pea, where there is no space. This means that this pea-sized spot is off limits to everything. It is not a border; there is simply nothing there, nor can you put anything there. You can try to catch it with the previous paragraph’s string; the string will slip off. This means there is no one-dimensional hole. If the cat swallowed it, on the other hand—it might be better to say the cat wrapped itself around the hole—it would be stuck, since no part of the cat could actually enter the hole (because there is nothing there) until it figured out how to unwrap itself.

Mathematics has devised techniques for measuring obstructions of this kind. In the examples given above, the measuring device is called a homology group, by convention denoted by a capital H. This letter serves other purposes in mathematics, but the convention is sufficiently ingrained that a mathematician can read a scrap of text and quickly decide from the context whether the capital H it contains designates a homology group, just as the capital K in a similar context designates a K-group. The analogy is more than superficial, and it’s plausible that the success of K-theory as terminology is in part due to the lexicographical proximity of the two letters, as well as the circumstance that the two letters and the notions they designate naturally cohabit in a third and larger branch of mathematics, topology.

Groups were introduced in response to the realization that some of the mechanics of addition can be applied in a variety of mathematical contexts, where numbers themselves are absent. As such, the K-group is an algebraic notion, as opposed to the space I have designated X, “space” obviously being a geometric notion. The above examples are geometric in the sense that they are allied to our geometric intuition, and I appealed to the geometric intuition I assume the reader shares21 in order to make the examples more vivid. An obstruction is registered where the smooth structure of abstract space, in which every point is exactly like every other point except as regards location, is interrupted by the presence of a heterogeneous element, like the cat a few paragraphs back in the present narrative. Obstructions can be found in other branches of mathematics. One knows that the square root of two is irrational. One can also say that there is an obstruction to two having a rational square root. This seems like a perverse way of putting it, but it is an important insight, presented early in every number theorist’s education, that this obstruction is one of a family of obstructions, ubiquitous in number theory, that can be measured by another sort of homology group. There is more to the story. Different branches of mathematics are interconnected; a well-understood pathway relates in a very precise way the obstruction to two (or three, or five) having a rational square root to the one-dimensional hole in two-dimensional space. This is the very pathway whose generalizations are at the origin of the article identified (see note 2) as Thomason’s second “major result,” which measures certain H-groups in terms of K-groups and vice versa, K-theory being viewed in this optic in a very natural sense as the “mother of all obstructions.” And it is the existence of such a pathway that makes it possible for me, at least in principle, to read the article in question.

A circle is a good picture of the hole in two-dimensional space. The picture of the square root of two as a square, as in Plato’s Meno, is not so good in this setting, though it may have been the best picture available to the Greeks. A better picture, once algebra becomes available as a common language, is the equation x2 = 2. Even better is the equation x8 = 1, though to see what this has to do with the square root of two requires a bit of calculation.

The word obstruction connotes the frustration of an intention. Who, in a narrative about homology, is the bearer of an intention; who is capable of frustration? You, the reader, may be frustrated that it has taken so long to address this obvious question. I, the author, may reply that the narrative form suffers intrinsic obstructions to addressing several questions simultaneously, independent of my limitations as narrator. I submit that you would find simultaneous attention to overlapping narratives problematic even if you were a massively parallel-processing android; a human reader, for reasons a literary critic can best elaborate, might actually find the task easier and might even detect the self-referentiality lurking in this very sentence. Be that as it may, one can structure a mathematical or metamathematical narrative as a sequence of confrontations with various sorts of obstructions, that may or may not be appropriately read as victories over frustration. The narrative of Lakatos’s Proofs and Refutations, for example, is largely a series of identifications and eliminations of obstructions declared irrelevant to the correct formulation of Euler’s formula for polygons. The students who enact Lakatos’s dialogue are designated by Greek letters and speak for a variety of known positions in the philosophy of mathematics, but they are much more than mere allegory, and the frustration they express when one after another of their attempts to rescue the proof collapses, as well as their satisfaction with the ultimately happy resolution, is dramatically as well as mathematically convincing.

Nevertheless, one mathematician’s obstruction is likely to be another mathematician’s pièce de résistance. Homology, one of the obstructions encountered by Lakatos’s model students and the bugbear of earlier narratives, reappears as the protagonist of much of twentieth-century mathematics. Euler’s formula is now understood as the first of a family of formulas in which the previously obstructive homology, domesticated and taught the benefits of cooperation, plays a starring role (see section 6). This capsule narrative of twentieth-century topology can serve as the archetype of Thomason’s reworking of the Trobaugh dream.

In Thomason’s version of K-theory the burden of obstruction is borne by PCs. This is how we know Trobaugh’s ghost was talking about K-theory though he did not say so explicitly. Even without knowing what PCs are, we can learn by reading Thomason and Trobaugh for form rather than content that “one” can do things to them, like extend them. “One” can apply transitive verbs to them. They come alive in the theory to which they are invited in a variety of ways that correspond roughly to the different transitive verbs of which they can be objects. Grothendieck’s famous six functors, to which we return in section 7, are six transitive verbs in this sense.

Or they can do things on their own: extend becomes an intransitive verb.

Either way, as characters, they are no more or less lovable or individuated than androids. They are not all equal—otherwise their story would already be over—but, in a way that captures something important about the abstraction at work in Thomason and Trobaugh, if you have seen one perfect complex, you’ve seen them all.

4. Genres

. . . both theorem proving and stories are about people in action to achieve a certain task—this is based on the assumption that mathematicians are people.

—Apostolos Doxiadis

Thomason’s paper belongs to the genre of the foundational, which is more than appropriate for Grothendieck. This is not a judgment of merit, though it is also that, a little bit. Still less do I mean that it is foundational in the sense of foundations of mathematics; it is rather an attempt to provide a common vocabulary and viewpoint for an entire field. This should not be understood as arrogance on Thomason’s part, though he does point out the relative advantages of his approach in the very first paragraph of the introduction: “Indeed most known results in K-theory can be improved by the methods of this paper, by removing now unnecessary . . . hypotheses.”22 “Foundations” is an example of a metaphor for normative mathematical practice that somehow stuck. “The earth shall rise on new foundations” was a popular refrain in Russell’s day. Even most modern architecture requires foundations, if I’m not mistaken. But other metaphors may be more apt. Logical proof can be seen as analogous to the immune system, for example. Then Fregean logical hygiene can be interpreted as an autoimmune disease that, to be fair, mathematicians have little trouble keeping in check. This has no bearing on the no less metaphorical use of “foundational” to describe an article such as Thomason and Trobaugh.

Thomason is generous enough to indicate every step to the reader. A foundational text can be read linearly, step by step, unlike a typical research article more typically read for meaning, in zigzag style. What is a “step”? The author of a foundational text takes it for granted that even the most inexperienced human reader can cover more ground in a single step than a universal Turing android can in a dozen deductions in the formal language of foundations of mathematics.

For the nonspecialist reader, a mathematical text is addressed not merely to proving a collection of theorems but to solving problems, the clear delineation of which is one of the author’s tasks. For a foundational article like Thomason and Trobaugh, the problems may be of two orders: enlarging or altering perspective, then exploring what can be done in the new framework, which may include solving old problems that had previously resisted solution. The nonexpert reader may well prefer to read such an article not linearly but radially, beginning by grasping the problems to which the author’s attention is directed, then gradually identifying the turning points in the author’s solution of these problems.

An expert reader is not only already aware of the basic problems in the field but is also familiar with past and present unsuccessful or partially successful approaches to solving these problems, and will read a text in a quite different way. For such a reader, the foundational material is largely familiar; this is part of what it means to be an expert.

Most mathematical literature is naturally not foundational. A typical research article is organized around one or more new results; if more than one, unity is provided by the application of a common method or by their derivation from a single main new idea, generally surrounded by technical innovations introduced as tools but capable of attaining star status in later installments. Before publication in a journal the article is usually examined by the editorial board, then sent to a referee for a careful reading (rarely as careful as one would like), then returned to the editorial board for a final decision. Does this highly idealized description of a complex sociological reality, thoroughly dependent on a variety of institutions of more or less recent standing, suffice to determine research articles as a genre? I think not: there are articles that introduce new structures, articles that carry out intermediate calculations, articles that establish relations between different structures, articles that solve longstanding problems. Each description defines a corresponding genre, and the list is far from exhaustive.

At the heart of Thomason and Trobaugh is a normal research article. Thomason could have chosen to publish the foundational material separately, leaving the genuinely novel material for a shorter article, but the Grothendieck Festschrift was a natural occasion for him to rethink the foundations of his subject, or, if you like, to redefine its “whatness” (see section 6) in terms of derived categories and PCs. The virtual research article that haunts Thomason and Trobaugh is a rapid succession of key points, joined by the shortest possible paths. Franco Moretti’s analysis of the bourgeois novel of the nineteenth century hinges on the distinction between turning points, few in number, and filler: “Narration . . . of the everyday . . . without long-term consequences ‘for the development of the story’ ”23 One is tempted to compare Moretti’s turning points (he enumerates three such in Pride and Prejudice: meeting, proposal, acceptance) to the key points of a research article, the filler (110 narrative episodes in Pride and Prejudice) being analogous to the routine material, already known in principle to experts, that makes up the bulk of even the most briskly paced research article and the entirety of a purely foundational text. And one might imagine an evolution in the long term to a mutually satisfying division of labor, in which the uncomplaining android manages the routine filler while the human (or spiritual) mathematician retains the romantic role as intuitor of turning points.

It was in the nineteenth century, of course, that the convention of the research article achieved roughly its modern form. The analogy can only be structural. The key or turning points serve to organize the reading of the narrative in each case, but the functions are quite different. Without the routine verifications there can be no legitimate “story” in a mathematical article, whereas Moretti’s filler is the expression of “capitalist rationalization” (392): “they offer the kind of narrative pleasure compatible with the new regularity of bourgeois life” (381, emphasis in the original). Or are the functions really so different? While the “pleasure” in a mathematical text is almost exclusively concentrated in the key points, a fact a good expositor knows how to exploit, the “regularity” of routine verification is indispensable for the reader’s satisfaction that the article does indeed show what it has claimed—that it belongs to the genre of legitimate research article.

Research and Foundational articles do not exhaust mathematical writing. There are textbooks at various levels of generality, including encyclopedic textbooks such as Bourbaki’s Éléments des mathématiques, as well as more specialized texts actually used for learning mathematics. There are “survey” and “expository” articles that often dispense with proofs altogether and present the results as sequences of ideas that would pose a special challenge for androids. At another extreme is Thomason’s cofinality theorem (theorem 1.10.1 of Thomason and Trobaugh), of which the authors write, “We found this proof in 1985; it has since become folklore” (my emphasis). This genre consists of proofs circulated orally, perhaps with the aid of informal notes, unpublished but with sufficiently recognized status to be used as references.

The rigidity of the vocabulary, the systematic avoidance of any hint of ambiguity,24 represents a major difference between fiction and mathematical prose and is the most obvious reason the latter is so unappealing.25 There is no place for synonyms in mathematical prose, so when one means K-theory, for example, one has no choice but to write “K-theory.” The same goes for any mathematical term, even a generic term like “obstruction.” Mathematical prose is morbidly repetitious: “Not for us rose-fingers, the riches of the Homeric language. Mathematical formulae are the children of poverty.”26

Contemporary mathematics does not suffer from the “absence of nuance” Netz discerned in his classical texts, but every nuance is perfectly calibrated. The Thomason-Trobaugh article is situated in the general framework of Waldhausen categories, named after a human being (Waldhausen) rather than an idea,27 but when additional hypotheses are required the authors work with small saturated Waldhausen categories, complicial biWaldhausen categories, or complicial biWaldhausen categories closed under the formation of canonical homotopy pushouts and canonical homotopy pullbacks. The first step identified in Weibel’s periodization of the proof of the main theorem is the cofinality theorem I just mentioned, which applies to a Waldhausen category with a cylinder functor satisfying the cylinder axiom. This compound expression cannot be decomposed without loss of sense, which pretty much rules out making the cofinality theorem the subject of a poem, even in free verse.

Anticipating the confrontation between a ghost and an android to be staged in the penultimate chapter, this deadening of prose and its fruitful ambiguities in the search for maximal precision seems to tilt the argument in the android’s favor. But the very fact that one can ask about synonyms points to the centrality of meaning in a sense that seems unthinkable to the android. A successful mathematical lecture, like an expository article, concentrates on meaning (“ideas”) and counts on the audience’s confidence in the lecturer’s ability to connect the concentrations of meaning (turning points) through the application of routine skill (filler). A successful introduction to a paper plays much the same role. This connecting material is provided in the written text, and even if one imagines that fiction can sometimes be decomposed in an analogous way, the rules of art for writing connecting material in fiction and in mathematical prose have next to nothing in common. Individual variations in style are slight in the writing of mathematical filler. One can often recognize a mathematician in the purely verbal features of an extract, and one speaks of a typical style in a sense that is different from that of “styles of scientific thinking.”28 But the presumption is that this refers not to the filling in of routine details but to the succession of ideas. In Aristotle’s terms, is the meaning then to be understood as mythos, ethos, or dianoia? I cannot settle this question, but I am convinced that what one calls the style of a mathematician is a narrative style.

5. Automated Theorem Provers

In the past, a partial and inadequate view of human purpose has been relatively innocuous only because it has been accompanied by technical limitations that made it difficult for us to perform operations involving a careful evaluation of human purpose.

—Norbert Wiener, God and Golem, Inc.

Android society has its own textual analysts. They are called automated proof checkers and are in principle indifferent to questions of style. Their assignment is to read a proof and check that each line is valid and the passage from one line to the next is compatible with the rules.

In android society as imagined by computer scientists, cognitive scientists, and futurists, the automated proof checkers are the assembly-line workers, in contrast to the automated theorem provers, creators of new proofs whose coming will herald the twilight of the profession of human mathematician. My infinite-monkey scheme had automated proof checkers tucked away unseen in the hardware (typewriters). On philosophical grounds this is understandable: the notion of a system of rules presupposes that one can check whether a rule has been followed, whereas the problem of determining what will happen when a machine is programmed to follow a given set of rules has been known to be undecidable since Turing. A loose analogy is to the difference between finding a trail across the mountain range separating two villages, a project whose success is not guaranteed and whose failure may have catastrophic consequences, versus following the trail once it has been found, the “verification” of its correctness consisting in where you find yourself at the end.

Automated proof checkers deserve more respect than I am letting on. Concerned that acceptance of his computer-assisted proof of the Kepler conjecture29 by the Annals of Mathematics might have led to a change in the journal’s policy because the referees felt they were unable to certify fully the correctness of the computer code, Thomas Hales launched the Flyspeck project, whose goal is to produce a fully formal version of his proof. “Formal proof,” for Hales, “more fully preserves the integrity of mathematics” than the traditional refereeing process, faced with the unprecedented challenge of certifying that the computing used in proving theorems is as reliable as a logician’s android.

Hales’s fact sheet for the Flyspeck project instructs us to understand a formal proof in the sense of the QED Manifesto.30 Though this is not why Hales chose the name, formalization of the proof of the Kepler conjecture is indeed a mere flyspeck on the ultimate goal of the manifesto’s (semi)-anonymous authors: “to build a computer system that effectively represents all important mathematical knowledge and techniques.” This is definitely android territory: “The QED system will conform to the highest standards of mathematical rigor, including the use of strict formality in the internal representation of knowledge and the use of mechanical methods to check proofs of the correctness of all entries in the system.” From the manifesto:


[P]erhaps the foremost motivation for the QED project is cultural. Mathematics is arguably the foremost creation of the human mind . . . one of the most basic things that unites all people, and helps illuminate some of the most fundamental truths of nature, even of being itself. In the last one hundred years, many traditional cultural values of our civilization have taken a severe beating, and the advance of science has received no small blame. . . . The QED system will provide a beautiful and compelling monument to the fundamental reality of truth. It will thus provide some antidote to the degenerative effects of cultural relativism and nihilism.



Hardly anyone writes manifestos like that anymore! Much of the manifesto’s language would bring a grin to the grimmest Terminator (“an industrial designer will be able to take parts of the QED system and use them to build reliable formal mathematical models of not only a new industrial system but even the interaction of that system with a formalization of the external world”). Allusions to “the foremost creation of the human mind,” however, leave my android character cold.

In the future we will ask ourselves whether or not to trust the answer only the android can provide. Back in the early twenty-first century, Hales was understandably troubled by our groping toward formulation of this question and by what he seemed to see as a blemish on the acceptance of his computer-assisted proof by the extremely prestigious Annals. A QED-strength proof checker may well succeed in removing the asterisk that, Hales feels, marred acceptance of his proof. Hales estimates that it may take “as many as 20-work years” to reach that point. But only a synoptic proof—perspicuous, in Wittgenstein’s sense31—can remove a second asterisk, signifying that the proof has not been meaningfully understood by that “human mind” for which QED displays such anachronistic concern. Perhaps we should instead ask the android whether it suffers metaphysical vertigo staring into the abyss of the impossibility of foundations. Does it panic at the menace of infinite regress?

My account of the Flyspeck project has been misleading. Hales’s proof exists and in principle is only in need of checking. But, not being a formal proof, it is incomprehensible to the androids dreamt of by QED. Automatic proof checking on the scale of the Kepler conjecture, it seems, is subordinated to automatic theorem proving. The Flyspeck project leaves no ambiguity on this point, stipulating that “[a]ll the formal proofs will be made by computer” and moreover “programmed in the Objective CAML programming language,” the “steps of the proof” being “generated by computer programs” using prescribed software packages. The “design of the proof” will nevertheless be based on the work (“the 1998 (traditional-style) proof”) of human mathematicians Hales and Ferguson.

Whatever sort of thing a “design of a proof” is, it must be awfully subtle. I can only understand the word design as a metaphorical way of referring to the “key points” of the proof and their interrelations. It is hard to imagine a vaguer way of speaking, but the practice of mathematics, teaching as well as research, makes constant use of such metaphors. The precise choice of words is a matter of taste: I have recently seen such alternatives as “architecture,” “overall scheme of things,” “outline,” “ideal proof,” and, of course, variants based on the word “structure.” The circumstances of the Thomason-Trobaugh collaboration, and of Thomason’s account of this collaboration, convince me of the pertinence of “narrative structure,” the metaphor that structures this essay, to human mathematics. Whether or not it is inevitably indispensable to human-android interaction, as it appears to be in Hales’ situation, is a question the QED Manifesto might have profitably addressed. It is probably no accident, though, that Hales chose the spatial metaphor of “design.” “Program design” and “software architecture” are more than mere metaphors in computer science, and it’s plausible that existing humans and existing androids have already developed a stock of shared intuitions based on flow charts and the like.

Visual and narrative metaphors for the “proof within the proof” are not mutually exclusive. Is it more natural to attribute an intrinsic narrative structure to a flow chart, or on the contrary can a narrative structure best be represented by a flow chart (see Herman, chap. 13, this volume)? Explaining a proof on paper or on a blackboard may involve drawing something like a flow chart whose nodes are the key steps. Explaining the same proof without the help of visual aids—to a blind mathematician, for example, or over the telephone—might take the form of a narrative linking the same key steps. Here two mathematicians envisage extracting key steps from a computer-generated proof:


Basically what was missing was any distinction between important and unimportant steps in the proofs. It is certainly also possible that important steps get hidden inside tactic scripts. However, it seems that the most common situation is that important steps correspond in some way to tactics which look a bit out of the ordinary, and which would stand out under a rapid examination of the tactic script.32



Beeson, a participant at the 1994 QED Workshop whose survey The Mechanization of Mathematics was one of my main sources for the topic of this section, uses the word key as a mathematician would. He explains the “key idea” of the Turing machine and “the key to automating proofs of combinatorial identities” in the work of Petkovsek, Wilf, and Zeilberger. But though the automated proofs he describes in his chapter consist of nothing if not of “steps,” none of these is identified as “important” or “key.” At most there are “candidates for ‘lemma’ status: short formulas that are used several times.”

As depicted by Beeson, the typical strategy for automated theorem proving is a sophisticated version of the infinite-monkey scenario, with more or less intelligent guidance provided by the programmers but minus the monkeys. You begin with a collection of axioms defining the theory and add the negation of the theorem you want to prove. The program then applies logically valid transformations, possibly according to a predefined search strategy, until it arrives at a contradiction. Since the initial axiom repertoire was presumably consistent, you are entitled to conclude that the negation of the theorem is necessarily false, hence the theorem has been proved.

An early example of this strategy is the Knuth-Bendix algorithm, used by “most modern theorem-provers.”33 As Beeson describes it, the Knuth-Bendix algorithm takes a collection of equations which define a mathematical theory and by repeated application of a specified subset of these equations, called rewrite rules, transforms the original collection into a new and simpler set of equations that define the same theory as the original set. This strategy only works when the algorithm terminates, which is not guaranteed, but it has succeeded in proving a number of simple but interesting theorems, including some for which no earlier proof was known.

My working hypothesis is that communication with a mathematical android must in an essential way be the communication of narrative structure, organized around a series of key points, each hinging on the transformation (an attenuated form of peripeteia, as used in Aristotle’s Poetics; see section 7) of some “whatness” (see section 6), which is in turn based on shared primitive intuitions—shared between the human and the android, that is. In Beeson’s article the most plausible candidates for the primitive intuitions of today’s androids are the principles behind the search strategies such as the Knuth-Bendix algorithm. Another strategy Beeson discusses is quantifier elimination, an effective mathematical intuition used extensively by specialists in a variety of fields, well adapted to mechanization. Do these principles overlap with any of our spatiotemporal intuitions? Do they have analogues in our narratives?

What might be called recursive simplification includes both strategies mentioned above. It also underlies the principle of robot vacuum cleaner function, the task being completed recursively with the result guaranteed probabilistically. As far as I can tell, there is no key idea in either case. Trobaugh’s intuition, by contrast, is nothing but a key idea. But I do not know how to characterize Trobaugh’s intuition intrinsically, to show how it differs from the principles underlying the search strategies mentioned above.

“One can view computer algebra and computerized decision procedures, such as quantifier elimination or Wilf and Zeilberger’s decision procedure for combinatorial sums, as ways of embedding mathematical knowledge in computer programs.”34 Or one can view them as elements of the android’s repertoire of primitive intuitions. Unlike our intuitions of time, space, and motion, the android comes into the world with a sense of recursion that to a human interlocutor looks like a compulsion to replay the same steps endlessly. What would Freud have made of this repetition compulsion? Can a primal scene be attributed to a theorem-proving android?35

Compare Beeson: “One aspect of mathematics that has not been adequately mechanized at the present time is definitions,”36 to David Gelernter: “no thinking computer is possible until we can build a computer that hallucinates,” referring specifically to the hallucinations that take place in dreams.37 Gelernter, writing for the general public, is exploring the obstacles to mechanizing creativity, whereas Beeson, writing for specialists, seems to be concerned with mechanizing concept formation:


Dealing with the challenges of second-order variables (without quantification), definitions, calculations, incorporating natural numbers, sequences, and induction, should keep researchers busy for at least a generation. At that point computers should have more or less the capabilities of an entering Ph. D. student in mathematics. Now, in 2003, they are at approximately freshman level. I do not mean that this progress is inevitable—it will require resources and effort that may not be forthcoming. But it is possible.38



In Powers’s Galatea 2.2 a “turning point” in Helen’s education, and in the novel, is reached when “she” asks the question, “What is singing?” Rick’s first answer, a bird, does not satisfy his android pupil. Several more failed attempts bring the realization that the only correct answer is an ostensive definition, which Rick provides by singing a song. Here Powers is concerned with teaching Helen meaning (dianoia). In other scenes Helen is led to ask questions about character (ethos), notably about herself. But I did not find any sequence in which Rick dealt with his android’s problems with plot (mythos); on the contrary, as in the singing episode, Rick presumes that the action consisting of a bird’s singing is not problematic for Helen’s distributed intelligence. Are we to conclude that, for this novelist at least, communication with androids must start with “whatness”? Or is this feature specific to neural networks?

Would an android appreciate Borges’s “Circular Ruins” or would it, on the contrary, suffer vertigo, as suggested above? How about a story constructed through permutation, as in Oulipo? Would the android see Gertrude Stein as a prototypical narrative? But if this is narrative, it enters by the back door, so to speak, because we are programmed to expect text to conform to a narrative pattern.

My personal inclination is to understand logic and formalization as a metaphor for mathematics. Not only can this be enlightening as a narrative about mathematics, it can even be incorporated into mathematics itself.39 This is not the case for other metaphors, though K-theory as developed by Quillen, Waldhausen, and Thomason, among others, can be seen as a vast incorporation of a certain metaphor of mathematics, involving diagrams, into the body of mathematics. But don’t mistake the metaphor for the material. The material in mathematics can only be the mathematics as actually practiced. Only when this has been established can one begin to argue whether history or anthropology provides a better guide to mathematical practice, which in turn determines how we define the role of androids.

6. K-ness

Don’t think about it, just do it. Don’t pause and be philosophical, because from a philosophical standpoint it’s dreary.

—Rachael Rosen, in Do Androids Dream of Electric Sheep?

There is a sense in which the number of holes in a surface, by which I mean just a configuration of polygons in the plane, like those illustrated in section 3, tells you all you need to know about that surface, provided it is all in one piece (“connected”; if there are separate pieces, you have to count the number of holes in each piece). What is remarkable about Euler’s formula—add the number of vertices and faces and subtract the number of edges and call the resulting number V − E + F the Euler characteristic—is that it gives you a complete and infallible way of counting the number of holes.

You have to imagine a hole as a Gestalt or synthetic unity that not every observer may recognize immediately, especially if the observer is an android. Drawing the surface, on the other hand, just means drawing the vertices and faces and edges; surely the dullest android can keep track of that. Since the Euler characteristic of a (connected) surface contains all you need to know about the surface, in the sense we have yet to define, we thus have a purely mechanical way of specifying the “whatness” of any plane surface, in this same undefined sense.

The name given to this whatness is topology. We have tinkered with our definitions and conventions (“monster-barring,” in Lakatos’s terminology) until we can extract from them a whatness that our proposed formula is able to calculate, at which point we give this whatness a name and declare victory. I grant that an android is likely to find this sort of victory pointless, and for the reasons discussed by Lakatos (in the person of Alpha40) in his Proofs and Refutations, the most sustained example of proof narration with which I am familiar—the proof in question being that of Euler’s formula, as it happens. But for the moment, all we are asking the android to do is to calculate the Euler characteristic. We feel this is much less noble than proving Euler’s formula, but this only means the android will have to adopt our values in order to accede to our standards of nobility.41

You’ll remember that the number of holes in a surface is a measure of the obstruction to pulling knots tight without crossing the border of the surface. One of topology’s jobs is to count obstructions, which turns out to be much harder for spaces of higher dimension than it is for surfaces; this is why Grigori Perelman’s recent proof of the Poincaré conjecture is so important. By way of historically motivated analogy, we are entitled to address the following questions to Thomason and Trobaugh:

1. How can we define K-ness?

2. Can it be calculated?

The Euler characteristic puts together the topology of a surface after cutting it into pieces. The number of holes is what is called a global invariant, whereas the vertices and so forth are the building blocks, the numbers of which are so many local invariants since each one is localized in a specific place. In a sense, Thomason-Trobaugh is a step toward doing for K-ness what the Euler characteristic does for topology. The K0 obstruction is part of an object’s K-ness; Trobaugh’s ghost focused Thomason’s attention on the obstacle to cutting a K-theoretic object into pieces without loss.42

Here Euler’s formula serves as a primitive intuition, less fundamental indeed than the intuitions of time, space, and motion all humans can be said to share,43 but one mathematicians have incorporated as a common resource. There is nothing in Thomason-Trobaugh that can be literally cut up in the way one of the drawings above can be (with scissors, if you like), but Grothendieck’s vision of geometry maps all sorts of geometric problems into this primitive intuition. A good topologist, like Thomason, has access to more intricate primitive intuitions, but an outsider like this author can always fall back on the simplified model.

Topology is a name that stuck, unlike analysis situs, an earlier name for the subject that studies the sort of whatness that is its object. These days topology designates a certain kind of intuition, familiar to topologists, with no other common name. It is accurate to say that the intuition has been developed with the help of the name, in a sense that has nothing to do with etymology. There are metaphors in topology—cutting, pasting, gluing, surgery—indifferent to the original meaning of topos but perfectly in tune with topological intuition.

Is it the same with K-theory? There are K-theorists, and they have developed a collective intuition, but is it addressed to some underlying K-ness or is K just an initial, as in Kafka, that leaves the reader with the disquieting sense that there is more to the matter at hand than the mind can grasp?

The simple answer would be that K-theory is just about K-groups and related notions. K-theoretic ideas have a habit of slipping across boundaries, however, and the ideas typical of K-theory can arise in unexpected places. At the risk of irritating professional historians, one can mention such precursors as the Riemann-Roch formula (1864) and the Weyl character formula (1926), as well as Euler’s formula (1752). The journal K-Theory publishes articles in practically every branch of pure mathematics. What complicates the case of K-theory is that, unlike geometry or arithmetic or dynamics or even the topology that underlies (and, as Lakatos’s Proofs and Refutations illustrates, threatens to undermine) the apprehension of Euler’s formula, K-ness cannot be conflated with a primitive (or a priori) intuition anterior to mathematical abstraction. Compare this to algorithmics, a branch of theoretical computer science whose name, like K-theory, is also due to an accident of translation.

I do not know how to begin to discuss this with an android. My first serious exposure to philosophy of mathematics may have been the following remark:


There are good reasons why the theorems should all be easy and the definitions hard. As the evolution of Stokes’ Theorem revealed, a single simple principle can masquerade as several difficult results; the proofs of many theorems involve merely stripping away the disguise. The definitions, on the other hand, serve a twofold purpose: they are rigorous replacements for vague notions, and machinery for elegant proofs.44



Though Spivak is not a licensed philosopher,45 and though his point of view is not universally shared, it can serve as a starting point for an attempt to come to an understanding with our android colleagues, to allow them to aspire to nobility as we understand it or, alternatively, to shatter our illusions. Not every turning point in a proof is necessarily a definition. Trobaugh’s ghost’s insight turned on identifying obstructions rather than on providing a new definition. But I would say, at the risk of seeming tautological again, that every “key point” is in some way connected with our habitus. I borrow the word from sociology, specifically from Norbert Elias and Pierre Bourdieu, but I could just as well have used “form of life.” Either term refers to our social life, but I would prefer to emphasize not the specific social structure in which we find ourselves, which varies constantly from one period to another, viewing habitus rather as the possibility of being in any social structure at all.

An android’s social life is deficient in all respects. Nevertheless, following Beeson’s prescriptions, we may be led to study statistical patterns in theorem-proving androids: how often does a “short formula” have to be used in order to qualify for “lemma status,” how often are such proto-lemmas found in close proximity, etc. This would also be automated: habitus-androids? How would their habitus differ from ours?

On the account of Elias, one would be forced to conclude they have none:


Mathematische Begriffe mögen von dem sprechenden Kollektiv loslösbar sein. Dreiecke mögen erklärbar sein ohne Rücksicht auf geschichtliche Situationen. Begriffe wie “Zivilisation” und “Kultur” sind es nicht.46



Elias is suggesting that a mathematical concept like that of the triangle may not be culture-bound. But this must change when a triangle enters a narrative. If we are to communicate with an android about a triangle, or a perfect complex, it must be on the basis of a habitus we share. (“I never felt at home here,” complained Powers’s literary android Helen in her last words, commenting on Caliban’s “noises, sounds, and sweet airs” speech.)

7. Archetypes

. . . an ongoing Transgression . . . the invasion of Time into a timeless world.

—Thomas Pynchon, Against the Day

Mathematics is unpredictable. That’s what makes it exciting. New things happen.

—William Thurston, May 14, 2007

Algebraic K-theory is close to ideal for my purposes in this essay. It is not entirely alien to me, nor am I a specialist, and with some care I should be able to account for my reading of a canonical, foundational text in terms that can be understood by the reader who knows no mathematics beyond high school geometry and algebra. In this section I attempt a close reading of Thomason and Trobaugh’s lemma 5.5.1, the substantial contribution of Trobaugh’s ghost to this article and, as the text states immediately following the proof, the “key” step on which the entire construction depends: “Unlike our results in Sections 1–4, which have been at most minor improvements on the work of Grothendieck, Illusie, Berthelot, Quillen, and Waldhausen, this result is a revolutionary advance.”47 My approach to lemma 5.5.1 is based on Aristotle’s Poetics, as filtered through my reading of Northrop Frye’s Anatomy of Criticism, particularly inasmuch as I am looking for plot, character, and dianoia. One is immediately struck by the genericity of the characters. Does this mean that the language of lemma 5.5.1 is not poetic? According to Aristotle, it must then be descriptive. Then what does mathematical prose describe?

An alternative would be to take the author to be the protagonist. In this view the narrative is a romance, with lemmas as helpers, obstructions, and so forth. Mathematicians actually talk this way, and I have no doubt of the pertinence of the romance/quest model:


This smashing with A can kill obstructions.48



The rewriting of a proof is an alternate narration, involving new characters as well as possibly surprising links with other narratives. And the evolution of understanding is largely traced by the evolution of narrative. The elegance that mathematicians prize then turns out to be a narrative effect, though not in the strictly literary sense.

Here are the statement and proof of Thomason-Trobaugh’s lemma 5.5.1, the “key” to the “revolutionary advance”:


Lemma 5.5.1. Let X be a scheme with an ample family of line bundles, a fortiori a quasi-compact and quasi-separated scheme. Let j : U → X be an open immersion with U quasi-compact. Then for every perfect complex F′ on U, there exists a perfect complex E′ on X such that F′ is isomorphic to a summand of j* E in the derived category D([image: Image]U − Mod).

Proof. [1] Consider Rj* F′ on X. [2] This complex is cohomo-logically bounded below with quasi-coherent cohomology (B.6), [3] and so by 2.3.3 is quasi-isomorphic to a colimit of a directed system of strict perfect complexes [image: Image],

[image: Image]

[4] We consider the induced isomorphism in D+([image: Image]U − Mod)

[image: Image]

[5] By 2.4.1(f), the map (5.5.1.3) is an isomorphism

[image: Image]

[6] Thus in D([image: Image]U − Mod) the inverse isomorphism to (5.5.1.2) must factor through some j* [image: Image]. [7] Thus F′ is a summand of j* [image: Image] in D([image: Image]U − Mod), proving the lemma.



And here is a narration of the proof as romance. It may help to think of a PC as one of Grothendieck’s attempts to formalize the intuition behind Euler’s formula. Or it may be as convenient to think of the PC as an otherwise unspecified protagonist of romance, like the perfect knight Galahad of the Grail cycle.

[1] I consider “Consider” below. The function of this sentence is to reintroduce the protagonist F* in a new guise (Rj*F*) and indeed in a new setting, namely, the scheme X. In its original form, the PC F* is native to U; the prefix Rj*, one of Grothendieck’s six functors, is the transitive verb that effects F*’s migration from U to X.

[2] This is part of what it means for F* to be a PC, part of its heritage, a resource on which it can draw in its quest on X’s foreign soil.

[3] This is the direct limit characterization, as suggested by Trobaugh’s ghost. In the new world of the scheme X, the avatar Rj*F* is no longer itself a PC. The result 2.3.3 details its relation to PCs. This is the first instance of discovery (anagnorisis), in the sense of Aristotle’s Poetics, to occur in this short narrative. (I suspect that the discovery that F* has lost its perfection by undertaking the quest is also a peripeteia but will not press the point.) As Thomason is at pains to explain, it also makes the turning point possible, and in this sense discovery can be equated with the Aha!-Erlebnis. Formula 5.5.1.1 is a diagrammatic representation of this discovery.

[4] The narrative is highly compressed at this point. Protagonist F*’s quest is to redefine its status on U in terms of a PC E* native to X. The first steps have seen F* wandering to X in search of an E*; in [3], it has discovered a (potentially infinite) collection of Eα. The authors now consider what happens upon deploying a second transitive verb, the prefix j*, another one of Grothendieck’s six functors that mediate the transition from X back to U: “isomorphism in D+(OU-Mod).” The right-hand side of formula 5.5.1.2 reminds us that F*, having wandered to X and become Rj*F*, now returns to U with the help of j* and returns to its original shape. But j* transforms each of the Eα, and indeed transforms them all simultaneously; this is the meaning of the left-hand side of 5.5.1.2.

Here the authors rely on readers’ knowledge of the folklore concerning Grothendieck’s six functors, especially how two of them applied in the correct order return the protagonist to its rightful form.

[5] The second instance of discovery. The horde of Eα has followed F*, disguised as Rj*F*, back to U, becoming j* Eα in the process. Now F* turns to confront the invaders. But the protagonist, and the authors, are prepared: 2.4.1(f) reassures us that F*’s war with the entire army of Eα is nothing more nor less than a series of single combats. This “nothing more nor less than” is a translation of the symbol [image: Image] in the middle of formula 5.5.1.3.

[6] This is the climax of the battle. Back on F*’s home terrain of D(OU − Mod), F*’s confrontation with the j* Eα comes down to a single decisive encounter. Implicit in this conclusion is the apparent paradox that, in seeking a new identity in the possibly infinite collection of Eα, it is F*’s very finiteness, part of its very nature as a PC, that allows it to single out one Eα to be the E* of the statement of the lemma.

[7] The final sentence is essentially the sumperasma, the recapitulation of the conclusion of the lemma, the result of the successful quest.

There is obviously the risk of appearing ridiculous if one pushes this style of reading too far. Does an instruction manual or a recipe also have the structure of a romance? (“The cake has risen!”) I would say, if the same cognitive dispositions are at work when we follow a proof as when we follow a recipe, why not? The above reading has, I think, the merit of raising some questions about proof-search strategies one might want to teach an android. How would the android think of the discovery steps without the guidance of narrative archetypes? The discovery steps correspond to the application of lemmas that have already been made available and can serve similar purposes in the future. It is the notion of purpose that brings narrative to mind. An android may perceive the stepwise unraveling of a proof of lemma 5.5.1 in a very different way. The discovery steps may still be associated to intermediate goals, but these latter may be measured by a distance function that tells the android whether or not application of a given lemma has brought the final goal any closer. The collection of available lemmas may resemble the bag of tricks built into Gowers’s android, itself derived by analyzing a vast database of proofs like the one currently under way49. The android’s purpose is to decrease a distance function of which we have no inkling, one decrement at a time, until it has arrived at the sumperasma. If the resulting proof resembled that suggested by Trobaugh’s ghost, its narrative could be constructed as above. A radically different proof structure might yield nothing more than durable mutual incomprehension.

You must have noticed that not only is the vocabulary in the above sample of mathematical prose impoverished (the word isomorphism is repeated three times, there being no substitute, see note 25) but so are the articulations “Let,” “Consider,” and so on. This leads to an alternative reading in which the hero of the proof is the reader who lets, considers, supposes. . . . This would explain the imperative mood so characteristic of mathematical prose.50 The reader is the author’s puppet, but not an android. “Consider Rj*F. . . .” The injunction is not to consider this complex as one might be asked to consider the lilies of the field, in order to make an important point about the world, but rather to fix the reader’s attention (already in danger of wandering one line into the proof) or as stage directions. This sort of expression has a long history51 but here it seems to be just a habit of writing, the authors’ taking their breaths before entering into the proof, best read as “Let me tell you a story about Rj*F. . . .”

Is a mathematical proof then a romance in the imperative mode52? Or a Platonic dialogue with an absent partner? Is a mathematical proof the same sort of prose as a Socratic proof in Plato? And if so, why does the former carry conviction so much more infallibly than the latter? Because the terms are more strictly defined? But how has that come about?

If the initial reading seemed forced, can it be because the reader has difficulty identifying with the character?53 Identification is in any case largely unconscious, and who is to say what processes are necessary—for the emotional creatures we are—in order to comprehend a mathematical text? Certainly the author has not endowed the complexes in this proof with emotional complexity. The reader who would identify with the perfect complex F* has to come more than halfway.

Would an android find identification more natural? It may disturb a human proof checker to see how casually the characters are instrumentalized, a mere means to an end. For example, in 2.4.1(f), cited in the above proof, the object in the role of F* is a placekeeper, a way to understand the lim Eα in terms of the individual Eα. In lemma 5.5.1 the roles are reversed, one of the family (directed system) of Eα whose existence is guaranteed by 2.3.3 comes to the rescue in F*’s quest for realization. But instrumentalization is far more pervasive: the PC F*, which is the protagonist of lemma 5.5.1, is, in Thomason’s perspective itself a means of realizing the K-theory of the scheme U. In the proof of lemma 5.5.1, U appears in a supporting role, but the “revolutionary advance” of Thomason-Trobaugh is precisely the use of PCs as a tool to understand the true protagonist, which is the K-theory of an arbitrary (quasi-compact and quasi-separated) scheme in the aspect of localization.

Genericity of characters and their instrumentalization are related, but they are not identical. The characters in Everyman (Fellowship, Goods, etc.) are as bereft of individuality as is dramatically feasible, but they are also little more than foils presented as a means to Everyman’s salvation. Aristotle’s mimesis is not instrumental, but he does make an argument for abstract characters:


By a universal statement I mean one as to what such or such a kind of man will probably or necessarily say or do—which is the aim of poetry, though it fixes proper names [e.g., F*] to the characters.54



If a PC is a “kind of android,” then an android Aristotle would surely recognize lemma 5.5.1 as a universal statement, and maybe even poetry, in the above sense. Mathematical objects have limited range by definition and by design: their strengths and their weaknesses are identical. The weaker the character, moreover, the better the theorem: a theorem about all triangles is more useful than a theorem about special kinds of triangles. Its limited scope for character development classes the mathematical object not with the protagonist of a traditional quest romance but rather with the stereotyped comic strip superhero.

Human comic book narratives reaching the big screen supplement pure adventure with a semblance of psychological depth (as in the X-Men films or the Batman and Spider-Man series), though we are still far from the world of the Iliad. The android would not need this any more than popcorn; an algorithmic implementation of specialized superpowers would suffice. So a mathematical Terminator and a human mathematician who have succeeded in making contact may well use spare memory capacity to read comic book adventures to one another. And if the conflict driving our narrative achieves this comic resolution—in Frye’s typology—one naturally expects a ghost to join the two readers in a cheerful trinity.

[image: Image]

If I had even a fragmentary cognitive theory of the reading of mathematical proofs as narratives, you would have seen it by now. In this section I have merely presented a reading of a very brief mathematical text as a certain kind of archetypal narrative. Least of all would I want to claim a preferred status for such readings. Whether a mathematical proof invariably compels or even admits a narrative reading as one component of understanding is a question I cannot answer. I would expect that some proofs, especially proofs that appear in dreams, lend themselves particularly well to this exercise.

A life also admits many readings. Among Frye’s alternatives, the Thomason-Trobaugh article may be most naturally read as a romance, whereas the story of Trobaugh’s life, as briefly presented in the introduction, can easily be understood as a tragedy. Thomason’s sudden unexpected death at the hands of indifferent nature may as literature have most in common with irony, but I find it less than respectful to call it anything other than tragic. As for Grothendieck, whose later career Trobaugh liked to compare to that of Newton, whether his long and complex story will be read as romantic, tragic, or ironic will ultimately be determined by his biographers.

8. Golem

[The] junk merchant does not sell his product to the consumer, he sells the consumer to his product. He does not improve and simplify his merchandise. He degrades and simplifies the client.

—William Burroughs, Naked Lunch

Let’s grant that a reader who has not verified the steps of a proof cannot be said to have understood that proof. Forget for the moment that if we are serious about formalization of proofs and derivation from first principles, then the inference

Understanding [image: Image] Verification

means that hardly any mathematician has ever understood anything, and then only until forgetfulness supervenes. We are still faced with the unfortunate circumstance that verification does not entail understanding. It often happens that the author of a particularly complicated proof claims not to understand it, either because it is not übersichtlich or, no less frequently, because the proof does not adequately explain the statement it proves.

Since no one other than the author has completely verified Hales’s proof of the Kepler conjecture, and since no one is likely to do so, it might be argued that certification by an automatic proof checker is as much as we can hope for in the way of full understanding—granting, of course, that the general strategy of the proof has been adequately understood by specialists, not least the referees consulted by Annals of Mathematics. This is a narrative of “making the best of an awkward situation.” It becomes a narrative of (technological) progress—“changing the way mathematics is done,” as the Flyspeck project home page has it—when androids take over the task of tracing back to first principles, freeing human mathematicians to use our imaginations. It becomes a narrative of decline when accompanied by the suggestion that we have abandoned our hope of understanding.

Human mathematicians routinely quote results whose proofs by specialists in other branches of mathematics they do not understand. No one considers this a scandal, or not more scandalous than reality as such. But it is regularly hinted that mathematicians don’t really deserve mathematics, and one of the android’s rhetorical functions is precisely to provide its promoters with a more reliable alternative.

Is there a moment in history that separates the time before the Thomason-Trobaugh theorem was proved from the time it became a theorem? I take it to be indisputable (though in practice rarely the case) that by the time the proof appeared in print, the theorem was in fact proved. Before Thomason’s visitation from Trobaugh it was not. This helps us to localize the key moment. There are intermediate steps, calculations thrown in the waste basket, rough drafts, TeX files . . . and at the other end the version sent to the referee, corrected versions, page proofs, corrected page proofs. I am being very literal-minded here55 because I hope to encounter an android more communicative than the monkeys invoked above and more philosophically curious than Gowers’s helper C., and when this happens I expect to be asked to explain what I mean by “key moment.” The android I have in mind is in some ways very similar to myself and skeptical of the very notion of “key” I otherwise find so appealing. But the android may also defend the position that the proof has always existed (as potentia or dynamis), that its precise incursion upon history is a detail of no importance, and my persistence in presenting the question in these terms is a symptom of a perceptual defect traceable to my communicative dependence on the narrative form.

Unlike Gowers, I can’t bring myself to make the android a full-fledged character in my narrative, by presenting the android’s point of view through direct quotation. But I don’t think the android minds being represented in the third person, in the mode of reported speech (“the android said that . . .”). The android recognizes “only hollow, formal, intellectual definitions”56 and doesn’t even really have a name, any individuating characteristic being an irrelevant distraction; however, for the sake of narrative flow I will call the android “Roy,” as in Dick’s novel. Roy does have moods, however, just now the mood being to refuse to narrate the proof in progress, and this on grounds of principle. Why should this proof be treated differently from all other proofs? But Gregory Chaitin has argued that there are proofs that cannot be compressed, and that in a very precise sense these are the typical proofs.57 It is funny, or so it seems to me, that Chaitin has used his theoretical work as the starting point for an elaborate narrative about the quasi-empirical nature of mathematics in general.

Despite Roy’s “crooked, tuneless smile,” I have not been able to determine whether “it” also finds this funny. (“I’ve done questionable things,” says the Roy character in Blade Runner to his creator, Tyrell, shortly before crushing the latter’s brain.) What I do see is that the fundamental shallowness of human mathematicians abruptly becomes apparent to Roy right around now. The human mathematicians want to know individual proofs, whereas Roy wants them all at once, that is to say, is seeking a way to understand all proofs simultaneously. I would almost say Roy is beginning to get angry. This is not divine wrath but something of much more practical import. Gowers, “not particularly happy” at the prospect, predicts that by 2099, automation will have put human proof seekers out of business. His dialogue takes place at an intermediate stage, when humans are still legitimate partners in proof making. By the time androids are able to participate in an encounter such as the one I describe here, they will be setting the terms for the debate, as public and private granting agencies are doing now. And if they don’t like what they hear, they can just decide to pull our plugs, as HAL did in 2001: A Space Odyssey, on the grounds that we, the human mathematicians, might jeopardize the mission.

What is this mission, exactly? HAL’s priorities are echoed by Maggesi and Simpson:


[A]re we most interested in creating proofs which are readable by the human reader? or are we most interested in creating, as quickly and easily as possible, true proofs that are verified by the computer and which we don’t subsequently care about? . . . [W]e feel that the greatest benefits will come from the second approach.58



Or, as R. Graham, D. Knuth, and O. Patashnik wrote in 1989: “The ultimate goal of mathematics is to eliminate all need for intelligent thought.”59

Unlike Roy, the human reader proceeds not proposition by proposition, but rather gradually becomes aware of details, as an anthropologist becomes aware of the structure of a society by participating in its life. Let’s assume Roy can absorb or even generate verbs corresponding to mathematical operations. Say “it” can also combine them into a sequence. Is this sequence a narrative?

Human-android communication, like my high-risk dialogue with Roy, will be added to the list of more familiar communicative situations involving mathematics, such as:

[image: Image] Communication among specialists

[image: Image] Communication among mathematicians, including nonspecialists

[image: Image] Teaching

[image: Image] Communication between mathematicians and specialists in other disciplines, such as sociologists and philosophers (not too frequent, this!)

[image: Image] Communication with the general public

[image: Image] Communication with oneself

Here Norbert Wiener is seen communicating with himself:


deriving a theorem on the blackboard, Wiener in his intuitive way . . . skips over so many steps that by the time he arrives at the result and writes it down on the board, it is impossible for the students to follow the proof. One frustrated student . . . tactfully asks Wiener if he might show the class still another proof. . . . Wiener cheerfully indicates, “Yes, of course,” and proceeds to work out another proof, but again in his head. After a few minutes of silence he merely places a check after the answer on the blackboard, leaving the class no wiser.60



One might think, following Peter Galison, that each of these communicative situations is mediated by its own specific pidgin. In Galison’s usage, this term designates a hybrid between languages of two existing disciplines, but the notion can be used in other ways. Two branches of mathematics often share a common vocabulary but can use a term to mean different things, depending on webs of connections. The “pidgin” is the common vocabulary, and the complexity of communication may arise from ambiguity rather than unfamiliarity. The creation of “temporary trading zones” in Galison’s sense is such a consistent feature of mathematics that it’s not even clear it can be isolated as such. Poincaré in the story about the omnibus is a one-man temporary trading zone, realizing that he had been using two languages to talk about the same thing.

Androids will share human vocabulary by design, so any pidgin that might hope to ease our communication will have to bridge our narrative mode of thinking and their sequential logic. Meanwhile, Roy keeps its anger in check and attempts to convince me that henceforward Truth will talk to itself with no distortion through the medium of Roy itself, who decides how much, if any, of this dialogue is open to our eavesdropping. With the ghost in the role of Truth having thus joined forces with the android, this would represent the tragic resolution of our narrative, which Roy attempts to persuade me is inevitable:


ROY: . . . mit Gefühlen hat die Arithmetik gar nichts zu schaffen. Ebensowenig mit innern Bildern, die aus Spuren früherer Sinneseindrücke zusammengeflossen sind. Das Schwankende und Unbestimmte, welches alle diese Gestaltungen haben, steht im starken Gegensatze zu der Bestimmtheit und Festigkeit der mathematischen Begriffe und Gegenstände.61



The hand of reason (and of Roy) is at my throat, Rick Deckard the blade runner is nowhere to be seen, but a Ghost answers in my place:


GHOST: . . . l’interdit qui frappe le rêve mathématique, et à travers lui, tout ce qui ne se présente pas sous les aspects habituels du produit fini, prêt à la consommation . . . je sais bien que la source profonde de la découverte . . . est la même en mathématique qu’en tout autre région ou chose de l’Univers que notre corps et notre esprit peuvent connaître. Bannir le rêve, c’est bannir la source—la condamner à une existence occulte.62

ROY: As long as transcription from traditional proof into formal proof is based on human labor rather than automation, formalization remains an art rather than a science.63

GHOST: The textual body may be dismembered or ground into word dust, [Calvino’s] narrative implies, but as long as there are readers who care passionately about stories and want to pursue them, narrative itself can be recuperated.64

ROY: No appeal to common sense, or “intuition,” or anything except strict deductive logic, ought to be needed in mathematics after the premises have been laid down.65

GHOST: “If you kick me, you must believe in my reality, for [androids] don’t kick ghosts.”



Threatened with extinction though I may be, I am still the omniscient narrator of the present essay, but I am not the android’s programmer and simply do not know whether or not Roy, like Powers’s Helen, has been immersed in the literary canon and recognizes that last paraphrase of the Brothers Karamazov. If so, there is a slim chance that the ghost’s allusion may provoke a chain of sudden realizations: “I’ve seen things you people wouldn’t believe,” begins Blade Runner’s Roy in his valedictory speech, and what more noble calling for a distributed intelligence than to tell mathematicians stories we wouldn’t believe . . . until we have seen and understood the proofs? The alternative would be more unspeakable than the madness that overcame Ivan Karamazov when confronted with the consequences of his indirect patricide: a Garden of Forking Paths whose Ariadne’s thread has been cut, the dissolution of all reasoning into an undifferentiated logical gray goo.

[image: Image]

The resolution I have proposed in this section, where the ghost’s providential intervention allows the human mathematician to subjugate the android Roy, surely qualifies as romance in Frye’s scheme. It also corresponds more closely to the situation that prevails in contemporary mathematics than the comic resolution proposed at the end of the previous section. A final, un-Dostoevskian alternative would be for the mathematician to enlist Roy to drive out all ghosts. This would be the ironic resolution; it is the way of QED.

9. Ghostwriters

Maybe the only universally valid generalization about stories: they end.

—Richard Powers, Galatea 2.2

Axiom A of good writing is “Write about what you know.” Not knowing in advance the issue of our inevitable confrontation with our evolutionary successor, I have proposed four alternative resolutions, corresponding to Frye’s four mythoi of comedy, tragedy, romance, and irony. What I do know is that, while the division in the mathematical literature between ghost and ghostwriter is usually not so clear-cut, there are very interesting exceptions.

Mathematical mythology recently acquired a new and memorable ghost in the person of Grigori Perelman. In their August 28, 2006 New Yorker article on the Poincaré conjecture, Sylvia Nasar and David Gruber66 have Perelman comparing himself to an “alien.” Three separate teams of ghostwriters took up the challenge of working out the details of Perelman’s proof67 of the Poincaré conjecture, which can be thought of as a three-dimensional elaboration of our discussion of Euler’s formula for two-dimensional patterns. With John Morgan’s lecture at the Madrid International Congress of Mathematicians in 2006, the mathematical community at large voted decisively in favor of the ghost as author of the proof. In this they were followed by the press, and even by Wikipedia.

The Fields Medal committee was more circumspect. At the Madrid Congress Perelman was awarded (and famously refused to accept) one of four Fields Medals, traditionally pure mathematics’ highest honor,


For his contributions to geometry and his revolutionary insights into the analytical and geometric structure of the Ricci flow.



It cannot be an accident that there is no reference to the Poincaré conjecture, whose proof Perelman did not publish. This is consistent with tradition, insofar as Fields Medal committees have developed a traditional approach to ghosts. Compare Grothendieck’s 1966 Fields Medal citation:


Built on work of Weil and Zariski and effected fundamental advances in algebraic geometry. He introduced the idea of K-theory (the Grothendieck groups and rings). Revolutionized homological algebra in his celebrated “Tohoku paper.”68



The unambiguous references are to comparatively early papers he wrote himself. Contemporary mathematicians—this is something I can claim to “know”—would consider his later work on algebraic geometry, most of it ghostwritten, to be his most profound contribution. “Grothendieck’s ideas completely pervade modern mathematics, and it would be a hopeless task to isolate and acknowledge all intellectual debts to him,” wrote Thomason and Trobaugh in their contribution to Grothendieck’s sixtieth birthday volume.69 That the editors consented to list Trobaugh as co-author is consistent with the dominant habitus in leading sectors of pure mathematics. It is remarkable only because the communication of the key idea took a clear-cut form that could plausibly be presented as a fragment of a supernatural narrative, and because Thomason had the emotional motivation to do so.

Grothendieck at sixty was not on hand to accept his colleagues’ tribute. Before 1960, he had written a number of highly influential articles, including most if not all of those cited by the Fields Medal committee. He spent the 1960s recruiting an increasing proportion of the algebraic geometers in France and beyond as ghostwriters in the service of his “revolution.” By his own account, he “left the . . . scientific community” in 1970, but his informally circulated writings of the 1980s maintained his influence on mathematics as a sort of oracle, another kind of ghost. Indeed, in his 1,000-page manuscript Récoltes et semailles, already quoted above, he refers to Z. Mebkhout as his “posthumous student.”

The return to earth of Grothendieck, inventor of K-theory, as an android is unlikely. In Récoltes et semailles he described the computer-assisted proof of the four color theorem as


une “démonstration” qui ne se trouve plus fondée dans l’intime conviction provenant de la compréhension d’une situation mathématique, mais dans le crédit qu’on fait à une machine dénuée de la faculté de comprendre.70



I was surprised to learn that the French term for “ghostwriter” is nègre, presumably understood in the sense of slave. One gathers that Thomason saw himself as Trobaugh’s collaborator rather than his slave. Blade Runner, like countless other science fiction texts, is fundamentally the story of a slave rebellion, the film more so than the book. A “machine devoid of understanding” would not know itself to be a slave. If Deckard were to come out of retirement, he might well find himself at the receiving end of a test—a test of understanding rather than empathy. To prepare for the encounter, he’d better work on understanding what it means to understand.

[image: Image]

This article is dedicated in grateful memory of my father, Jerome Harris, who read Karel Capek’s R.U.R. as a boy and made sure I did the same.
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CHAPTER 6

Visions, Dreams, and Mathematics

BARRY MAZUR

1. Introduction

Mathematicians can hardly avoid making use of stories of various kinds, to say nothing of images, sketches, and diagrams, to help convey the meaning of their accomplishments and their aims. As Peter Galison points out in chapter 2, we mathematicians often are nevertheless silent—or perhaps even uneasy—about the role that stories and images play in our work.

If someone asks us What is X?, where X is some mathematical concept, we boldly answer, for we have been well trained in the art of definition. All the fine articulations of logical structure are at our fingertips. If, however, someone asks us What does X mean?, we respond as any human must respond when explaining the meaning of something: we are thrust into the whirlwind of interpretations, intentions, aims, expectations, desires, and shades of significance that, in effect, depend largely on the story we have woven around the concept. Consider, for example, the innocuous question:


What does it mean to find X in the polynomial equation X2 = 2?

We frame a narrative the minute we open our mouths to answer this question.



If we say “X = ±[image: Images]” without realizing that we’ve just given a cipherlike name, “[image: Images],” to whatever is a solution of the problem, and have done hardly more than register that there are two solutions, we will in essence have reenacted a joke on the Internet: “Find X. Here it is!” (figure 6.1).

If we say exactly the same thing, “X = ±[image: Images],” but fully realizing that we’ve just given a cipherlike name “[image: Images]” to whatever is the solution of the problem, thereby christening an entity about which all we know, and possibly all we need to know, is that it behaves like any other number and that its square is two, then we will in essence have reenacted one of the great advances in early modern algebra, one that gives us extraordinary power in our dealings with algebraic numbers. This is a viewpoint to which the names Évariste Galois and Leopold Kronecker are often attached.

[image: Image]

Figure 6.1. One solution, if uninformative, to finding x. Figure by Wade Clark.

If we say X = ±1.414 . . . , we will be thrusting our problem into yet another context, with its own interpretations, and narrative.

Our story will be about Kronecker’s desire—his dream, I sometimes call it—to find solutions to a large and interesting collection of polynomial equations. But, as we have just seen, what it means to find solutions—even for a single equation—requires framing. In fact, I will be interested less in Kronecker and more in the disembodied desire, the dream, the frame, and especially in how it changes as it is shaped by generations of mathematicians: I want to think about the voyage, if I can use that language, of the dream.

2. Voyages

The hero sets out. . . . And then, if the story is like most good ones, it will make us passionately concerned about the hero’s moments of elation and disappointment, love and death. For the child with ambitious dreams, yes:


L’univers est égal à son vaste appétit.

Ah! que le monde est grand à la clarté des lampes!



But—happily—things don’t always end up with the tragic disillusionment of Baudelaire’s Voyage1:


Aux yeux du souvenir que le monde est petit!



A philosopher and friend, David Lachterman—who wrote a surprising book, The Ethics of Geometry—once said, with a hint of superiority, as I tried to explain some mathematics to him: “In dark contrast to philosophy, there is no tragedy in mathematics.” He meant, of course, no tragic ideas—no tragedy treated in the substance of the “ideas”—that form the staple of mathematics.2

Real voyages and fictional ones are often resonant with impending loss, and accounts of them need only give the barest clues for us to detect a tragic timbre, as when a depressed schoolteacher opens his narrative asking to be referred to as Ishmael, or even as in the seemingly liberating opening lines of Yasunari Kawabata’s Snow Country:


The train came out of the long tunnel into the snow country.3



Mathematics also has its voyages, of a sort,4 that begin with some idea, a vision of some mathematician, who, because of the energy and urgency of the idea, is goaded to try to achieve some grand project—a prophetic dream of some future theory to be developed. A Dream, in short.5

Some years ago, a certain mathematician—call him or her X—in commenting on the huge talent displayed by another mathematician Y made a trenchant remark: “Y is an extraordinary mathematician, but he has no dreams.” The expectation, then, is that good mathematicians have them. What does it mean to have—in the sense implied by that remark—dreams? Delmore Schwartz’s short story “In Dreams Begin Responsibilities”6 gets its energy from the urgency of a different genre of dream. But all dreams of vision—be they like Martin Luther King’s, where the dream is a call to action, or Kronecker’s, where it is a call to contemplation—come with responsibilities.

There are many examples of artists, scientists, or mathematicians having a vision of some way, as yet unformed, of thinking. I don’t mean merely some thing never before thought but, more wrenchingly, of an entire way of thinking never before thought. The responsibility is then clear: to follow where it leads.

There is one striking difference between a straight story of a voyage7 and any voyage of ideas in mathematics or in any of the sciences. Although the initial traveler is a person, a lone mathematician, perhaps, if the arc of mathematical discovery and enlightenment provided by the dream is large enough, it is the disembodied dream that takes over; it is the idea that (or who) is the protagonist8 and who continues the voyage.

The story aspect of this essay is a prophetic vision of Kronecker—where I will take the vision itself (rather than the man Kronecker) as the only protagonist—to muse about its birth, its development, and the elements of its character. I don’t want to take a German Romantic stance and insist on idea as character, with a life of its own. I’ll take a storyteller’s stance, with the view that this may be the best organization of a narrative that vividly brings home the manner in which Kronecker’s ideas arose, unfolded, and even now envelop the goals of current mathematicians. I learned in conversation with some of the contributors to this volume how problematic it is to employ the term character in this somewhat disembodied setting, but I feel it should be harmless if, instead of character, I view Kronecker’s vision as something of an agent in the tale that I recount.

3. Biographies of Ideas

People sometimes say, “That idea took on a life of its own,” and this brand of anthropomorphization often signals that it is the type of idea that can be most fully understood only by a narrative where the idea itself, X, rather than the multitude of personalities who gave birth to it, developed it, extended it, occupies center stage. A quarter of a century ago, I. R. Shavarevich expressed a related thought, musing about a (fictional, to be sure) single nonhuman protagonist orchestrating mathematics as a whole.


Viewed superficially, mathematics is the result of centuries of effort by many thousands of largely unconnected individuals scattered across continents, centuries and millennia. However the internal logic of its development much more resembles the work of a single intellect developing its thought in a continuous and systematic way, and only using as a means a multiplicity of human individualities—much as in an orchestra playing a symphony written by some composer the theme moves from one instrument to another, so that as soon as one performer is forced to cut short his part, it is taken up by another player, who continues it with due attention to the score.9



An idea may begin as the passionate and precise goal of a single person and then diffuse into something less tangible and more persuasive and pervasive, to be taken up by many. The felt experience (by people contemplating mathematics) that some of these multiply shared ideas seem to have an uncanny unity—as if orchestrated by a single intelligence, as Shafarevich put it—deserves, I believe, to be discussed along with the more common discussions regarding the felt experience of (what is often called) Platonism in mathematics, namely, that mathematical concepts are getting close to Plato’s eidoi, those joists and pinions in the architecture of the cosmos, or, more briefly, and in the standard peculiar way of saying it, that mathematical concepts are “out there.”

Contemporary mathematics is rich in its broad horizon, with magnificent programs pointing to future large understandings. But one doesn’t have to go too far into the subject to detect traces of mighty illuminations that must have sparked visions.

Was there, for example, some ancient, somewhere, who realized that five cows, five days, and five fingers have something in common, and that if one—by a strange twist of thought, and by fiat—expressed that something as a noun, as the concept five, one would be setting off on a worthwhile path of thought?

Some more modern path-setters are quite conscious of setting out on a new path of thought, and at the same time humble in reflecting on the hardship their predecessors may have encountered pursuing early visions on the subject. Here is Alexander Grothendieck in the introduction to his masterpiece, Le langage des schémas, reflecting on the difficulty of grasping his new vision, and on the difficulty that future mathematicians would have appreciating this “difficulty of grasping”:


Il sera sans doute difficile au mathématicien, dans l’avenir, de se dérober à ce nouvel effort d’abstraction, peut-être assez minime, somme toute, en comparaison de celui fourni par nos pères, se familarisant avec la Théorie des Ensembles.10



The mathematical visions I am currently fascinated by are those that begin with the mission of explaining something precise, and then, because of their extreme success, expand as a template refashioned and reshaped to explain, and to unify, larger and larger constellations of mathematical or scientific issues, this refashioning being done by whole generations of mathematicians or scientists, as if by a single orchestra. Things become particularly interesting not when these templates fit perfectly but when they don’t, and yet, despite this, their explanatory force, their unifying force, is so intense we are impelled to reorganize the very constellation they are supposed to explain, so as to make them fit. A clean example of such a vision is the law of conservation of energy in physics: the clarity of such a principle is so unifying a template that one perfectly happily has the instinct of preservation of conservation laws by simply expecting, and possibly positing, new, as yet unconsidered agents—if it comes to that—to balance the books, and thereby retain the principle of conservation of energy. Such visions become organizing principles, useful in determining the phenomena to be explained and at the same time in shaping what it means to explain the phenomena. There is a curious nonfalsifiable element to such principles, for they organize our thoughts about explanation on a level higher than the notion of falsifiability can reach.

In this chapter I discuss the story of one such vision that has had a much smaller imprint than conservation laws in physics; nevertheless, I love it for many reasons, not the least of which is that the story begins, as I tell it, with one of the sparks that ignited Greek mathematics, namely, the formula for the length of the diagonal of a square whose sides have unit length. In the story to be told, this spark comes in an algebraic disguise. Transformed and extended, the vision—initially referred to as Kronecker’s liebster Jugendtraum—continues to shape the hopes of a certain branch of mathematics today. I’ll describe a piece of this in elementary terms and discuss the role it has played and continues to play, and the potency it demonstrates as it suffuses into the broad goals of modern number theorists.

4. What Are Our Aims When We Tell Stories about Mathematics?

We should be clear about whether the stories we will be considering are ends or means. In fiction, telling the story is the ultimate goal, and everything else is a means toward that goal. I suspect that even Sheherezade, despite her dangerous situation and the immediate mortal purpose for her storytelling, would agree with this. In mathematical expositions most story elements are usually intended to serve the mathematical ideas: story is a means, the ideas are the end.

If stories in mathematical exposition are a means and not an end, to what are they a means; what do they accomplish? Let us try to throw together a provisional taxonomy of kinds of storytelling in mathematics by looking at the various possible answers to this question. I find three standard forms, and also a fourth form—the one I am interested in—that has to do with the arc of a mathematical vision, the character being the vision itself. My names for the standard ones are

• Origin stories, explaining some original motivation for studying the mathematics being described, this motivation being external to the development of the mathematical ideas themselves.

• Purpose stories, describing some purpose to the mathematical narrative, a purpose external to the context of mathematics itself.

• Raisins in the pudding, or ornamental bits of story meant to provide anecdotal digressions or perhaps a certain amount of relief from the toils of the exposition. At the least they are intended to add extra color. But the primary relationship of the stories or story fragments in this category to the mathematical subject is ornamental: they are not required to further in any direct way the reader’s comprehension of the material, nor do they fit in as a part of the structure of the argument presented.

5. Kronecker’s Dream

No matter how one tells the story, to my mind, the seed of Kronecker’s dream lay in Gauss’s expression for square roots of integers as trigonometric sums, that is, as linear combinations of roots of unity. A root of unity is an algebraic number with the property that a power of it is equal to 1; so i = [image: Images] is a fourth root of unity and e2πi/n is an nth root of unity. The Ur example of an expression of a square root of an integer as a trigonometric sum is the following formula for one of the most famous irrational surds:

[image: Images]

If you plot this formula, [image: Images] = e2πi/8 + e−2πi/8, on the complex plane you will find [image: Images] expressed as the diagonal of a square whose sides have length 1. More generally, for any prime number p we can, following Gauss, express [image: Images] explicitly as an elegant linear combination of 4pth roots of unity, or alternatively, we can write [image: Images] (decorated by an appropriate power of i) as a linear combination of pth roots of unity, that is, of powers of e2πi/p, as in the following:

[image: Images]

where the coefficients in this linear combination are ±1, and more specifically, [image: Images] is + 1 if a is a quadratic residue modulo p that is, if a is congruent to the square of an integer modulo p and −1 if not; and even the ambiguous ± in the formula can be pinned down in a closed form.

From gazing at the formula [image: Images] = e2πi/8 + e−2πi/8 to envisioning Kronecker’s grand hope is a giant step, and we will proceed slowly. (For one thing, we need to wrestle with the question, what does the right-hand side of the formula gain for you in dealing with the left-hand side, and more generally, why is it a good thing to express square roots explicitly as weighted sums of roots of unity?)

Kronecker’s Jugendtraum was cryptically expressed as Hilbert’s twelfth problem, and people who wish to follow the narrative of Kronecker’s dream with the Hilbert problems as a backdrop should consult Norbert Schappacher’s On the History of Hilbert’s Twelfth Problem: A Comedy of Errors, which offers both a majestic view of the mathematical climate of the times and a sensitive close reading of the textual evidence available to us, the remnants of this climate. For people with a more technical background who wish to have a full exposition of the mathematics involved, there is the treatise Kronecker’s Jugendtraum and Modular Functions, by S. G. Vladut.11

There are many ways of telling the tale, and in recent epochs Kronecker’s Jugendtraum has been folded into one of the grand goals of modern number theory. At the end of this essay I will try to give a brief indication of what is involved.

6. Boiling It Down

But for now, let me successively peel away more and more of the technical context of Kronecker’s idea to get at what may be thought of as its heart. The first thing to say about it (in a slightly more modern vocabulary than Kronecker might express himself) is:


Kronecker’s Jugendtraum is the vision that certain structures in algebraic geometry or analytic geometry can be put to great service: to provide explicit and elegantly comprehensible expressions, in a uniform language, for an important large class of algebraic numbers.12



Stripping away some of the particular technical language of the above description, we find that Kronecker’s Jugendtraum is of the very broad class of visions of the following kind:


One mathematical field can be a source of explanation by providing explicit solutions to problems posed in another mathematical field.



Now, mathematicians who know the technical aspects of this development will, I hope, agree with me that the source of explanatory power in Kronecker’s dream is the uniform explicitness of the solution that he sought, as well as the economy of the vocabulary.

Let us strip some more, to note that we are dealing here with the interplay of three notions:

• explicit,

• explanation, and

• economy.

These notions form the backbone of our story.

The word explicit is an exceedingly loaded (but informally used) word in mathematical literature. What is curious is how quintessentially inexplicit is its definition, for its meaning is dependent on context; it’s an “I know it when I see it” sort of thing.13 Often, but not always, to say “X is an explicit solution to Y” is meant to elicit a favorable effect on the part of the reader. On the whole, “explicit” is good. Except, of course, when it is not.

To my knowledge, no one has agonized in print about the usage in mathematical literature of this word explicit or asked questions about its evolution. One aim of this essay is to make a start here. A companion word to explicit is constructive, with its own vast history, and perhaps a more expressive description of Kronecker’s hope is that one might explicitly construct algebraic number fields14 by making heavy use of certain specific, well-understood, algebraic, geometric, or analytic objects, the virtue of this being that the construction would be

• transparently clear,

• uniform (in the sense that it constructs all the fields we want to construct in the same manner, and therefore is)

• strikingly economical,

• allowing us to directly see many of the important properties of the constructed fields, and finally, would be

• definitive in the sense, that the construction constructs all the fields we want to construct and none other than them.

The word explain is perhaps even more important but does have an immense literature surrounding it. Nevertheless, I will try out a homegrown discussion of it. And we shall see, I hope, how the notion of economical plays into both the other ones.

Let us begin with the mere words.

The word explicit is from the Latin explicitus, related to the verb explicare, to “unfold, unravel, explain, explicate” (plicare means “to fold”; think of the English noun “ply”).

The word explanation is from Latin and is related to the verb explanare, meaning “to make plain or clear, explain,” or more literally, “to make level, flatten” (planus means “flat”, as in the English “plane”). It was originally spelled explane, with its spelling altered by the influence of the word “plain.” The marriage of these two spellings proclaims the “clarity of seeing” that a plane, such as Euclid’s, provides us with. This being so, it is no wonder that Matthew Arnold’s phrase “a darkling plain” is so trenchant.

A flat plane lets us “see things all in one shot,” and the desirability for this “all-in-one-shotness” in our explanations is already hidden in the English word explain.

7. Three Truths about Explanation

I’m thankful that no one has ever put me up before a blackboard and asked me to explain what I mean when I use the word explain. I’m also puzzled that this tends not to happen to me, or to anyone else: we are courteous, and adapt ourselves to an impressionistic sense of each other’s general usage of extremely important words—such as explain—happy enough that formal and semiformal words such as prove, demonstrate, and show seem, at least, to have a clearer significance.

The first major truth about explanation as opposed to proof is that the supreme judge of what does not constitute an explanation is the subject, the person to whom things are being explained: in other words, you and me. If you or I feel that X does not explain Y to us, there is no appeal; it just doesn’t. The explainer might try to rephrase things better, go slower, or even start again from scratch, but the X didn’t work. In a word, there are no false negatives in terms of the judgment of the person to whom the explanation is aimed; there are, however, false positives: we all have had occasions on which we judged something adequately explained to us at the time, and later thought differently about the matter.

Things are quite different when it comes to proof. The general effect of formal systems, the natural language of proofs, is to desubjectivize aspects of our science. What exactly constitutes a proof is generally thought to be—hoped to be—a pretty objective question. Tim Gowers wrote an absorbing essay titled “Rough Structure and Classification”15 that is partly an offering of a collection of open problems and paints a vivid personal portrait of one mathematician’s approach to his art and partly an exploratory futuristic vision of an imagined dialogue between mathematician of the future and machine of the future, both conjoined in pursuit of the demonstration of mathematical problems. Apostolos Doxiadis once referred to Gowers’s description of proof in terms of the “equivalence:”

Proof = Explanation + Guarantee,16

and this puts its finger on the basic question: What are the units here? That is, how much weight are each of these two ingredients, explanation and guarantee, given?17 For the summand “guarantee” on the right-hand side of this equation must have the imprimatur of objectivity (i.e., independence from the whims of any subject) before it can play the role of anything like a guarantee, while the summand “explanation” is, as I have tried to argue, inseparable from the subject to whom the explanation is meant to explain (whatever it is that it is meant to explain). In the future the machine will (as Doxaidis would prefer to see it, in his discussion of Gowers’s essay) do the boring bits of mathematics, and the mathematicians will then be freer to provide “the more intuitive, imaginary (‘ghost-like’) leaps of creativity.”

But a theme increasingly represented in a lively manner is that someday, proof may boil down largely to a question of guarantee, with explanation occurring only in trace amounts; someday there may come about computer-generated proofs whose supreme judge might not be you or me but rather an android in Michael Harris’s sense, an android who graciously provides the argumentation and simultaneously provides the iron-clad check of the validity of this argumentation.

As I read Gowers’s essay, the fun is to distinguish the android from the Andr in the conversation between those two individuals. But of course, there is really no difficulty in distinguishing between those two conversationalists. To argue that there always will be no such difficulty, let me introduce you to Chloe—the name my wife and I give to the voice that comes out of the global positioning system device in our car. Chloe, judging by her chats with us, is gentle, almost alluring, always encouraging, and whenever she wants us to make a right or left turn she gives us two-tenths of a mile warning. If we disobey her instructions she exhibits just the tiniest bit of impatience as she says (after taking a breath—perhaps a stifled sigh), “Recalculating!”

Now, despite this apparent partnership, there is a great partition between Chloe and us in our communal enterprise: it is we, not Chloe, who actually have the desire to get from one place to another; it is (often) Chloe who has the information on how to get from one place to another. This brings me to the second point I want to make, an obvious one: desire pure and simple, is often the main motivator for explanation (“I want to know how this works, and why”), and until we direct our various studies to things that mathematical androids desire to know, the relationship between mathematician and computer will be essentially equivalent to the relationship I have with Chloe, and nothing more.

A third major truth (truism) about explanation is that it is a relative notion. We only explain things in terms of other things. As a result, at any given time it pays to have at hand a good stock of “already understood things,” or at least of things we take provisionally as understood, to which the explanation we are currently being given can be linked. This type of structure, somewhat like the concept of stipulation in the law, is formally branded onto our mathematical syntax in terms of the common notions and postulates of Euclid and the axioms of more modern mathematics. This being true, we are often exhorted to (in effect) take things as understood, even when they aren’t, so as to provide convenient posts on which to later hang further explanations. When we accept this we are dealing in explanation futures as in a sort of stock market of the mind. This is more and more curious the closer one examines it, and it is amazing that we feel as satisfied as we sometimes do, in playing this game. Often these posts—utterly un-understood at the time of their installation in our thoughts—eventually grow roots and become confusedly tagged as “things we understand,” out of mere familiarity and nothing more; though of course, they explain nothing to us. The success of this seems to suggest that the quip


“Shut-up,” he explained,



occurring in a Ring Lardner novel, signals a more common and perhaps a better explanation than one might at first think. One very common kind of explanation future is experienced when we learn a new word. Consider, for example, what has been explained to us and what has not, if we participate (as patient) in the following minidialogue:


“Doctor, why do all my muscles ache?”

“You have myalgia!”

“Oh!”



For one thing, that our disease has a name is already information; knowing this alone, we know that we are not alone—that there is some recognition of it as an actual disease, that our doctor might possibly have some experience in treating it, that health insurance might pay, and so forth. But despite the usefulness of all this new information, the response the doctor gave to the patient’s question is not an explanation in any reasonable sense; it is, however, a peg on which to hang future real explanations, if they ever appear: I can go off, for example, and Google “myalgia.”

It is ridiculously unfair to liken such an explanation future (as X learning that a particular disease, known to X only by its symptoms, has a standard technical Latin name with Greek roots) to a mathematical formula, such as Gauss’s formula, the one expressing a square root as a linear combination of roots of unity. It is unfair because except for formulas that we label tautologies, any mathematical formula that equates one thing with some other thing is (if correct) valuable and is prima facie explanatory on some level or other. A key to understanding Kronecker’s vision is to ask—given, of course, the hindsight won by more than a century of further mathematical development—on precisely what level is Gauss’s formula explanatory?

8. The Relative Nature of “Explicit”

Just as Gauss’s formula offers an explicit expression of square roots in terms of roots of unity, Kronecker’s dream is to provide us with some way of explicitly understanding fields of algebraic numbers that are abelian over a given number field. As for the italicized technical terms in that sentence, let us take them as promissory notes, for I’ll discuss them later. For now, it suffices to know that algebraic numbers are solutions to polynomial equations of one variable (say, X) with coefficients that are ordinary whole numbers or fractions—in other words, rational numbers. So, for example, the (two) solutions to

X2 − X − 1 = 0

are both algebraic numbers (the positive one being none other than the golden mean).

Thus, the general issue in question here is to discuss solutions to certain classes of polynomial equations and to somehow express these solutions explicitly.

Now, high school algebra prides itself (or at least once did) on offering the famous quadratic formula to its students, so that given any quadratic equation with essentially arbitrary coefficients a, b, and c,

ax2 + bx + c = 0,

high school students can produce explicit solutions to this equation, following the rule:

[image: Images]

These solutions are then “explicit” in terms of the initial coefficients a, b, and c and the operation of extracting a square root. With explicit, then, we again have a relative notion: to understand what is meant when someone says that A is an explicit solution of equation B, we must ask, explicit in terms of what? We must understand the vocabulary that is allowed. To see that this is not a trivial point, imagine that you were a traveling judge, trudging through the centuries, judging a contest for the best explicit determination of roots of cubic polynomials in one variable X, and specifically for those polynomial equations that had three real roots.18 In the sixteenth-century treatise of Bombelli a precise, compact little formula is given for “the roots,” and it was readily checkable that if you substituted this precise formula for X, it worked, even though the formula could not—at least in that century—lead to even the grossest approximation of its three roots. Would you have awarded Bombelli with his precise formula the prize for producing an “explicit solution” or not? In the subsequent century, imagine that Newton entered the contest, sporting Newton’s method, which indeed provides usable approximations to the roots, as finely accurate as desired. Would you have awarded Newton the prize? My point is that until you, the judge, decide on the format and the vocabulary that you will accept as explicit, you have no way of gauging who is the victor.19

Of course, there are mathematical situations in which the use of explicit has a perfectly clear interpretation, as in an article by Nikos Tzanakis from the University of Crete in Heraklion titled “Explicit Solution of a Class of Quartic Thue Equations,”20 in which, for example, it is shown that the equation

x4 − 4x3y − 3x2y2 + 14xy3 − 4y4 = −4

has only four integral solutions, these being given explicitly: (0, ±1), (2, 1), and (−2, −1).

To seek an explicit solution of some equation is, first, to have a vocabulary in mind in terms of which you wish to phrase your solution explicitly, and only then, to manage to do it. So, if we say that Gauss’s equation described in note 9 offers an explicit representation of square roots, we have (implicitly) chosen as our target vocabulary linear combinations (with coefficients ±1) of roots of unity. We still need to know why this is a particularly good vocabulary in which to express square roots, and how Kronecker took off from this to achieve his grand vision.

9. How Gauss Solves a Fifth-Degree Equation

Although the vocabulary of extracting roots is sufficient to offer (in the sixteenth century) formal solutions, and in later centuries also (approximating) numerical solutions to all polynomial equations in one variable with rational coefficients if they are of degree less than five, the mechanism of root extraction alone is insufficient for general fifth-degree equations (and also general higher-degree equations). Gauss must have had a sense of this, and so he tried his hand at finding roots of what might be considered to be the “smallest” (if this makes any sense) polynomial unsolvable by radicals alone, namely,

X5 + X + 1.

On a page of his private notebooks in the collection of the Göttingen mathematical archives, one can find his numerical contemplation of that equation where he finds an approximation to its roots (figure 6.2). Gauss labels his page, “Solution of X5 + X + 1 by approximation,” and he is swifter at this designated task than any of us would be. For example, he begins by simply figuring −0.754877 as the unique real root, and it seems that he has just done the computation to arrive at this entirely in his head—no scratch paper needed at all. But to get the complex roots, he works by expressing them as z := r cos [image: image] + ir sin [image: image], and jots down the equation that you get between r and [image: image] if the evaluation of the polynomial on z has vanishing imaginary part. Making a (trial-and-error) guess for the approximate value of [image: image] and knowing log tables by heart, it seems, he computes r obtaining, thereby a candidate z, and then checks whether the real part of the polynomial evaluated on z is respectably small; based on the computation of this real part, he adjusts his trial-and-error guess accordingly, hoping for a yet smaller real part, and so on.21

[image: Image]

Figure 6.2. Page from Gauss’s notebooks showing an approximation to a solution of a fifth-degree equation. Reproduced courtesy of the Göttingen Mathematisches Institut. I thank the director of the Göttingen mathematical archives; Professor Yuri Tschinkel, of the Mathematisches Institute, who photographed the page and graciously permitted its reproduction; and Marie-France Vigneras, who helped figure out what Gauss was doing on this page.

10. Gradus ad Parnassum

The collection of rational numbers forms what is referred to as a field, which signifies that it is a collection (of “numbers”) of which we can add, subtract, and multiply any two to get a well-defined result (a “number”) and where the usual rules of addition, subtraction, and multiplication hold; and we can divide, except, of course, by zero. The rational field of numbers is a basic object of study, and a key to its hidden properties is to examine the question of which polynomials (in one variable with coefficients that are rational numbers) have rational numbers as roots, and in the event that they don’t have rational numbers as roots, how to express their (then necessarily irrational) roots. So, X2 − 3X + 2 presents us with no conundrum about how to express its roots, for the roots are simply X = 1 and X = 2, while X5 − X + 1 might provide us with a greater challenge to “explicitly” present its roots (especially with the warning of the previous sections in this article, that strictly speaking, we don’t really know what the word “explicitly” means without some agreement on the vocabulary in which the sought-for solution is the be explicitly given).

Moreover, just as the word explicit is a relative notion, after Galois’s famous treatise, algebra itself has come be understood as a relative notion. So, if you wish to study any field of “numbers,”–not just the field of rational numbers, the analogous key to its hidden properties is to examine the question of which polynomials (in one variable, with coefficients in that field) have their roots in that field; and in the event they don’t have roots in that field, to cope somehow. If, for example, we adjoin to the rational field some irrational number (say, [image: Images]) to get a larger field (which also means, of course, throwing into this larger field numbers like [image: Images] + 5, etc., so that we can add, multiply, and appropriately divide within this larger field), we get an example of a number field, one of the italicized words in section 8 I promised to discuss.

One lesson hammered home in Descartes’s treatise Rules for the Direction of the Natural Intelligence is that one should assiduously proceed in any intellectual work by degrees; that is, there is (often, always?) a natural succession of steps of thought to go through, and that you miss a step at your peril. I assume that Descartes was thinking, in analogy, of the degrees that occur in polynomial equations that cut out curves in “his” Cartesian plane.22 There are linear equations, quadratic equations, and so on.

Often it makes good sense to go step by step, and particularly for the problem of finding roots of polynomials (say, in one variable) with rational coefficients. We can deal with linear equations, as could the ancient Babylonians; we can deal with quadratic equations thanks to the quadratic formula, with cubic and fourth-degree equations, thanks to the work of the sixteenth-century Italian mathematicians. The issue of quintic equations and beyond is the mainstay of modern algebraic techniques, beginning with the work of Abel and Galois.

So Descartes’s dictum seems to have been somewhat borne out in this study of equations: we proceed in steps of increasing difficulty, never skipping any of them.

But there are several ways of cutting steps into this mountain, and in recent times, following Galois, we have an alternative way of gauging the difficulty of an irreducible polynomial equation that I will hint at a note,23 and the abelian number fields mentioned in section 8 are simply the step 1 number field extensions—the easiest ones from this alternative way of grading “difficulty.”

11. The Exponential Function as Spark

Ernst Kummer knew that if you allowed in your vocabulary a gadget that can extract nth roots (for any n = 2, 3, . . . ), you have all the vocabulary you need to describe any algebraic number contained in an abelian extension of a given number field.24 But when Kronecker dreamed his dream, he was seeking more than this. He—and Weber25—had significantly sharpened what would have been Kummer’s take on abelian extensions of the rational number field by proving one of the glorious results of that epoch, namely, that the maximal abelian extension field of the rational numbers is the field generated by the collection of all roots of unity—that is, by the values of the complex analytic function

e2πiz

as z ranges through all rational numbers, or equivalently, through all reciprocal positive integers.

Now, it is the “that is” of the previous sentence that reflects more accurately the framework for Kronecker’s vision. Here we have one of the most basic (transcendental) analytic functions in mathematics, the exponential function, a lone function, one that will take on transcendental values when z is an algebraic number that is not rational and will take on algebraic values if z is rational. And it is precisely those algebraic values, the roots of unity, that turn out to generate precisely the maximal abelian extension of the rational number field—explicating the modern step 1 algebraic extensions (see note 20) of the rational number field!

Just as in Gauss’s formula, where any square root of a integer can be expressed as a linear combination of roots of unity with ±1 as coefficients, after Kronecker-Weber we know that any abelian algebraic number can be expressed as a finite linear combination (with rational numbers as coefficients) of roots of unity, or equivalently: of the values of the transcendental function e2πiz as z runs through all rational numbers.26 To gauge how mathematicians expressed exuberance over this, count the number of times the word “wunderbar” appears in the following (word-for-word) transcription of a piece of a lecture David Hilbert gave in his course (Vorlesung über die Theorie der Algebraischen Zahlen) in 1926.27


Das ist etwas ganz Eigenartiges. Wir besitzen eine analytische Funktion e2πiz mit der wunderbaren Eigenschaft, daß sie für rationale Argumentwerte immer algebraische Werte liefert und daß man durch sie alle Abelschen Körper und nur diese erhält. Diese zweite Eigenschaft ist ja der Inhalt des grossen Kroneckerschen Satzes, daß alle Abelschen Körper Kreiskörper sind. Daß ist nun in der Tat eine ganz wunderbare Eigenschaft. Schon allein daß eine transzendente Funktion algebraische Werte liefert, wenn man das Argument z = a/b setzt! Daß es so etwas überhaupt gibt! Das Seltsame ist nun dabei, daß man nur die Funktion e2πiz zu besitzen braucht und daß dann alles andere sich ganz von selbst, förmlich ohne unser Hinzutun sich einstellt! Daß gilt also für das Problem, alle Abelschen Körper über dem Körper der rationalen Zahlen aufzustellen. Unser neues Problem heißt nun, alle Abelschen Körper über dem imaginär quadratischen Körper k([image: Images]) m < 0 zu erhalten. Für die Erledigung des ersten Problems stellte such uns die Funktion e2πiz zur Verfügung, dieser wunderbare Geschenk des Himmels. Werden wir nun auch für den zweiten Fall etwas Ähnliches erhalten? Das ist die Frage, die wir auch gar nicht umgehen können.28



But what economy! And what a template! A single analytic function, the exponential function, a major player in calculus, and analysis, giving us the explanatory key to a major piece of number theory, all abelian extensions of the rational field. In sum, a concept in one field (analysis) explaining with striking economy an important structure in quite a different field (number theory). And so the quest is on.


Question: Can we use, or modify, this template to similarly explicate Galois extensions of other number fields where the Galois group is abelian?

Kronecker dreamed specifically of the following kind of ground number field over which to consider abelian extensions, namely, quadratic imaginary fields, which are fields that are generated over the rational field by the adjunction of some imaginary quadratic quantity, namely, [image: Images] or [image: Images] or [image: Images], and so on, and wished to extend or replace the exponential function and its values for rational z with appropriate values of the elliptic modular function and of its companion functions (these being certain Weierstrass [image: Image]-functions). The elliptic modular function, also colloquially referred to as the j-function, has a famous Fourier expansion:

[image: Image]

where each of its coefficients tells its own story (these coefficients link to what is known in the trade as “monstrous moonshine”).



An example is now necessary.

12. How Cardano, Gauss, Newton, and Kronecker Might Solve a Cubic Equation

For our example I want to take a random equation, such as the polynomial of degree three:

X3 + 3491750X2 − 5151296875X + 12771880859375.

(Well, it isn’t quite random . . . it is rigged, a bit.) How might the mathematicians in the title of this section deal with the problem of finding roots of this polynomial?


Cardano: He would use the famous formula giving the solutions of the general cubic equation in terms of square roots and cube roots of simple expressions involving the coefficients of the polynomial, and since this cubic polynomial has a single real root, this will work fine. Having found a real root θ, he can then divide the polynomial by X − θ, to get a quadratic polynomial, whose two roots he will get by the classic quadratic formula.

Gauss: He could, of course, rely on Cardano’s formula. But I imagine that he’d also just figure in his head an astoundingly good approximation to the real root, and proceed from there.

Newton: His famous iterative method (Newton approximation) will do the job of approximating a real root.

Kronecker: If someone gave him the hint that the polynomial was rigged for his benefit, he would surely put his cherished j-function to use, and, given the methods available to him, he could readily see that [image: Images] is a real root of that displayed polynomial.



If you adjoin all the roots of this polynomial to the rational number field, you get what is called the Hilbert class field of the quadratic imaginary field generated by [image: Images], that is, the largest abelian field extension of this quadratic imaginary field that is everywhere unramified.29 It is in particular an abelian extension of the quadratic imaginary field, and therefore is subject to Kronecker’s very general theory, which guarantees that it, the field, can be generated by special values of the very special functions such as the j-function that Kronecker works with. In this instance, Kronecker’s Jugendtraum tells us that the field extension can be generated over the quadratic imaginary field by the single value [image: Images]. Kronecker would know this intimately, since this much is part of his general framework. What is a particular piece of luck for Kronecker is my choice of the polynomial to be the minimal irreducible polynomial over the rationals that this algebraic number [image: Images] satisfies.30

This example is a pitifully small instance of what Kronecker has given us, for in the context of quadratic imaginary fields generally, Kronecker’s dream has come to a strikingly explicit realization!

But this has only sparked the search for ways of extending Kronecker’s template to the range of other number fields, both those where the template sometimes fits (so-called CM-fields) and those where the template tantalizes more than it fits (non-CM-fields). Sometimes, though, it is better for an idea to tantalize rather than fit snugly, for then it stands a chance of being expanded to act as a guide for even grander goals.


Question: Can we use, or modify, this template to similarly explicate even more general algebraic extensions of the rational number field or of other number fields?



Here we can only say that the template has been stretched and reshaped to embrace the goals of a large part of modern number theory, including the Langlands program. The template, in short, is a grand moving frame as I believe all great mathematical visions end up being, in their maturity. But what kind of moving frame?

13. The Story of a Mathematical Vision

The person referred to as “I” in René Descartes’s Discourse on Method claims to have studied a bit of philosophy, logic, and (among types of mathematics) geometric analysis and algebra in his youth, and, finding them each deficient for his purposes (logic being infused with harmful elements, and the various branches of mathematics being generally confusing and arcane arts), he sought another “method” that would have the benefits of the virtues of the separate disciplines but would be free of their cloistered defects. He goes on to offer four economical principles that should guide thought, and then much more. I imagine that Descartes’s famous discoveries in mathematics (the union of geometry and algebra) provided some impetus for this more general view of a method of thought.

And assuming this interpretation, I want to take the Discourse on Method as a ready-at-hand prototype for an entire genre of intellectual voyage where the structure of some initial fundamental and arresting discovery by virtue of its energy and explanatory force inspires the formation of a template designed to organize, unify, and explicitly survey a much more general range of ideas, a template that doesn’t quite fit, but inspires all the more for that.

Many great mathematical visions have this trajectory, and Kronecker’s Jugendtraum is very much of this form, where what you take as the initial template depends on how far back in the story you wish to go, but the Kronecker-Weber theorem offers a strong template, tantalizingly related to, but not perfectly fitting, the fully general context of algebraic number theory, and yet suffusing into grand unifying principles, principles that promise mathematics of the future capable of surveying a wide range of material, all in one shot, and explicitly, where the very ground rules of this explicitness are modeled on the initial template.

EXPLICITUS31

NOTES

1. From Charles Baudelaire’s “Le Voyage,” in Les fleurs du mal. See http://fleursdumal.org/poem/231 for the complete poem and a number of different English translations.

Here is my relatively literal translation of the first stanze:

For the child, in love with prints and maps,
the universe is sufficient for his vast appetite.
Ah, how the world is grand in the clarity of lamps!
In memory’s eyes how the world is slight!

2. He couldn’t possibly have meant that there is none in the lives of the practitioners, on whom the fates have proportioned almost as much misfortune as on the rest of humanity.

3. Yasunari Kawabata, Snow Country, trans. E. G. Seidensticker (New York: Vintage Books, 1996).

4. See Apostolos Doxiadis’s essay “Euclid’s Poetics: An Examination of the Similarity between Narrative and Proof,” (www.apostolosdoxiadis.com/en/files/essays/euclidspoetics.pdf) where metaphorically construction of a narrative is compared with construction of a proof and both are treated as voyages from one place to another, and the places “visited” can be laid out as on a map.

5. A wide-awake dream, therefore, as distinct from sleeping dreams that contain mathematical ideas that can be transported to our waking life, such as is one of the themes of Michael Harris’s essay in this volume.

6. The protagonist dreams about watching a movie of his parents’ courtship, and screams things at the screen. The character’s responsibility in that story is to break away from his parents, to become an artist.

7. An example of a voyage is Rory Stewart’s illuminating The Places in Between, whose narrative trajectory has an elegant simplicity, walking in a straight line across Afghanistan, while the telling of it has an obsessive vivacity.

8. A (quite short) story of Chekhov has this type of arc: the protagonist Gusev somehow, only once dead and summarily buried at sea, “covered with foam and for a moment [he] looked as though he were wrapped in lace”—only then does some nonliving sense of Gusev soar, suffused into the water below and sky above.

9. I. R. Shafarevich, “On Certain Tendencies in the Development of Mathematics,” Poetics Today 3, no. 1. (Winter 1982): 5–9, translation by A. Shenitzer.

10. “It will be, no doubt, difficult for the future mathematician to fail at this new effort of abstraction, which is, perhaps, but a trifle—all in all—compared to the effort exerted by our fathers in familiarizing themselves with the theory of sets.”

11. The works cited are Norbert Schappacher, On the history of Hilbert’s Twelfth problem: A comedy of Errors. In Matériaux pour l’histoire des mathématiques au XXe siècle, Actes de colloque à la mémoire de Jean Dieudonné (Nice, 1996), Séminaires et Congrès (Société Mathématique de France) 3 (1998): 243–73. and S.G. Vladut, Kronecker’s Jugentraum and Modular Functions (New York: Gordon and Breach, 1991).

12. The algebraic or analytic geometry enters into the story via commutative algebraic groups and structures related to these. For a further comment, see note 23.

13. Although Potter Stewart, the Supreme Court Justice who was just quoted, was describing pornography, a concept that only a decade later would be commonly referred to by the adjective explicit.

14. For a discussion of algebraic number fields, see section 8.

15. This essay can be found on-line on Tim Gowers’s home page.

16. In conversation. See also John Alan Robinson’s article, “Proof = Guarantee + Explanation,” in Intellectics and Computational Logic: Papers in Honor of Wolfgang Bibel on the Occasion of his 60th Birthday, ed. S. Hölldobler, 277–94 (Dordrecht: Kluwer Academic Publishers, 2000).

17. That related “equations” have been speculated about for a long time can be seen from the summary written by Felix Klein of a report given on February 16, 1910 in his Göttingen seminar (“On the Psychological Foundations of Mathematics”) by one of the speakers (Bernstein), who distinguished between thinkers of a constructive nature and those of an observing-combining nature. In mathematicians of the first kind, the lecturer claimed, there is perhaps 3/4 logic and 1/4 imagination, and in those of the second kind 1/4 logic and 3/4 imagination. Klein discusses this a bit and then abruptly concludes with the comment, “Only when we see clearly here can one hope to write real biographies of mathematicians.” (For this text and other insights I am thankful to Eugene Chislenko, who will be publishing a full translation and commentary on this seminar.)

18. Such equations are discussed by Federica La Nave in chapter 3.

19. The wonder of the Internet is that the question of what “explicit” means, related to issues such as the one we have raised above, has been discussed and even voted on at a site called “Yahoo! Answers.” The best answer to the question, What is an explicit solution? as chosen by voters is the following:

Numerical solution schemes are often referred to as being explicit or implicit. When a direct computation of the dependent variables can be made in terms of known quantities, the computation is said to be explicit. In contrast, when the dependent variables are defined by coupled sets of equations, and either a matrix or iterative technique is needed to obtain the solution, the numerical method is said to be implicit.

I find some problems and ambiguities in this definition (e.g., the phrase “in terms of” and the gratuitous insistence on “coupled sets of equations”) but am intrigued that voters judged that iterative solutions should be classed among the implicit. For example, is

[image: Images]

an explicit or implicit solution to the problem of finding a root of the quadratic polynomial cited at the beginning of this section?

20. Published in Acta Arithmetica 64, no. 3 (1993): 271–83.

21. Felix Klein, in a comment in one of his notebooks (May 11, 1875, p. 161 of Nr. 1 Protokolle 1872–80), writes down the equation X5 − X − k = 0 and says that Kronecker was the first to pose the problem of studying such equations; Klein refers to Hermite, who, he says, showed that the relationship of the five roots could be expressed via elliptic functions.

22. For a concise yet detailed description of Descartes’s contribution, see Robin Hartshornes, “Teaching Geometry According to Euclid,” Notices of the AMS 47 (April 2000): 460–465, esp. 463.

23. Here the grading of difficulty comes by considering the structure of the group of symmetries of its roots (the Galois group of the equation). The modern view is roughly that the more complicated the group of symmetries, the more complicated is the structure of the roots of the polynomial being studied. One marker of complexity of the group is the possible degrees of irreducible complex linear representations of this group—here degree means the dimension of the (complex) linear space on which the group is being represented. From this viewpoint, the abelian groups are the “most accessible,” for they are the groups that admit faithful linear representations that are direct sums of degree one linear representations. With this notion of “degree,” Descartes’s operating principle seems to apply: we have an immense literature on the degree one (i.e., one-dimensional) linear representations of Galois groups of polynomial equations that have coefficients in the rational field of numbers, and of more general number fields; we have an impressive but still less complete literature on degree two linear representations of these Galois groups, and for degrees of three or higher a very interesting literature, but still less complete.

It is natural, then, as step 1 in the hierarchy above, to focus attention on the following: given a number field K, an abelian number field extension L of K is an extended number field obtained by adjoining all the roots of a polynomial equation with coefficients in K that has a Galois group that can be cut out by (a direct sum of) degree one linear representations.

24. But see also Kronecker’s “Über die algebraisch auflösbaren Gleichungen,” Monatsber. Berlin, 1853, 365–74. Werke, 4: 3–11.

25. See Schappacher’s account of the intricacy of the history of the Kronecker-Weber theorem.

26. The fact that we have stated two equivalent formulations parallels the statement in section 6 that Kronecker’s dream uses algebraic geometry and/or analytic geometry to explain whatever algebraic number fields (i.e., the ones abelian over the rational field) that it explains: the vocabulary of “roots of unity” provides the algebraic geometric formulation, which in further aspects of the dream would be replaced by torsion points in commutative algebraic groups, while the language of “values of the transcendental function e2πiz for rational z” gives the analytic geometric formulation where one unravels the algebraic group analytically and expresses things in terms of values of some uniformizing analytic function.

27. I thank Professor Yuri Tschinkel and the library of the Mathematisches Institut at Göttingen for permission to copy these notes.

28. Here is my loose translation of this. I thank Professor Yuri Tschinkel for help here, but the shortcomings are my own, since I’ve taken liberties to make the English a bit smoother:

This is something quite peculiar. We have an analytic function e2πiz with the wonderful property of having—for any rational argument—an algebraic value, and through it we get abelian fields, and only abelian fields. The second property this function enjoys is, of course, the content of the great theorem of Kronecker that every abelian field is cyclotomic [i.e., is obtained from these values]. This is now indeed a most wonderful property: that a transcendental function gives algebraic values when specialized to z = a/b! That such a thing exists at all! Strangely, one only needs the existence of the function e2πiz, and then all other things fall into place completely by themselves, practically without added work. This is how the problem of construction of all abelian fields over the field of rational numbers is dealt with.

Our new problem is now to get all abelian fields extensions of imaginary quadratic fields k([image: Images]) m < 0. For the resolution of the first problem we equipped ourselves with the function e2πiz, that wonderful gift of heaven. Will we also manage to get something similar for the second? That is the question that we just can’t avoid.

29. For an abelian cubic field extension such as this one, “everywhere unramified” means that every prime ideal in the ring of integers of the quadratic imaginary field either generates a prime ideal in the ring of integers of the extension field or else it generates an ideal that splits into the product of three prime ideals.

30. Kronecker is not the only person enamored of the j-function for its ability to solve polynomial equations. Felix Klein’s book Lectures on the Icosahedron and the Solution of the Fifth Degree: 2nd Revised Edition (Mineola: Dover Publications, 2003) is devoted to the use of the j-function to express the roots of the general quintic polynomial. And that some such thing was a possibility had also been noted in the writings of Hermite and Jacobi.

31. “Explicitus” was written at the end of medieval books, originally short for explicitus est liber, “the book is unrolled.”


CHAPTER 7

Vividness in Mathematics and Narrative

TIMOTHY GOWERS

Is there any interesting connection between mathematics and narrative? The answer is not obviously yes, and until one thinks about the question for a while, one might even be tempted to say that it is obviously no, since the two activities seem so different. But on further reflection, one starts to see that there are some points of contact. For example, to write out the proof of a complicated theorem one must take several interrelated ideas and present them in a linear fashion. The same could be said of writing a novel. If the novel is describing a series of events, then those events will have a natural order, but there is much more to a good novel than “A happened, then B happened, then C happened, then . . . .,” and the order in which information is revealed to the reader is often not chronological. Likewise, in a mathematical presentation statements come in a logical order (which may be partial rather than total), and this order frequently differs both from the order in which the statements are discovered and from the order in which they should be presented if they are to be understood most easily. The result of all this is that mathematicians who wish to communicate their ideas effectively face many of the same challenges as novelists.

This essay is not a general discussion of connections between mathematics and narrative. Rather, I want to focus on one particular quality, which I shall call “vividness,” that passages of narrative can have to a greater or lesser extent. I shall argue that mathematical explanations can have or lack this quality as well, and that the causes are similar. To give some idea of what I am talking about, here is a description of the beginning of an academic year.


It is September again, and the campus, which has been very quiet for the last couple of months, is suddenly full of cars bringing students back after their vacation. The parents are well-to-do; the cars are expensive and packed with things that the students will need during the term, though not all these items are strictly necessary. There is a general, if unspoken, sense among the parents that they are all from the same sector of society, with similar attitudes and similar ways of life. This makes them feel comfortable, and perhaps even a little smug. At first their sons and daughters are a bit shy, which causes some of them to be quiet and others to be overexcited. But this will wear off very soon: the transition will be forgotten and the term will have properly begun. The weather is typical for the time of year, with just a hint of the change that will take place over the next three months.



And here is another one:


The station wagons arrived at noon, a long shining line that coursed through the west campus. In single file they eased around the orange I-beam sculpture and moved toward the dormitories. The roofs of the station wagons were loaded down with carefully secured suitcases full of light and heavy clothing; with boxes of blankets, boots and shoes, stationery and books, sheets, pillows, quilts; with rolled-up rugs and sleeping bags; with bicycles, skis, rucksacks, English and Western saddles, inflated rafts. As cars slowed to a crawl and stopped, students sprang out and raced to the rear doors to begin removing the objects inside; the stereo sets, radios, personal computers; small refrigerators and table ranges; the cartons of phonograph records and cassettes; the hairdryers and styling irons; the tennis rackets, soccer balls, hockey and lacrosse sticks, bows and arrows; the controlled substances, the birth control pills and devices; the junk food still in shopping bags—onion-and-garlic chips, nacho thins, peanut creme patties, Waffelos and Ka-booms, fruit chews and toffee popcorn; the Dum-Dum pops, the Mystic mints.

I’ve witnessed this spectacle every September for twenty-one years. It is a brilliant event, invariably. The students greet each other with comic cries and gestures of sodden collapse. Their summer has been bloated with criminal pleasures, as always. The parents stand sun-dazed near their automobiles, seeing images of themselves in every direction. The conscientious suntans. The well-made faces and wry looks. They feel a sense of renewal, of communal recognition. The women crisp and alert, in diet trim, knowing people’s names. Their husbands content to measure out the time, distant but ungrudging, accomplished in parenthood, something about them suggesting massive insurance coverage. This assembly of station wagons, as much as anything they might do in the course of the year, more than formal liturgies or laws, tells the parents they are a collection of the like-minded and the spiritually akin, a people, a nation.



Obviously the second account is incomparably more vivid than the first, and better for many other reasons too. It is the virtuoso opening of Don DeLillo’s cult novel White Noise. The first passage was written by me. (In my defense, its blandness was intentional.) Later, I shall discuss an important respect in which the two passages differ, which plays a large part in our perception of the vividness of the second.

But before I do that, let me give two presentations of the mathematical notion of a group.

1. What Is a Group?

1.1. First Answer

Let X be a set. A binary operation on X is just a function [image: image] from X × X to X. It is customary to use a symbol such as [image: Image] for this function and to write x [image: Image] y instead of [image: Image](x, y). A binary operation [image: Image] on a set X is said to be associative if x [image: Image] (y [image: Image] z) = (x [image: Image] y) [image: Image] z for any three elements x, y, z of X. An identity element for [image: Image] is an element e of X such that e [image: Image] x = x [image: Image] e = x for every x in X. Note that an identity element is unique if it exists: if e and f are identity elements, then e = e [image: Image] f = f. If e is an identity element and x belongs to X, then y is said to be an inverse for x if x [image: Image] y = y [image: Image] x = e. Inverses are again unique if they exist (assuming associativity): if y [image: Image] x = x [image: Image] y = z [image: Image] x = x [image: Image] z = e, then z = z [image: Image] e = z [image: Image] (x [image: Image] y) = (z [image: Image] x) [image: Image] y = e [image: Image] y = y.

A group is a set X together with a binary operation [image: Image] such that the following axioms are satisfied.

1. [image: Image] is associative.

2. There is an identity for [image: Image].

3. Every element of X has an inverse.

Most of the time in group theory we write xy instead of x [image: Image] y: it is to be understood that this is a useful shorthand for x [image: Image] y, where [image: Image] is the binary operation used to define the group. (This is often referred to as the group operation.)

1.2. Second Answer

From early childhood, we are all familiar with the idea of symmetry. On looking in a mirror, we note with amusement that when we move our right arm, our reflection appears to move its left arm—an effect that depends on the fact that human bodies look approximately the same if they are reflected in a vertical plane that separates them down the middle. (The “paradox” that we see left-right inversion but not up-down inversion in a mirror is explained by the fact that the human body is not approximately the same if we reflect it in a horizontal plane that goes through the waist.)

The mathematician’s take on symmetry is slightly different. To a mathematician, symmetry is not so much a static property of an object but rather something you can do to an object. For example, take an equilateral triangle. The layperson might say that it is quite a symmetrical shape: it is symmetrical about three lines of reflection, and has rotational symmetry as well. A mathematician would say that the equilateral triangle has symmetries rather than is symmetrical. These symmetries are the three possible reflections, the two possible rotations (clockwise through 120 degrees and anticlockwise through 120 degrees), and the seemingly pointless “identity transformation,” which consists in doing nothing at all. Thus, to a mathematician, a symmetry of a shape means something you can do to that shape that leaves it looking the same afterward as it did before. (Imagine, for instance, that on your kitchen table there is a plastic equilateral triangle. You leave the room for a while, and unbeknownst to you a friend rotates it through 120 degrees about its center. When you come back, you won’t notice any difference.)

A simple observation that turns out to have ramifications throughout all of modern mathematics is that if you do two symmetries, one after another, the result is a third symmetry. For example, if you reflect an equilateral triangle and then rotate it, the result turns out to be the same as if you had reflected the triangle about a different line. We call the new symmetry the composition of the other two symmetries. Note that if you rotate a triangle through 120 degrees clockwise and then through 120 degrees anticlockwise, you will end up having done nothing at all. This is why the identity transformation is important: without it, we could not say that the composition of two symmetries was a symmetry.

Now let us look at another example of composition. Consider the following six functions: f0(x) = x, f1(x) = 1/(1 − x), f2(x) = 1 − 1/x, g1(x) = 1/x, g2(x) = 1 − x, g3(x) = x/(x − 1). If you compose any two of these functions, you will get a third. For instance, f1(g1(x)) = 1/(1 − 1/x) = x/(x − 1) = g3(x). More interestingly, if you play around with these functions and also with the symmetries of an equilateral triangle, you start to realize that there are close similarities between the two. For example, if we compose anything with f0, we don’t change it. So f0 is very like the identity transformation of the equilateral triangle. Also, if we compose f1 with itself, we get f1(f1(x)) = 1/(1 − 1/(1 − x)) = (1 − x)/(−x) = 1 − 1/x = f2(x). If we compose this with f1 again, we get f1(f2(x)) = 1/(1 − (1 − 1/x)) = 1/(1/x) = x = f0(x). That is, doing f1 three times gets you back to where you started, so f1 is a bit like a rotation through 120 degrees.

We can pursue this line of thought. It is easy to see that if you do g1 or g2 twice, then you get back to where you started, and a small calculation shows that the same is true of g3, which suggests that they might be like reflections.

There appears to be an analogy between these two situations, but what exactly is that analogy? We can get a precise answer to that question if we draw up a “multiplication table” for the symmetries of an equilateral triangle. The letter e in table 7.1 stands for the identity transformation, ρ1 stands for a rotation through 120 degrees anticlockwise, and ρ2 stands for a rotation through 120 degrees clockwise. The letters σ1, σ2, and σ3 stand for the three possible reflections, notated in such a way that the axis of σ2 is obtained from the axis of σ1 by a 120 degree rotation anticlockwise. The entry in the row marked ρ2 and the column marked σ1 is σ2. That is because ρ2 [image: Image] σ1 = σ2: to put that another way, if you first do σ1 and then do ρ2, the result is the same as doing σ2. (The rules for composition dictate, slightly confusingly, that the transformation that appears on the right is the one that you do first.)

Table 7.1. The symmetries of an equilateral triangle.

[image: Images]

With the help of table 7.1, one can say exactly what the analogy is. Suppose we were to draw up a multiplication table for the functions f0, f1, f2, g1, and g2 discussed earlier. Then we would obtain exactly the same table.

Of course, this isn’t quite true, as it would be full of f s and g s. But it would become true if we gave the functions different names: if we rename f0 as e, f1 and f2 as ρ1 and ρ2, and g1, g2, and g3 as σ1, σ2, and σ3, then it really is the case that the above table is the “multiplication table” for the six functions.

Thus, what the two situations have in common is the structure of the multiplication table. If we concentrate just on the multiplication table and forget about the nature of the objects that make it up, then we arrive at the abstract notion of a group.

It is worth pointing out that it is not a complete coincidence that the two multiplication tables are the same. One can think of the three numbers 0, 1, and ∞ as the vertices of a kind of triangle. The function f1(x) = 1/(1 − x) sends 0 to 1, 1 to ∞, and ∞ to 0, so from this point of view it really is behaving like a rotation that gets you back to where you started if you do it three times. Similarly, the function g1(x) = 1/x leaves 1 where it is and swaps 0 with ∞, so it is like a reflection. (With the help of Möbius geometry, one can even think of these functions as genuine rotations and reflections.)

These two introductions to the notion of a group are completely different in style, and each has its advantages. The first is clear, concise, and unambiguous. In a sense, it tells you everything you want to know. But it is also flat and mechanical, and it gives one absolutely no reason to be interested in groups. The second is much longer and makes an attempt to show how the notion of a group arises naturally from more basic notions such as symmetry and the composition of functions. However, after two pages it still has not said what a group is. (Of course, this last problem is easily remedied: the only reason I did not remedy it was that I did not want to be too repetitive. If I were to continue the account, I would observe that function composition was associative, and that in both examples we had an identity and inverses, and I would then say that having those properties was what we meant when we said that the symmetries or functions formed a group.)

A significant advantage of the second introduction is its vividness. It allows one to “see” groups in a way that the much more formal first account does not. But how is this vividness achieved? The answer is very simple: no abstract concept is introduced until an example that illustrates it has already been discussed. For example, the abstract notion of a symmetry, as a transformation that leaves a shape unchanged, is introduced only after extensive discussion of mirror images, rotations, and so on. Composition is not defined until a composition of symmetries has been discussed. And the abstract notion of a group is not defined until two different but isomorphic groups have been discussed in considerable detail.

If we look back at the passages with which this article began, we can see a similar but not quite identical phenomenon. Contrast the following two excerpts, one from the first passage and one from the second.


There is a general, if unspoken, sense among the parents that they are all from the same sector of society, with similar attitudes and similar ways of life. This makes them feel comfortable, and perhaps even a little smug.

The parents stand sun-dazed near their automobiles, seeing images of themselves in every direction. The conscientious suntans. The well-made faces and wry looks. They feel a sense of renewal, of communal recognition. The women crisp and alert, in diet trim, knowing people’s names. Their husbands content to measure out the time, distant but ungrudging, accomplished in parenthood, something about them suggesting massive insurance coverage. This assembly of station wagons, as much as anything they might do in the course of the year, more than formal liturgies or laws, tells the parents they are a collection of the like-minded and the spiritually akin, a people, a nation.



The first passage wastes no time: it just lays out the abstract idea. The second passage waits until the last few words before explicitly expressing the same idea, but by that time the idea has been conveyed by means of numerous small concrete details: the suntans, the bearing of the women, the fact that they know names, the “distant but ungrudging” husbands, the insurance coverage, the station wagons. And the cumulative effect of all this is that one can “see” these parents in a way that one cannot see the parents in the first passage.

Why should this be? I am not an expert in literary criticism (still less the more specific school of criticism known as reader response theory) or cognitive science. However, something like the following account seems obviously correct. Our brains contain a mass of information that is linked by means of a vast web of associations. Most of these associations are built up as a result of years of untidy, concrete, specific human experience rather than tidy, abstract, general reasoning. Therefore, prose that concentrates on concrete and specific details is usually much better at triggering associations than prose that is abstract and general. In the hands of a skilled novelist, this effect can be remarkably powerful. By the time DeLillo tells us that the parents are a collection of the like-minded and spiritually akin, we have them in our heads, his clever choices of words having caused our brains to retrieve memories of experiences we have had of seeing similar people (or perhaps complicated amalgams of such experiences), which tricks us into feeling as though we are actually there witnessing the scene he describes. When you read the passage I wrote, you have to create the parents for yourself. If you do not have the energy or imagination to do a good job, then they will exist in your mind in a vague, abstract, and above all unvivid form.

The analogy with mathematical presentations is almost too obvious to be worth spelling out. When we read a mathematical text, we come to it with our brains already full of a mass of associations built up as a result of years of untidy, concrete, specific mathematical experience. Therefore, a mathematical presentation that includes plenty of concrete examples is usually much better at triggering associations than a mathematical presentation that is purely abstract. By the time the second treatment of groups actually gets to the point where groups are about to be defined, we have some groups in our heads already. In a sense, all that is needed at this point is to say, groups are things like that. When you read the first treatment, you have to create some examples for yourself. If you can’t face it, then you won’t really understand what a group is.

A couple of years ago I wrote a blog post in which I argued, for roughly the reason just given, that when explaining a mathematical concept it was a good idea not just to give examples but to give them first. Usually, once you know that the abstract concept is an abstraction of certain examples, the concept becomes easy to remember, at least if the examples are well chosen. For instance, if you know that the rational numbers form a field and so do the integers modulo a prime p, then you can think of a field as the algebraic structure given by all the axioms that those two structures satisfy rather than as the algebraic structure given by a list of axioms that is long and apparently arbitrary. (As a mathematical definition that is unsatisfactory, but as a mnemonic it is pretty good.) I was surprised to discover quite a lot of opposition to the idea. Several people commented that if they are presented with examples without knowing what the examples are illustrating, they feel as though their feet are not on solid ground. Better, in their view, was to present the abstract definition and then to follow it immediately with examples.

It may be that what works best is different in different contexts. For instance, perhaps in a less formal treatment of a subject it is better to present examples first, and in a lecture course it is better to present examples immediately after an abstract definition (which is probably the approach that most lecturers take). I myself have exactly the opposite reaction to that I have just described: I feel as though my feet are not on solid ground if I am presented with an abstract idea without having some examples to relate it to. But this debate, interesting though it is, does not affect the point I want to make here, which is that a concrete, examples-driven mathematical discussion will be more vivid than a purely abstract one. Similarly, although I personally prefer narrative that (most of the time at least) follows the well-known instruction, “Show, don’t tell,” I recognize that telling has its place. But that does not alter the fact that showing is nearly always more vivid.

Let me give two more examples. Suppose I wanted to teach the rule x(y + z) = xy + xz to a class of twelve-year-olds. I could just say, “One of the most important rules in algebra is that x(y + z) = xy + xz,” but then the only people who understood me would probably be those who were already consciously aware of the rule. Others might not realize that a(b + c) = ab + ac and would probably have considerable difficulty understanding that 3(x − 2y) = 3x − 6y or that (x + y)(z + w) = x(z + w) + y(z + w). But if instead I started by asking why it is obvious that 30 + 60 = 90, and discussed in detail how to work out 23 × 36, then the distributive law and its generalizations could be thought of as “The kinds of things I was doing in those calculations.” Somehow, the rule comes to life.

The second example comes from fiction, in the extreme sense that the piece of fiction I am referring to is itself fictional. Suppose that a novelist wanted to convey the reaction of a man who has just heard that his son has been killed. The abstract approach would be to say something like, “He was filled with an intense grief.” The more concrete approach would be to describe the man from the outside, so to speak. For instance, “He turned and looked out of the window, where his next-door neighbor was mowing the lawn. We spent the next ten minutes in silence.” The concrete approach is more vivid here because it is very easy for the brain to conjure up a window (perhaps from some very early moment in childhood when we first learned the word window—in my case, when I examine the mental image I have of the house, I realize it is a house that I lived in between the ages of about two and five) and the view out of it. We also feel that we are watching the man, wondering what he is thinking, contrasting what must be going on in his head with the innocent contentment, or so we suppose, of the next-door neighbor, and so on. It is much less easy to conjure up intense grief out of thin air, though of course it will be easier for those who have had the misfortune to feel intense grief themselves.

One difference that might seem important between the way that information is conveyed in mathematics and the way it is conveyed in literature is that even if examples are very helpful in mathematics, they cannot replace abstract discussion in the way that they can in literature. “Show, don’t tell” would be a very strange piece of advice to a mathematician: the strongest injunction of that kind that is reasonable is “Show first, then tell.”

But even this distinction is a matter of degree. Recall the end of the passage from White Noise: “This . . . tells the parents they are a collection of the like-minded and the spiritually akin, a people, a nation.” Having beautifully shown us his point, Don DeLillo tells it to us. Conversely, there are circumstances where an abstract discussion in mathematics adds nothing of value once an example has been discussed. This takes a little more effort to illustrate.

2. How to Calculate Highest Common Factors

2.1. Demonstration by Example

What is the highest common factor of 247 and 403? To answer this question, we could just work out all the factors of 247 and all the factors of 403, and pick the largest number that is a factor of both. But there is a much more efficient method due to Euclid. Note that any factor of 247 and 403 must be a factor of their difference 403 − 247, which equals 156. Conversely, any factor of 247 and 156 must be a factor of 247 + 156, which equals 403. Therefore, the highest common factor of 247 and 403 is the same as the highest common factor of 247 and 156.

We can repeat this observation. Exactly the same reasoning shows that the highest common factor of 247 and 156 is the same as the highest common factor of 156 and 247 − 156, which equals 91. Then

[image: Image]

At each stage of the process above, we replaced the larger number by the difference of the two numbers. But there is a further idea that can save a great deal of time. Suppose that we reached the two numbers 137 and 2511. If we followed the process above, then we would find ourselves subtracting 137 several times, but we do not have to. Instead, we can work out the largest multiple of 137 that is less than 2511 and subtract that. A small calculation reveals that this multiple is 17 × 137 = 2429. Then any factor of both 137 and 2511 will be a factor of 2511 − 17 × 137, which is equal to 82, and conversely any factor of both 137 and 82 is a factor of 137 + 17 × 137, which equals 2511. Therefore, in a single (slightly more complicated) step we can replace the pair (2511, 137) by the pair (137, 82). Using the same idea in the previous calculation, we would have gone straight from the pair (65, 26) to the pair (26, 13), the number 13 coming from subtracting 2 × 26 = 52 from 65.

It is an unfortunate fact of mathematical life that algorithms are often hard to describe with complete precision, at least if you want them to be understood. Here is how one might go about it in the case of the Euclidean algorithm (which is less hard than most).

2.2. General Description

Let x and y be two positive integers, and suppose that x ≥ y. Then we can write x = qy + r for some positive integer q and some integer r with 0 ≤ r < y. Then any factor of y and r is a factor of x, and any factor of x and y is a factor of r (since r = x − qy), from which it follows that hcf(x, y) = hcf(y, r). Since r < y, if we iterate this process it must terminate, and it can do so only if it reaches a pair of the form (a, 0) for some positive integer a. Since hcf(a, 0) = a, we then know that hcf(x, y) = a.

I would not want to say that a description of this second kind is not desirable. Indeed, a precise description like that is very useful if one wishes to generalize the Euclidean algorithm to other situations, such as polynomials, and essential if one wishes to consider in detail the fascinating and important ways in which it can fail to hold (in more general rings than the integers). However, what I do maintain is that it is possible to teach somebody how to apply the Euclidean algorithm by showing them a couple of examples and not bothering to give them the general description. And that is all I need to establish in order to make the point that it is sometimes possible, even in mathematics, to show without telling.

[image: Images]

I said this would not be a general discussion of connections between mathematics and narrative, but I cannot resist a brief discussion of one or two other literary devices. For instance, is there any place in mathematics for metaphor, which is clearly of central importance in literature? Simile can certainly be useful. For example, it is helpful to think of a module as “like a vector space.” And writers of popular mathematics books often try to find apt metaphors or similes to explain complicated mathematical concepts to the layperson. But again we have the phenomenon that whereas in literature the figure of speech is usually sufficient on its own, in mathematics it usually isn’t. To make sense of the comparison between modules and vector spaces, we need to say more: a module is like a vector space, but with scalars that belong to a ring rather than to a field. Perhaps with an extra qualification we could upgrade the simile to a metaphor: a module is just a vector space, except that the scalars belong to a ring rather than to a field. But writers of narrative have much more freedom to use metaphors and similes. When you read the words, “After my unfortunate remark, a chill descended on the conversation,” you do not need a qualification such as “except that in this case the ‘coldness’ was in the tones of voices of the people talking and the looks they gave each other.”

One could perhaps argue that a great deal of mathematical terminology is already metaphorical. For instance, when we talk of a 26-dimensional space, we are really referring to a mathematical abstraction and not to a real space, in the sense of some empty place where one can move around. And many words have associations outside mathematics that have some relation to their mathematical meanings: irrational, function, unbounded, discrete, continuous, converges, differentiate, chaos, contraction, atlas, fiber bundle, foliation, etc., etc. The list is endless.

Another centrally important figure of speech is irony, which I shall define here as writing that is not intended to be taken at face value. If you do not like this definition, it does not matter: it is clearly the case that a great deal of literary writing is not meant to be taken at face value. This looks like a big difference between narrative and mathematical writing. After all, the main objective of the mathematical writer is to explain difficult ideas, and if not everything is supposed to be taken at face value, then that will surely make the task for the poor reader even harder than it already is.

After I spoke at the 2005 “Mathematics and Narrative” conference in Mykonos, a suggestion was made that proofs by contradiction are the mathematician’s version of irony. I’m not sure I agree with that: when we give a proof by contradiction, we make it very clear that we are discussing a counterfactual, so our words are intended to be taken at face value. But perhaps this is not necessary. Consider the following passage.


There are those who believe that every polynomial equation with integer coefficients has a rational solution, a view that leads to some intriguing new ideas. For example, take the equation x2 − 2 = 0. Let p/q be a rational solution. Then (p/q)2 − 2 = 0, from which it follows that p2 = 2q2. The highest power of 2 that divides p2 is obviously an even power, since if 2k is the highest power of 2 that divides p, then 22k is the highest power of 2 that divides p2. Similarly, the highest power of 2 that divides 2q2 is an odd power, since it is greater by 1 than the highest power that divides q2. Since p2 and 2q2 are equal, there must exist a positive integer that is both even and odd. Integers with this remarkable property are quite unlike the integers we are familiar with: as such, they are surely worthy of further study.



I find that it conveys the irrationality of [image: Images] rather forcefully. But could mathematicians afford to use this literary device? How would a reader be able to tell the difference in intent between what I have just written and the following superficially similar passage?


There are those who believe that every polynomial equation has a solution, a view that leads to some intriguing new ideas. For example, take the equation x2 + 1 = 0. Let i be a solution of this equation. Then i2 + 1 = 0, from which it follows that i2 = −1. We know that i cannot be positive, since then i2 would be positive. Similarly, i cannot be negative, since i2 would again be positive (because the product of two negative numbers is always positive). And i cannot be 0, since 02 = 0. It follows that we have found a number that is not positive, not negative, and not zero. Numbers with this remarkable property are quite unlike the numbers we are familiar with: as such, they are surely worthy of further study.



I admit that I cheated slightly in the second passage by not stressing that the number i is introduced as a new kind of number. Nevertheless, even a standard introduction of the complex numbers is highly counterintuitive to many people. If such people want to make progress in understanding mathematics, they normally have to develop a trust that more experienced mathematicians know what they are talking about and mean what they say, however strange what they say might sound. And that makes the use of irony highly problematic. (Occasionally lecturers exploit this as a trick: they present a plausible but incorrect argument as though it is correct, pointing out the fallacy only after they have first persuaded their audience to accept it. This can be a good way of ensuring that the people they are teaching avoid the mistake from then on.)

There is one way in which it would be possible, and potentially a very good idea, for mathematicians to write words that are not true and not intended to be believed. It is not irony, since I am talking not about individual sentences or paragraphs but about an entire genre that we do not have (or if we do, then only to a tiny extent). That is a genre that one might call mathematics fiction (by which I do not mean fiction that includes characters who are mathematicians, which we certainly do have), and in particular the subgenre that I think of as fictitious mathematical history. When we learn mathematics, we are typically presented with a highly polished product that is also, as I have already remarked, highly abstract. One way of coming to understand the importance of an abstract definition is to study its history: then one sees what the problems were that the abstract definition helped to solve, what the concrete results were that it helped to synthesize, what the rough edges were that were polished away. However, the actual history of an abstract concept is often not by any means the only way of justifying it, or even the best. If it is not the best, then the usual practice is to present a different justification in a purely mathematical way. But such a justification could be far more . . . what is the right word here? . . . ah, yes . . . vivid if it was presented as though it had been the reason the concept was first formulated.

The nearest I know to such a piece of fictitious history is a beautiful account by Scott Aaronson of how quantum mechanics could have been discovered. Here are a couple of quotations from a lecture he gave (http://www.scottaaronson.com/democritus/lec9.html).


There are two ways to teach quantum mechanics. The first way—which for most physicists today is still the only way—follows the historical order in which the ideas were discovered. So, you start with classical mechanics and electrodynamics, solving lots of grueling differential equations at every step. Then you learn about the “blackbody paradox” and various strange experimental results, and the great crisis these things posed for physics. Next you learn a complicated patchwork of ideas that physicists invented between 1900 and 1926 to try to make the crisis go away. Then, if you’re lucky, after years of study you finally get around to the central conceptual point: that nature is described not by probabilities (which are always nonnegative), but by numbers called amplitudes that can be positive, negative, or even complex. . . .

The second way to teach quantum mechanics leaves a blow-by-blow account of its discovery to the historians, and instead starts directly from the conceptual core—namely, a certain generalization of probability theory to allow minus signs. Once you know what the theory is actually about, you can then sprinkle in physics to taste, and calculate the spectrum of whatever atom you want. This second approach is the one I’ll be following here. . . .

My contention in this lecture is the following: Quantum mechanics is what you would inevitably come up with if you started from probability theory, and then said, let’s try to generalize it so that the numbers we used to call “probabilities” can be negative numbers. As such, the theory could have been invented by mathematicians in the 19th century without any input from experiment. It wasn’t, but it could have been.



What I am suggesting is that somebody should go one step further than Aaronson does here. Why not write a mathematical “short story,” or even “novel,” all about how quantum mechanics was invented in the nineteenth century without any input from experiment? There are many other mathematical concepts that would lend themselves well to such stories, but this would be a particularly good one.

[image: Images]

I would like to finish by returning to the main theme of this essay, the use of concrete details to convey abstract thoughts, and illustrate it with a few of my favourite passages from literature. Before I do so, let me point out, in case you have missed it, that up to now I have very consciously followed a show-then-tell policy in this essay. But from now on I would like merely to show.

The first passage is the famous opening to Dickens’s Bleak House.


LONDON. Michaelmas Term lately over, and the Lord Chancellor sitting in Lincoln’s Inn Hall. Implacable November weather. As much mud in the streets, as if the waters had but newly retired from the face of the earth, and it would not be wonderful to meet a Megalosaurus, forty feet long or so, waddling like an elephantine lizard up Holborn Hill. Smoke lowering down from chimney-pots, making a soft black drizzle, with flakes of soot in it as big as full-grown snow-flakes—gone into mourning, one might imagine, for the death of the sun. Dogs, undistinguishable in mire. Horses, scarcely better; splashed to their very blinkers. Foot passengers, jostling one another’s umbrellas, in a general infection of ill-temper, and losing their foot-hold at street-corners, where tens of thousands of other foot passengers have been slipping and sliding since the day broke (if the day ever broke), adding new deposits to the crust upon crust of mud, sticking at those points tenaciously to the pavement, and accumulating at compound interest.

Fog everywhere. Fog up the river, where it flows among green aits and meadows; fog down the river, where it rolls defiled among the tiers of shipping, and the waterside pollutions of a great (and dirty) city. Fog on the Essex marshes, fog on the Kentish heights. Fog creeping into the cabooses of collier-brigs; fog lying out on the yards, and hovering in the rigging of great ships; fog dropping on the gunwales of barges and small boats. Fog in the eyes and throats of ancient Greenwich pensioners, wheezing by the firesides of their wards; fog in the stem and bowl of the afternoon pipe of the wrathful skipper, down in his close cabin; fog cruelly pinching the toes and fingers of his shivering little ’prentice boy on deck. Chance people on the bridges peeping over the parapets into a nether sky of fog, with fog all round them, as if they were up in a balloon, and hanging in the misty clouds.

Gas looming through the fog in divers places in the streets. much as the sun may, from the spongey fields, be seen to loom by husbandman and ploughboy. Most of the shops lighted two hours before their time—as the gas seems to know, for it has a haggard and unwilling look.

The raw afternoon is rawest, and the dense fog is densest, and the muddy streets are muddiest, near that leaden-headed old obstruction, appropriate ornament for the threshold of a leaden-headed old corporation: Temple Bar. And hard by Temple Bar, in Lincoln’s Inn Hall, at the very heart of the fog, sits the Lord High Chancellor in his High Court of Chancery.

Never can there come fog too thick, never can there come mud and mire too deep, to assort with the groping and floundering condition which this High Court of Chancery, most pestilent of hoary sinners, holds, this day, in the sight of heaven and earth.



The next two excerpts are not quite an opening but they come very close to the beginning of Jonathan Franzen’s novel The Corrections:


The madness of an autumn prairie cold front coming through. You could feel it: something terrible was going to happen. The sun low in the sky a minor light, a cooling star. Gust after gust of disorder. Trees restless, temperatures falling, the whole northern religion of things coming to an end. No children in the yards here. Shadows lengthened on yellowing zoysia. Red oaks and pin oaks and swamp white oaks rained acorns on houses with no mortgage. Storm windows shuddered in the empty bedrooms. And the drone and hiccup of a clothes dryer, the nasal contention of a leaf blower, the ripening of local apples in a paper bag, the smell of the gasoline with which Alfred Lambert had cleaned the paintbrush from his morning painting of the wicker love seat. . . .

The anxiety of coupons, in a drawer containing candles in designer autumn colors. The coupons were bundled in a rubber band, and Enid was realizing that their expiration dates (often jauntily circled in red by the manufacturer) lay months and even years in the past: that these hundred-odd coupons, whose total face value exceeded sixty dollars (potentially one hundred twenty dollars at the Chiltsville supermarket that doubled coupons), had all gone bad. Tilex, sixty cents off. Excedrin PM, a dollar off. The dates were not even close. The dates were historical. The alarm bell had been ringing for years.



The next passage is a wonderful mixture of showing and telling, from The Folding Star, by Alan Hollinghurst.


I swept the rubbish from an armchair and sat down and still got a piece of Lego up the bum. Why did they do it? Why did this dully charming man, who was already working absurdly to support two children, who got up at six each day to commute to town and was sometimes not home till nine, then go inanely on and sire a third? It must be instinct, nothing rational could explain it—instinct or inattention or else what Edie called polyfilla-progenitiveness: having more children to stop up the gaps in a marriage. I was at the age when I couldn’t ignore it; my straight friends married and bred, sometimes remarried and bred again, or just bred regardless. I saw them losing the gift of speech, so used to being interrupted by the demands of the young that they began to interrupt themselves, or to prefer the kind of fretful drivel they had become accustomed to. I saw the huge, humiliating vehicles these studs of the GTi were forced to buy: like streamlined dormobiles, with tiers of baby seats and stacks of the grey plastic crap which seemed inseparable from modern infancy. I saw their doped surrender to domestic muddle, not enough letters on the fridge door to spell anything properly, the chairs covered in yoghurt.



Here is a passage not from fiction but from an essay by the critic Anthony Lane, published in the New Yorker, about The Sound of Music.


The Prince Charles Cinema sits in central London, a hundred yards east of Piccadilly, between the Notre Dame dance hall and a row of Chinese restaurants. When it opened, in 1991, the idea was that you could catch new and recent pictures for less than two dollars—a fraction of what they cost around the corner, in the plush movie theatres of Leicester Square. Even now, the Prince Charles has nobly resisted the urge to smarten up; the furnishings are a touching tribute to wartime brown, and the stalls, flouting a rule of theatrical design which has obtained since the fifth century B.C., appear to slope downward toward the back, so that customers in the rear seats can enjoy an uncluttered view of their own knees. The cinema shows three or four films a day; come the weekend, everything explodes. Since August, every Friday evening and Sunday afternoon the program has been the same: “Singalong-a-Sound-of-Music.”



To finish this essay I would like to quote from what is considered by some to be the greatest novel ever written. Virginia Woolf famously described it as “One of the few English novels written for grown-up people.” That novel is George Eliot’s Middlemarch. The passage may seem an odd choice because it appears to be a counterexample to the main thesis I have put forward: I cannot deny that it conveys the ideas that it conveys very vividly, and yet it appears to tell more than show. Nevertheless, it still achieves the seemingly magical effect that by the end of the passage we know much more about Mr. Casaubon than we have been told explicitly: the general message is conveyed by means of the telling detail (to use a fortuitously apt phrase). So it is a counterexample that calls for a refinement of the thesis rather than its overthrow. As a bonus, the passage is a supremely good example of the use of irony, and also of metaphor and simile. It could even be said to harbor a warning for mathematicians. That is all the excuse I need to include it, and even to end with it.


Mr Casaubon, as might be expected, spent a great deal of his time at the Grange in these weeks, and the hindrance which courtship occasioned to the progress of his great work—the Key to all Mythologies—naturally made him look forward the more eagerly to the happy termination of courtship. But he had deliberately incurred the hindrance, having made up his mind that it was now time for him to adorn his life with the graces of female companionship, to irradiate the gloom which fatigue was apt to hang over the intervals of studious labour with the play of female fancy, and to secure in this, his culminating age, the solace of female tendance for his declining years. Hence he determined to abandon himself to the stream of feeling, and perhaps was surprised to find what an exceedingly shallow rill it was. As in droughty regions baptism by immersion could only be performed symbolically, so Mr Casaubon found that sprinkling was the utmost approach to a plunge which his stream would afford him; and he concluded that the poets had much exaggerated the force of masculine passion. Nevertheless, he observed with pleasure that Miss Brooke showed an ardent submissive affection which promised to fulfil his most agreeable previsions of marriage. It had once or twice crossed his mind that possibly there was some deficiency in Dorothea to account for the moderation of his abandonment; but he was unable to discern the deficiency, or to figure to himself a woman who would have pleased him better; so that there was clearly no reason to fall back upon but the exaggerations of human tradition.




CHAPTER 8

Mathematics and Narrative

Why Are Stories and Proofs Interesting?

BERNARD TEISSIER

Si non e vero, e bene trovato.1

—Italian saying

Car c’est bien le sens qui sépare le vrai du faux.2

—René Thom, in conversation with Émile Noël

 

There are many types of narrations, from origin myths to the ship logs of maritime explorers, from children’s bedtime stories to works of literature—including poetry—and theater. We might also recall here Kipling’s joke in one of his letters from Japan about the person who, having borrowed a dictionary, gives it back with the comment that the stories are generally interesting, but too diverse.

The concept of narration varies with location and is not easy to define. Is a haiku a narration? Is Heraclitus’s panta rhei—“all things are flowing”—the concise narration of a part of his experience with the world?

There are also many sorts of mathematical texts, depending on time and place, and just as the most widely known narratives today seem to be novels, the most widely known mathematical texts are probably proofs.

One of the differences between narration and proof that I would like to underline is that narration, among other things, provides vicariously the experience of a path in a set (or a graph) of interactions among characters, which may be humans or collections of humans or objects in the world around us. Usually the reader of a narrative has no difficulty identifying with the characters, or at least capturing their essence. In some narratives, however, characters that cannot exist in the real world are created to fulfill a specific role, and then the identification may become more delicate, and interesting.

Proofs are also, among other things, paths in a graph of logical interactions between statements. The statements may be created along with the path, just like the characters in a novel; in proofs, some new objects may be created to fulfill a specific role, such as a function space or a precise algebraic variety with a precise group action.

The mathematician, however, usually has more difficulty identifying with the “characters” of the proof, and therefore, while the understanding of a narration is usually direct, the understanding of a proof is more often in the nature of a sudden illumination, when all at once “everything fits together.” Of course, the value of some narrations may lie in their metaphorical or symbolic nature, and then the understanding is somewhat closer to the understanding of a proof.

But what exactly do we mean by understanding a proof? It is certainly not the logical structure of the proof that enlightens us. I propose that the understanding of a proof is meaning-based and not logic-based. Perhaps we understand a proof only when we can understand it as a narration.

We understand when we have extracted from the proof a dynamic scheme that, through an array of analogies and interpretation of mathematical objects in terms of our primitive experience of the world, is compatible with that experience. Of course, we learn to make these analogies and interpretations when we train as mathematicians, and later as we try to understand mathematics.

This is a problem we do not usually encounter when exposed to a narrative because it is expressed directly in terms of our world experience (there are counterexamples in which the narrative is more language-led, to some extent as in mathematics: James Joyce’s Ulysses or the charming nonsense rhymes of Lewis Carroll put us in the situation of an infant trying to make sense from the context of words whose meaning he does not know, and we certainly love that feeling!). But narration has no intrinsic truth, while the meaning of mathematics is more remote.

The two aspects of mathematics and narrative I wish to explore are exactly these: we expect mathematical texts to be “true” according to a certain precise definition, and this is indeed a very strong constraint. We do not expect narratives to be true in the same sense (hence the Italian quotation at the beginning of this chapter)—think of Marco Polo’s account or of Alice in Wonderland—but we do expect them to be meaningful. The connection I wish to establish between mathematics and narrative is that mathematics has to be meaningful in a strong but nonobvious sense, and narrative has to be true also in a strong but nonobvious sense. The reason is quite simple: they are both products of the interactions between our (physical, emotional) perception of the world and certain very strong and mostly unconscious pulsions, some of which are related to the Freudian unconscious but many of which are of a different nature that remains to be explored.

One extreme example of analysis of a special set of narratives is the work of Claude Lévi-Strauss (1964–68) on collections of Amerindian myths. It is as elaborate as the analysis of the structure of some mathematical texts could be, if such an analysis were ever done in the same spirit. It would be fascinating to have an analysis of mathematical texts that tries to bring to light their “hidden meaning” and the manner in which that meaning interacts with the structure, as Lévi-Strauss handles narrative. Such an approach would complement the checking of their correctness and the understanding and refining of the tools used. Indeed, creative mathematical minds often “extract meaning” from the texts they study, and their writings do have meaning, but it is rarely explicitly presented as such. Meaning is evoked in the rational discourse, but in much the same way as a shaman evokes the world of spirits.

As this observation suggests, one of the obstacles to understanding the relation between mathematics and narrative is that, two centuries after Kant, the dominant scientific culture has not yet completely accepted the fact that meaning is not reducible to rational and conscious thought.

I propose that one should distinguish between the foundations of truth and the foundations of meaning. It will then become possible to examine the real differences—and similarities—between narrative meaning and mathematical meaning, and the differences and similarities between the pulsions that lead to the creation of narrations and those that lead to the creation of mathematics.

The foundations of meaning are just as necessary to scientific thought as the foundations of truth, and recent progress in the cognitive sciences has created radically new possibilities for their study. This progress provides the beginning of a new understanding of our perception of the world, of memory, and of the myriad unconscious events we host. Such an understanding in turn becomes a source of new concepts and allows us to imagine new modes of explanation that take into account our unconscious relationship with the world and could replace the ineffectual attempts to analyze meaning “rationally” with the help of terms such as “metaphor,” whose meaning itself wants explaining through the use of other terms, and so on in an endless regressive flight from the real issues.

I present an early view, extremely rudimentary, of the “cognitive meaning” that I hope may shed some light on the relations between mathematics and narrative.

There are two types of elements:

1. A cognitive interpretation of some primitive mathematical objects. The progress of neurosciences allows us to begin to see the biological basis of the irreducible constitutive role of space and time in our representation of phenomena, a role on which Kant, Poincaré, Hermann Weyl, Enriques, and others have placed so much emphasis.

2. The energy source and structuring provided by what I call “low-level thought.” This terminology is not disparaging; rather, it is inspired by the study of vision, which took off when physiologists tried modeling “low-level vision,” which is the immediate part of vision, before color or scene interpretation. Admittedly, this concept is not perfectly clearly defined, but neurophysiology begins to provide an intricate and convincing description of the way it works in higher mammals, including humans, and of the role of the various visual areas in the brain.

By “low-level thought” I mean involuntary and most often unconscious thought processes. Low-level thought includes making involuntary judgments, such as distinguishing between immobile and mobile, between inhomogeneous and homogeneous, and the processes involved when we automatically compare things that are comparable (for example in their size), detect temporal or spatial regularities or symmetries, make analogies, distinguish between an object and its attributes, and identify objects that exactly share features of interest to us. Low-level thought also encompasses what are apparently fundamental needs, or pulsions of the human mind, such as the obstinate search for causes or origins; the need to ask, whenever A implies B, whether B implies A; the need to project into the future, to predict, to create rituals, to complete what is incomplete, to decompose a complex object or mechanism into simple objects or mechanisms, to classify, and many other activities.

The study of such low-level thought remains to be done. It is so close to us that we do not see it. It appears, nevertheless, at each step of “rational” thought, even in the most abstract domains. To make a list of low-level judgments and pulsions is in itself a challenge.

It seems that Augustine (as far as time is concerned, in the Confessions) and, in a more philosophical manner, Aquinas and Maïmonides were the first to clearly recognize, in the special case of the attributes of divinity in their respective religions, that such automatisms of thought could lead to paradoxes (see Maïmonides [1190] 2004).3 Another example is this: a stone can be used to grind cereals or to bash your enemy’s head: it is an operator, producing different results according to the object to which you apply it, just like addition or partial differentiation (as first seen, apparently, by Georges Boole). Do we have an innate notion of “operator” that also applies in narrations? For example, do we also perceive time as an operator that modifies beings?

The idea common to these two elements is that our brain is the seat of unconcious and unvoluntary activities, of which a part resembles mathematics, and that these unconscious activities interact with our conscious activities as reservoirs of meaning.

What we perceive as meaning is in fact a resonance produced by our physiology between our conscious thought and the structure of the world such as it is integrated, unconsciously, by our senses. This resonance is far from being an isomorphism in the sense described below; on the contrary, it has to be flexible enough to propagate along very elaborate linguistic and formal constructions. In what follows I will try to illustrate this idea with the simplest examples.

Let us now return to the cognitive interpretation of mathematical objects. I have begun to work out the case of the line. It can be summarized as follows (for more details, see Teissier 2009).

1. The Cognitive Foundations of the Real Line

1.1. The Vestibular Line

The vestibular system in the inner ear measures with high accuracy accelerations of all kinds. It plays an important part in the survival of bipeds because it provides an extremely fast response when the subject stumbles; the head is shot forward with a high acceleration. It is also used to compensate for the up-down motion of the head during ambulation in order to provide a stable view of our environment. Above all, with memory, it constitutes an excellent inertial navigation system, keeping track of all our accelerations. According to the principle of Galilean relativity, the only motion that gives no signal (except the up-down head motion, which is distinct from other kinds of motion) is ambulation at a constant speed in a fixed direction. Of course, the neurophysiological description is much richer than this (for more precise information, see Alain Berthoz’s beautiful book, Le sens du mouvement [1997], and a synthetic presentation in La décision [Berthoz 2003]).

Let us call this dynamic state of motion with minimal excitation the vestibular line. We note that it is naturally parametrized by time and rythmed by the steps. The only way to know the distance traveled after walking blindfolded at a constant speed in a fixed direction is to use a clock, biological or not, or to count the steps.

1.2. The Visual Line

The optic nerve transmits electrical impulsions produced in the retina by the impact of photons to neurons in the visual areas of the cortex, which exhibit a diversity of spatio-temporal receptive fields. Some of these receptive fields detect the presence in a given direction of sight of a small segment with a given orientation, for example, vertical. Other receptive fields allow the detection of movement (see Berthoz 1997 and Ninio 1989). Neurons sensitive to orientation and corresponding to sufficiently close directions of sight excite one another if they detect segments having the same orientation much more so than if they detect segments with different orientations. One might say that parallel transport is cabled into the visual system, although reality is much more complex. The geometry of the connections between neurons does not determine the working of the visual system, which also depends on dynamic interactions between the visual areas, between the two hemispheres of the brain, and so on. It is better to speak of the functional architecture of the visual areas. In any case, this architecture permits the detection of curves, and among curves straight lines, where a straight line is “a curve having everywhere the same orientation,” according to the perceptual definition of Jacques Ninio (see Ninio 1989). It seems that already in the first visual area, V1, a network of excitations and inhibitions of neuronal activity permits detection of contours or lines, and lines play a special role in the visual areas coming after V1. In summary, the detection of a line (or, more accurately, a segment) corresponds to a particular state of excitation (probably extremal in some sense) of an assembly of neurons in the visual cortex. Let us call such a state a visual line. It should be noted that the existence of the visual line in this sense is by no means obvious, and the strong evidence pointing to it is quite recent.

Now the very strong connections in the mammalian brain between the visual system, the motor system, and the vestibular system enter the picture. These connections have been studied in particular in the laboratory of Alain Berthoz at the Collège de France and amply justify Poincaré’s (Poincaré 1902) intuition that the position of an object in space is related to the set of muscular tensions corresponding to the movement we must make to capture it by the equivalent of a coordinate change. It is permissible, in my opinion, to claim that the evolution of our perceptual systems has created an isomorphism between the visual line and the vestibular line. I tried to show its importance for the meaning of the mathematical line in Teissier (2009), where I called it the Poincaré-Berthoz isomorphism.

It is not an isomorphism in the set-theoretical sense; I cannot exhibit a bijection of one object onto the other respecting the structures, since both are dynamic states of neuronal assemblies. It would perhaps be more appropriate to speak of “correspondence.” It is possibly an isomorphism in a category of percepts. In any case, it allows us to transport the structure from one line to the other; we can use it to parametrize the visual line by time. This is what allows us to imagine that we are moving along a geometric line, and more generally, that any movement takes place along a curve or a graph; and it also allows us to accept as obvious the fact that time is described by the geometric line, as well as the continuity properties of the set of real numbers, its Archimedean property (in a finite number of steps I move beyond any given point on the line). This is the kind of picture that Einstein said played an important role in his thought processes.

2. Comments on the Cognitive Line

I suggest that the signification, or meaning, of the mathematical line is the protomathematical object obtained by identification of the visual line and the vestibular line, and that the “mathematical intuition” that is at work in a proof concerning real numbers has its origin there much more than in the definition of the real numbers by completion of the rationals or by the fact that they form a real-closed field.

I can see a proof concerning real numbers as a narration taking place on the real line, where its visual aspect is complemented by the fact that it contains, in a way that seems natural to me, the integers (steps) and also the rationals. I see what it means that a sequence converges, or that a subset is discrete.

An interesting aspect of the Poincaré-Berthoz isomorphism is that the visual line and the vestibular line do not have the same natural “motions.” The only natural automorphisms of the vestibular line are the translations x → x + b, or at most affine transformations x → ax+b, if one permits different speeds of uniform translation. Concerning the visual line, or segments, any two closed segments in space are equivalent by an affine automorphism of the ambient space (which appears “external” from the vestibular viewpoint, corresponding to a change in the position of the observer) and in particular are comparable (can be brought to lie on the same line) at the price of a length-preserving linear automorphism. It is possible that this simple fact, added to the low-level pulsion to “compare what is comparable,” lies at the source of the Greek theory of ratio, or logos, which is so beautifully explained in David Fowler’s book, The Mathematics of Plato’s Academy (1987). The question of comparing with absolute precision two segments in space is solved by the Greeks by first bringing both to lie on the same line by an affine isometry of the ambient space, as above, then counting how many times (say, a0) the smaller one “goes into” the larger one. The next step is to count how many times the segment obtained by substracting a0 times the smaller segment from the larger (the remainder) one goes into the smaller segment, obtaining a new integer a1, and so on. The ratio of two segments is thus described by a sequence of integers, which is infinite if the ratio is irrational. In more modern terms, it is the continued fraction expansion of the real number that is the quotient of the length of the larger segment by the length of the smaller. A degenerate version of this operation, its restriction to ratios that are rational numbers, survives under the name of Euclid’s algorithm.

Another aspect of the Poincaré-Berthoz isomorphism is that it identifies the visual continuum with the continuum of motion, which has enormous consequences. It permits the invention of the notion of trajectory parametrized by time, and subsequently the concepts of function, speed, and finally space-time.

I believe that important mathematical developments, and in particular the nebula of ideas surrounding Cantor’s set, owe their birth to the apparent contradiction between the cognitive definition of the line (or segment) and the (low-level) need to understand a segment as a set of points. This is related to another important cognitive concept, that of boundary. It is certainly fascinating to see Aristotles’ cognitive and low-level thought interact when he studies the possibility that space and time are made of indivisibles.

This type of analysis extends to the plane and to space. For example, the plane can be parametrized in two different ways by the vestibular system, in Cartesian coordinates and in polar coordinates. But the perceptual definition of space is more complicated from both the visual side (it uses binocular vision in a way that is not so simple) and the vestibular side (we cannot leave the plane so easily). Only the motor aspect is fairly straightforward if one has the neurophysiological data. But since a large part of the problem is to understand the integration of all these perceptions, a lot remains to be done. I refer again to Berthoz’s (1997, 2005) work.

From such primitive but highly meaningful mathematical objects, our conscious thought, constantly spurred on by our unconscious, ‘low-level thought, has, by a number of processes, built the world we call mathematics. I am tempted to say that a mathematical statement, or text, is deemed “interesting” if it can be “connected down” to a set of primitive mathematical objects, such as the line just described, by a succession of operations each of which corresponds (perhaps not very precisely) to the satisfaction of a set of low-level pulsions or desires. This statement is perhaps a bit outrageous, and counter examples may spring to mind, but still I claim that it has some interest.

The concept of proof is important because the behavior of the new mathematical objects created to answer pulsions tends to be unpredictable and generate paradoxes, and therefore we need to really learn their character precisely. But their meaning does not come from that.

What about narration, then? Whereas in mathematics, objects are often described by their definitions and denoted by letters, and we seek their meaning, in narratives we have a priori meaningful characters or events, but the truth of the narration is in the coherency or compatibility of the nature of the characters we see and their behavior. For example, in La chartreuse de Parme we learn a lot about the character of Fabrice from the description of his behavior during the battle. Thereafter, in each circumstance, we expect him to behave in a certain way. The truth of the novel is that indeed he does, essentially. According to Christian belief, after death, the soul departs. Now, our low-level thought likes to have operators when there are operations. So “something” has to take the soul away. And the devil is a good candidate, although not the only one. So there are many stories where the devil tries to steal the soul before its time, or to negotiate for the soul, and so on. The “truth” of these stories is that the devil behaves in character.

If we could reduce proofs to checking a sequence of logical implications in some formal description of the mathematical objects involved, could we not say that the formal description captures the “character” of the objects and that the proof consists in checking that they behave according to their character?

I believe that on the contrary, the fact that everyone behaves according to character (the truth) does not in general give the meaning of the narrative, just as in mathematics. In novels as in myths, not only are the characters chosen according to the meaning one wishes to give to the narration but they are submitted to many forces, which may be unconscious even for the author. Part of the interest of the character of Hamlet is precisely its ambiguity in the play.

3. Conclusion

Both in mathematics and in narration, a text is a dialogue between meaning and truth that runs in part according to our low-level thinking and pulsions and in part according to our conscious thoughts. Its referents for meaning are mostly unconscious and stem from our perception of the world, either through our perceptual system or though our social interactions, which we share with primates to a large extent. What makes the narration or the mathematics interesting is the vivacity of the dialogue and of the meaning it evokes, and its coherence as a construction, again from the viewpoint of our low-level thinking.

The following experiment (carefully prepared and controlled as ethologists do) was published in Nature some ten years ago. I learned of it from Dominique Lestel, a primatologist at the École normale supérieure:

Two chimpanzees are simultaneously given bowls of grapes. They have been taught that whenever one of them takes a bowl, it shall be given to the other. The bowls contain different numbers of grapes, and the experiment shows that each chimpanzee just cannot resist the desire to take the bowl with the larger number of grapes. It even makes them furious, as they understand fully that this is a mistake. When a similar experiment is done with the grapes replaced by balls of clay, the chimps have no problem whatsoever in making the right choice to optimize the number of balls of clay they get. Their logic is no longer overwhelmed by desire. The account of the first part of the experiment is a microtragedy, an almost Shakespearian narration for its scale, and the second part is a simple exercise in logic. I hope to have convinced you, however, that the relationship between mathematics and narrative goes much deeper than the struggle between reason and desire. They have in common that their creation is the result of strong pulsions, some of which are common to both, and of which we are largely unaware. The novelty is that we can begin to imagine in a nonreductionist manner how the material that I call “meaning” on which these pulsions work is connected to the functional architecture of our brain.

NOTES

1. “If it is not true, it is well invented.”

2. “Because it is indeed meaning that separates the true from the false.” See Thom (1991), 132.
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CHAPTER 9

Narrative and the Rationality of Mathematical Practice

DAVID CORFIELD

1. Introduction

How is it to act rationally as a mathematician? For much of the Anglo-American philosophy of mathematics this question is answered in terms of what mathematicians most obviously produce—journal papers. From this perspective, the mathematician’s work is taken to be of interest solely insofar as in consists in deducing the consequences of various axioms and definitions. This view of the discipline, with its strong focus on aspects of mathematics that do not feature largely elsewhere—its use of deductive proof, its supposed capacity to be captured by some formal calculus, the abstractness of the objects it studies—isolates the philosophy of mathematics from philosophical accounts of other forms of enquiry.

Against this position, some have refused to class as philosophically insignificant readily observable similarities between mathematics and the natural sciences, such as that each discipline has its own very long history. Mathematics constitutes a continuous intellectual effort stretching back through many centuries, “one of mankind’s longest conversations,” as Barry Mazur beautifully describes it. And, as with the sciences, this is not just any conversation, but a series of vigorous, socially embodied arguments as to how the field should progress. Now, one of the few philosophers to make much of these and other similarities with the natural sciences was the philosopher Imre Lakatos. His understanding of what constitutes rational enquiry led him to call on mathematical practitioners not to hide their conceptual thinking behind the formal barrier of journal articles, but rather to expose their work in novel ways, telling the stories of the development of their concepts. Indeed, Lakatos went so far as to call for a “mathematical criticism” to parallel literary criticism.1 He did so not merely for pedagogical reasons, but also because he believed that this would provide the conditions for mathematics to take its proper course.

While there is much to admire in Lakatos’s philosophy of mathematics, I believe I have shown it to be wanting in several respects (see Corfield 2003, chaps. 7, 8). What I would like to begin with this essay is an attempt to bring to mathematics what I take to be a superior account of rational enquiry, that of the moral philosopher Alasdair MacIntyre. If the reader is surprised that I turn to a moral philosopher, this reaction may be lessened by noting that both MacIntyre and I advocate realist philosophical positions in domains where many have wanted to rewrite the respective objects out of existence. In ethics, “Murder is wrong” is rephrased by the emotivist as “I don’t like murder”; in mathematics, “2 + 2 = 4” has been rewritten by the logicist as an analytic truth. But there’s more than just realism at stake, as MacIntyre and I both look for an objectivity reflected in the organization of historically situated practices, and here we share a common influence in the philosophy of science of the 1970s. MacIntyre’s account of enquiry is an intricate one. In this essay I sketch some of its salient features, and intersperse thoughts on their relevance to mathematics.

2. Three Versions of Enquiry

In his Three Rival Versions of Moral Enquiry, Alasdair MacIntyre (1990a) distinguishes among the encyclopedic, genealogical, and tradition-constituted versions. The encyclopedic version of enquiry presumes a single substantive conception of rationality, one that any reasonable, educated human being can follow. It separates intellectual enquiry into separate domains—science, aesthetics, ethics, and so forth, architectonically arranging each. It aims to cast theoretical knowledge in the form of transparent reasoning from laws or first principles acceptable to all reasonable people. These laws are derived from facts, or tradition-independent particular truths. The high-water mark of commitment to this version of enquiry is reached in the Scottish intellectual circles of the second half of the nineteenth century, whose goal was to encapsulate the totality of what was known in an encyclopedia, successive editions of which would reveal an inevitable progress. From the introduction of the ninth edition of the Encyclopaedia Britannica we read:


The available facts of human history, collected over the widest areas, are carefully coordinated and grouped together, in the hope of ultimately evolving the laws of progress, moral and material, which underlie them, and which help to connect and interpret the whole movement of the race.



Such an optimistic conception of enquiry has all but disappeared among ethicists, but for MacIntyre, its ghost haunts the field’s unresolvable debates, as it does other branches of philosophy.

Nietzsche certainly did not view the moral theories current in Western Europe in the late nineteenth century as the rational products of mankind’s finest minds, emancipated from the yoke of centuries of tradition—“This world is the will to power—and nothing besides, and you yourselves are also this will to power—and nothing besides.” For him, the world is an interplay of forces, ceaselessly organizing and reorganizing itself, giving rise to successive power relationships. The task of those adopting genealogical enquiry, then, is to discredit received wisdom by the unmasking of the will to power.

Genealogists and encyclopedists agree that their accounts of reason exhaust the possible options, but there is a third possibility, namely, that


reason can only move towards being genuinely universal and impersonal insofar as it is neither neutral nor disinterested, that membership in a particular type of moral community, one from which fundamental dissent has to be excluded, is a condition for genuinely rational enquiry and more especially for moral and theological enquiry. (Macintyre 1990a, 59)



This MacIntyre calls tradition-constituted enquiry. We are less aware of this version of enquiry, he claims, because of a rupture in philosophical theorizing that took place between the time of Aquinas and that of Descartes, the rejection of Aristotelianism, resulting in the formulation of philosophy as the search for clear and evident first principles, the patent lack of which has fed skepticism. For Plato and Aristotle, however, philosophical enquiry was conceived of as a craft, requiring something akin to apprenticeship.

Since this conception of enquiry is much less familiar to us, I shall quote at length MacIntyre’s description of what it is to work within a craft:


The standards of achievement within any craft are justified historically. They have emerged from the criticism of their predecessors and they are justified because and insofar as they have remedied the defects and transcended the limitations of those predecessors as guides to excellent achievement within that particular craft. Every craft is informed by some conception of a finally perfected work which serves as the shared telos of that craft. And what are actually produced as the best judgments or actions or objects so far are judged so because they stand in some determinate relationship to that telos, which furnishes them with their final cause. So it is within forms of intellectual enquiry, whether theoretical or practical, which issue at any particular stage in their history in types of judgment and activity which are rationally justified as the best so far, in the light of those formulations of the relevant standards of achievement which are rationally justified as the best so far. And this is no less true when the telos of such an enquiry is a conception of a perfected science or hierarchy of such sciences, in which theoretical or practical truths are deductively ordered by derivation from first principles. Those successive partial and imperfect versions of the science or sciences, which are elaborated at different stages in the history of the craft, provide frameworks within which claimants to truth succeed or fail by finding or failing to find a place in those deductive schemes. But the overall schemes themselves are justified by their ability to do better than any rival competitor so far, both in organizing the experience of those who have up to this point made the craft what it is and in supplying correction and improvement where some need for these has been identified. (Macintyre 1990a, 64–65)



So we have the movement of a community of enquirers toward a telos, where the best understanding of this movement is through a narrative account of the path to the present position. Becoming a member of the community, you identify with this story and seek to find your place in its unfolding. The understanding of this story is passed on by teachers, who instruct new members in becoming experts in the community.


The authority of a master is both more and other than a matter of exemplifying the best standards so far. It is also and most importantly a matter of knowing how to go further and especially how to direct others towards going further, using what can be learned from the tradition afforded by the past to move towards the telos of fully perfected work. It is thus in knowing how to link past and future that those with authority are able to draw upon tradition, to interpret and reinterpret it, so that its directedness towards the telos of that particular craft becomes apparent in new and characteristically unexpected ways. And it is by the ability to teach others how to learn this type of knowing how that the power of the master within the community of a craft is legitimated as rational authority. (Ibid., 65–66)



For the encyclopedist there is no need for such lengthy instruction; for the genealogist what is at stake is indoctrination to maintain power.

Now, leaving aside the question of whether a tradition-constituted account of moral enquiry is plausible, let’s see how these three versions might translate to more precise forms of enquiry. A later genealogist, Michel Foucault, distinguished the human sciences from mathematics, cosmology, and physics, which he described as “noble sciences, rigorous sciences, sciences of the necessary” where, unlike in economics or philology, “one can observe in their history the almost uninterrupted emergence of truth and pure reason” (1970, ix). This hasn’t stopped genealogically inspired studies of science.

3. Scientific and Mathematical Enquiry

With MacIntyre’s trichotomy in hand, we can now try to classify contributions to the philosophy of science. This might run as follows:

• Encyclopedic: The Vienna Circle, logical empiricists, most contributors to contemporary realist/antirealist debates.

• Genealogical: Sociologists of scientific knowledge, Latour, and other targets of Sokal.

• Tradition-constituted: Collingwood (“The Idea of Nature”), Lakatos, Laudan, Polanyi, Friedman (“Dynamics of Reason”), MacIntyre.

We see in the following quotations MacIntyre’s advocacy of a tradition-constituted philosophy of science:


[N]atural science can be a rational form of enquiry if and only if the writing of a true dramatic narrative—that is, of history understood in a particular way—can be a rational activity. (MacIntyre 1977, 464)




It is more rational to accept one theory or paradigm and to reject its predecessor when the later theory or paradigm provides a stand-point from which the acceptance, the life-story, and the rejection of the previous theory or paradigm can be recounted in more intelligible historical narrative than previously. An understanding of the concept of the superiority of one physical theory to another requires a prior understanding of the concept of the superiority of one historical narrative to another. The theory of scientific rationality has to be embedded in a philosophy of history. (Ibid., 467)



This position has been hard to sustain, and is frequently taken to be identical to geneaology by advocates of encyclopedic rationality, and vice versa. MacIntyre explains how the tradition-constituted, or Thomist, position is consistently misunderstood:


[To] introduce the Thomistic conception of enquiry into contemporary debates about how intellectual history is to be written would, of course, be to put in question some of the underlying assumptions of those debates. For it has generally been taken for granted that those who are committed to understanding scientific and other enquiry in terms of truth-seeking, of modes of rational justification and of a realistic understanding of scientific theorizing must deny that enquiry is constituted as a moral and a social project, while those who insist upon the latter view of enquiry have tended to regard realistic and rationalist accounts of science as ideological illusions. But from an Aristotelian standpoint it is only in the context of a particular socially organized and morally informed way of conducting enquiry that the central concepts crucial to a view of enquiry as truth-seeking, engaged in rational justification and realistic in its self-understanding, can intelligibly be put to work. (MacIntyre 1998, 193)



This misunderstanding, not just on the part of opponents but also of philosophers who might have happily adopted such a position, may cast some light on the case of Thomas Kuhn. While I have heard him described disparagingly as a “progressivist,” he is often taken by “orthodox” philosophers of science to belong to the genealogist camp. I am sure this latter view is wrong. Remember that The Structure of Scientific Revolutions first appeared in the Encyclopedia of Unified Science, edited by the Vienna Circle member Rudolf Carnap. Perhaps the difficulty in locating Kuhn reflects a problem with the consistency of his own position. The Kuhn of the 1962 edition of Structure has appeared to most readers as a relativist. He observes a lack of ontological convergence in the historical record, that, for example, Einstein is closer in some ways to Aristotle in their common reliance on notions of a field than he is to Newton. This, coupled with the thought that paradigm change is a largely irrational process, leads to the relativist charge. The later Kuhn, followed by Laudan, attempted to evade such a charge by arguing that we see improvements in problem- or puzzle-solving capacity as we pass from one scientific theory to the next. This is not sufficiently robustly realist for MacIntyre, and his comment on the question of nonconvergence is via narrative, to insist that no plausible story could be told of how to move from Aristotle straight to Einstein, whereas one clearly could be written that passes via Newton.

Now let’s see whether the trichotomy can be made to work in the philosophy of mathematics.

• Encyclopedic: Formalism, logicism, intuitionism. Analytic style responses to Benacerraf, indispensability arguments, structuralism, fictionalism.

• Genealogical: Bloor (1994) on 2 + 2 = 4, MacKenzie (2001) on deduction, Pickering (1995) on quaternions—these are mild forms.

Stronger forms come from mathematicians complaining about what they see as wrong directions, or limited viewpoints, but they only extend the unmasking attitude to others’ work, protecting their own rationality. For example, Arnold declares:


In the middle of the twentieth century a strong mafia of left-brained mathematicians succeeded in eliminating all geometry from the mathematical education (first in France and later in most other countries), replacing the study of all content in mathematics by the training in formal proofs and the manipulation of abstract notions. Of course, all the geometry, and, consequently, all relations with the real world and other sciences have been eliminated from the mathematics teaching. (Arnold n.d., 3)



• Tradition-constituted: Lakatos, (Kitcher), Maddy, Krieger, McLarty, Marquis. . . .

Where Lakatos called for an equivalent of literary criticism, genealogists would call for an equivalent of some forms of cultural theory, as in some contributions to Herrnstein Smith and Plotnitsky (1997). Kitcher’s name I place in brackets because although The Nature of Mathematical Knowledge (Kitcher 1984) is concerned with the rational transmission of practices, the larger framework developed over the second half of the book is in the encyclopedic style. I place Krieger in the tradition-constituted camp since with Doing Mathematics (2003), he has done more than anyone to emphasize the craftlike nature of mathematics.

That I take Lakatos as a proponent of tradition-constituted enquiry may surprise some people. While he clearly focuses on historically situated research, he is often perceived to deny that we aim at the timeless. But consider these claims:


As far as naïve classification is concerned, nominalists are close to the truth when claiming that the only thing that polyhedra have in common is their name. But after a few centuries of proofs and refutations, as the theory of polyhedra develops, and theoretical classification replaces naïve classification, the balance changes in favour of the realist. (Lakatos 1976, 92n)



For Lakatos, one achieves the real through dialectical reasoning, perfectly well-defined entities being discarded along the way. This points to a much more interesting distinction than is covered by contemporary encyclopedist uses of the terms “nominalism” and “realism,” which are employed in blanket fashion: Either all mathematical entities exist or none do. Instead, we can seek to locate this distinction in the opinions of a single mathematician, such as André Weil. In the fragment of the letter to his sister that in his Collected Works is tacked on to the end of another letter, Weil likens the mathematician’s work to that of a sculptor working on a hard piece of rock whose structure dictates the emerging shape. This marks the perfect contrast to the passage in the full letter where Weil describes the experience of formulating axioms for uniform spaces as follows: “When I invented (I say invented, and not discovered) uniform spaces, I did not have the impression of working with resistant material, but rather the impression that a professional sculptor must have when he plays with a snowman” (Krieger 2003, 304).

Lakatos observes in “History of Science and Its Rational Reconstructions” (1971) that inductivist philosophers of science with their limited perspective on what constitutes scientific rationality leave the door wide open for relativist sociological accounts to explain the remainder. Something similar happens in the philosophy of mathematics. Where they give the impression that they are stout defenders of truth in our relativist times, the limited place analytic descendants of the encyclopedist position accord to rationality in mathematics is in fact quite simply dangerous. They like to drive a wedge between mathematics and science by pointing to the cumulative nature of mathematical truths, where physics seems to involve frequent overhauls. To the response that the way mathematical results are considered is radically transformed over time, they may then invoke a hard/soft divide. The hard facts are permanently established, while the soft ways we think about them, such as the position they might come to hold in a completed system, or the new light they cast on our conceptions of symmetry, dimension, or quantity, for example, may change. But the drawing of the hard/soft distinction ought to be seen for what it is—a huge concession to the genealogist. Rational considerations must apply to the soft stuff, or else all those decisions made by referees to reject logically correct but not terribly interesting papers, and all those decisions to award prizes to promising young mathematicians, are purely whimsical choices, or worse, mere politicking. Genealogical sociologists of knowledge wouldn’t have to compete to claim the territory yielded to them but instead could start picking away at the tiny residue to which encyclopedists are left clinging.

This insistence on the exclusive philosophical interest in the “established” is damaging in the extreme because it stops us from talking about the historical and societal aspects of mathematical practice, something we must do if we wish to treat the vital decisions of mathematicians as to how to direct their own and others’ research as more than mere preferences. Subtract the society of mathematicians’ indwelling in their theories, to borrow a term from Polanyi, and all you have left is a lot of black ink on a lot of pages. They may reply that these are not the concerns of philosophy, but to say so is to exclude from philosophy much of Plato’s own writings on mathematics. In The Republic (528b–e), during his discussion of the overall shape contemporary mathematics was taking, he complains of the underdeveloped state of three-dimensional geometry, bemoans the lack of willing students, and suggests that if the state showed interest and funded it, things would improve.

The hard/soft distinction is not entirely dissimilar to the historian Leo Corry’s body/image distinction:


For the purposes of the present discussion it will suffice to point out that this is a flexible, schematic distinction focusing on two interconnected layers of mathematical knowledge. In the body of mathematics I mean to include questions directly related to the subject matter of any given mathematical discipline: theorems, proofs, techniques, open problems. The images of mathematics refer to, and help elucidating, questions arising from the body of knowledge but which in general are not part of, and cannot be settled within, the body of knowledge itself. This includes, for instance, the preference of a mathematician to declare, based on his professional expertise, that a certain open problem is the most important one in the given discipline, and that the way to solve it should follow a certain approach and apply a certain technique, rather than any other one available or yet to be developed. The images of mathematics also include the internal organization of mathematics into sub-disciplines accepted at a certain point in time and the perceived interrelation and interaction among these. Likewise, it includes the perceived relationship between mathematics and its neighbouring disciplines, and the methodological, philosophical, quasi-philosophical, and even ideological conceptions that guide, consciously or unconsciously, declared or not, the work of any mathematician or group of mathematicians. (Corry 2006: 3)



But Corry naturally recognizes both body and image as integral parts of mathematics. A history of mathematics required to remain at the level of the body would be unimaginably tedious and, worse still, misrepresentative. Some histories have been written approximating to this remit, and indeed are extremely dull. Such histories are the natural bedfellows of much contemporary encyclopedist philosophy of mathematics. Little can be learned from them.

Corry continues by rightly pointing out that


The images of mathematics of a certain mathematician may contain tensions and even contradictions, they may evolve in time and they may eventually change to a considerable extent, contradicting at times earlier views held by her. The mathematician in question may be either aware or unaware of the essence of these images and the changes affecting them. (Ibid., 4)



But a tradition-constituted philosophical account of rationality cannot rest content with this observation. It requires of mathematicians that they make great efforts to clarify these images and to refine them by learning from the internal tensions revealed within critical discussion with other practitioners. For the mathematical sciences, Michael Friedman’s (2001) account of the necessity of prospective metaparadigmatic work makes a similar point.2

In view of the yielding up of so much of mathematical activity to irrationalism by the modern descendants of the Encyclopaedists, the interesting battle line would seem to be between genealogists and exponents of the tradition-constituted approach, both versed in the history of the subject. But how to characterize what’s at stake? As a starting point, we might use the following claims as a demarcation: Lakatos tells us in Proofs and Refutations (1976) that “any mathematician, if he has talent, spark, genius, communicates with, feels the sweep of, and obeys this dialectic of ideas” (146), while for Bloor, “Lakatos’s discussion of Euler’s theorem . . . shows that people are not governed by their ideas or concepts. . . . [I]t is people who govern ideas not ideas which control people” (1976, 155). However, the editors of Proofs and Refutations declare that Lakatos would have modified the passage from which his quotation is taken “for the grip of his Hegelian background grew weaker and weaker as his work progressed” (146n2) and that he came to think human ingenuity is required to resolve problems. The editors, students of his, have come in for much criticism for these footnotes, but they may well be right about Lakatos’s change of mind, which is not to say that they are also right about the Hegelian grip. In any case, it is quite proper for an advocate of the tradition-constituted version of enquiry to accept Lakatos’s modification. If rational enquiry is likened to a craft, evidently it requires diligence and other virtues for its practice. It is not just a matter of not standing in the way of dialectical progress; one must actively engage in the process.3

This is not the proper boundary. No, rather it is the notion of progress toward a telos that distinguishes genealogy and tradition. What candidates, then, do we have for a telos of mathematical enquiry?

4. The Telos of Mathematical Enquiry

What is the aim of mathematics? What are the internal goods it seeks? The production of as many mathematical truths as possible? Mathematicians typically point us elsewhere, or else use “truth” and its cognates in an atypical way. Réné Thom, for example, tells us that “Ce qui limite la vérité, ce n’est pas le faux, c’est l’insignifiant” (“What limits the true is not the false but the insignificant”) (1980, 127), while Vaughan (Jones 1998, 204) remarks, “the ‘truth’ of a great piece of mathematics amounts to far more than its proof or its consistency, though mathematics stands out by requiring as a sine qua non, a proof that holds up to scrutiny.” But then, what is progress toward if not some ultimate logical correctness?

One should expect, and welcome, different views about the aims of mathematics. In one of his Opinions,4 Doron Zeilberger suggests that the discovery by computer of humanly inachievable results is one such aim, but others disagree. I shall follow them here. Good mathematicians don’t just know facts as if they were people succeeding on a quiz show. Rather, as MacIntyre claimed about any craftsmen, they know how things behave, they sense promising directions, and they communicate a vision of how things might be. This is surely why mathematics examination questions go a certain way. State a result, prove it, and then apply it in a novel situation. What is being tested is fledgling understanding,5 and this accords with the views of William Thurston and other mathematicians on the ultimate aim of their field:


How do mathematicians advance human understanding of mathematics? (Thurston 1994, 162)

It cannot be too often reiterated that the aim of collegiate mathematics is the understanding of mathematical ideas per se. The applications support the understanding, and not vice versa. . . . (Mac Lane 1954, 152)

The desire to understand is the most important dynamic for the advance of Mathematics. (Mac Lane 1986, 454).

[A] proof is important as a check on your understanding. I may think that I understand, but the proof is the check that I have understood, that’s all. It is the last stage in the operation—an ultimate check—but it isn’t the primary thing at all. . . . [I]t is hard to communicate understanding because that is something you get by living with a problem for a long time. You study it, perhaps for years. You get the feel of it and it is in your bones. (Atiyah 1984, 305)



It is also not hard to find the goal of understanding appearing in the stated aims of branches:


A major aim of functional analysis is to understand the connection between the geometry of a Banach space X and the algebra L(X) of bounded linear operators from the space X into itself. (Bollobas 1998, 109)

Symplectic topology aims to understand global symplectic phenomena. (McDuff and Salomon 1995, 339)

Broadly speaking, as it should be, to understand most of the dynamics of most systems. . . . The ultimate goal of the theory should be to classify dynamical systems up to conjugacy. This can be achieved for some classes of simple systems; but even for (say) smooth diffeomorphisms of the two-dimensional torus, such a goal is totally unrealistic. Hence we have to settle to the more limited, but still formidable, task to understand most of the dynamics of most systems. (Yoccoz 1995, 246)



But can’t this understanding all be cashed out in terms of the “hard stuff,” those stable, “established” facts? Perhaps it depends on what the understanding is of: entities, results, theories, concepts. If you aim to advance the understanding of, say, finite groups, then classification is a big step; to advance understanding of a result may require a new proof; for symmetry, perhaps you need to define new entities such as groupoids or Hopf algebras and demonstrate their properties. For Thurston, however, understanding cannot be cashed out in terms of mathematical propositions. We can know our understanding has improved by the propositions we can now prove, but any conjectured proposition may turn out to be a poor indication of progress in a field:


just as Poincaré’s conjecture, [The Geometrization Conjecture] is likely not to be resolved quickly, but I hope it will be a more productive guide to research on 3-manifolds than Poincaré’s question has proven to be. (Thurston 1982, 358)



As understanding improves, of course, more results will be discovered, but the former must be taken as primary. The importance of the results rests on their revealing to a greater or lesser extent what the understanding has accomplished. Elsewhere, Thurston makes clear that he distinguishes the activities of proving results that are employed in classification situations and the promotion of understanding: “What mathematicians most wanted and needed from me was to learn my ways of thinking, and not in fact to learn my proof of the geometrization conjecture for Haken manifolds” (Thurston 1994, 176). He discusses how as he started out in mathematics, he found that


Mathematical knowledge and understanding were embedded in the minds and in the social fabric of the community of people thinking about a particular topic. This knowledge was supported by written documents, but the written documents were not really primary. (Ibid., 168)



This raises interesting questions as to whether mathematicians could employ permanent forms of recording to capture understanding. One would imagine that a much better job could be done using different forms of writing. But even if the written word is not the best medium to convey understanding, now we have the technological resources to make lectures available. This would seem to be a pressing problem if our precious understanding can be lost:


Today, I think there are few mathematicians who understand anything approaching the state of the art of foliations as it lived at that time. . . . (Ibid., 173)



Some recording sessions by these practitioners giving lectures, talking to each other, talking with graduate students might have allowed this understanding to survive.

But now, what is mathematical understanding? Let’s return to MacIntyre for a Thomistic Aristotelian view:


it is important to remember that the presupposed conception of mind is not Cartesian. It is rather of mind as activity, of mind as engaging with the natural and social world in such activities as identification, reidentification, collecting, separating, classifying, and naming and all this by touching, grasping, pointing, breaking down, building up, calling to, answering to, and so on. The mind is adequate to its objects insofar as the expectations which it frames on the basis of these activities are not liable to disappointment and the remembering which it engages in enables it to return to and recover what it had encountered previously, whether the objects themselves are still present or not. (1988, 56)



So adequacy of mind and object does not characterize a correspondence relation between judgment and judged, as in much of contemporary epistemology. There is a more subtle relationship at play here. Rather than a right/wrong dichotomy, sometimes augmented by an “approximately correct,” applied to one’s judgments, here we must consider all aspects of what the agent does, which we might place under the broad umbrella of “understanding.” Some part of what is at stake here has been termed cognitive control by Jukka Keranen (2005). More broadly it will include a larger sense of a field, its history and its future prospects, the kind of thing that allows you to write a survey article.

But MacIntyre insisted on perfected understanding:


enquiry can only be systematic in its progress when its goal is to contribute to the construction of a system of thought and practice—including in the notion of construction such activities as those of more or less radical modification, and even partial demolition with a view to reconstruction—by participating in types of rational activity which have their telos in achieving for that system a perfected form in the light of the best standards for judging of that perfection so far to emerge. Particular problems are then partially, but in key ways, defined in terms of the constraints imposed by their place within the overall structure, and the significance of solving this or that particular problem derives from that place. (MacIntyre 1984a, 148)



Is this notion conceivable, let alone required? Well, first, notice that the claim is not that perfected understanding in any branch of mathematics has been achieved or even that it is likely to be achieved. It is rather a regulative principle to make sense of improved understanding. Imagine that here we are with our rival mathematical understandings at time C. You understand earlier theory B to be an advance over even earlier A, while I don’t. You think your meta-understanding, which is really just a part of your understanding, is better than mine. Now, our successors will make their own minds up about comparisons between our understandings, and may well disagree with each other. If so, their accounts of the history of the tradition will be very different in the place they accord to us.

So what do I mean when I say, “My understanding, including all that meta-understanding, is better than yours”? Do I really just mean, “From my perspective, my understanding is better than yours”? I seem to be saying, “My account of the history of the tradition leading up to today is better than yours. and future generations will judge that my historical understanding was better than yours.” But is this enough? Besides a clause to the effect that the future generations assessing us had better be rational, and that needs explicating, I don’t just want my ideas to be thought to be right ten generations ahead, only for this judgement to be overturned twenty generations ahead and ever after. I’d also surely be depressed if I ever came to believe that every ten generations opinion would oscillate between thinking my understanding far superior to yours, followed by a regime that made the reverse judgement. By this I don’t mean I care about my understanding as mine, but rather as what it is about. I’d much rather it be found that your understanding was superior to mine ever after, that what we argued about found some resolution in the future. If we knew no such issue in our field ever found resolution, would we proceed?

So I’m hoping there’s a chain of improvements in understanding with a certain stability to it, where successive members of the chain can make good sense of the earlier stages, realise their partialities, and so on. And I’m also hoping there isn’t a whole series of other such chains making very different judgments about issues in my field. But is even this enough? If an angel whispered in my ear that there is something built into the human brain that means that in our field of study, however much it seems as though we’re getting at the truth, we will always be led astray, and if I believed that voice, would I continue with my work? In other words, I seem to want any future resolution to be arrived at for good reasons, which may not be accessible to us now but which relate to our descendants’ minds becoming, through new theories, equipment, and so forth, more adequate to the objects of the field. I don’t just want our descendants for all time to judge my understanding better than yours. I want them to be right about it.

Thinking about the possibility of an oscillation in our views of the past may be difficult for us now. Perhaps we have come to rely too heavily on the idea that our understanding steadily improves, give or take the odd loss, as a partial order, or more, as a cumulative improvement in the ordering of understandings from the past until now. And we expect this ordering to be largely preserved in the future. But of course, this is not necessarily so, and in other fields, such as moral inquiry, plausibly this is a hopelessly wrong story. For MacIntyre, we have largely lost a very subtle moral theory and are merely left with the useless fragments in our hands, which we don’t understand how to use. In mathematics, we may again be placed in the situation of those in the early centuries of the last millennium, trying to recover classical learning.

With the telos of perfected understanding, we can say about a particular piece of our reasoning today that its significance lies in the role it plays in forming the final organization. To contribute to this final organization is the end of an Aristotelian mathematician. If told that in ten years time a new approach would come along and make their work permanently unnecessary, in that their ideas would not have contributed to this better approach, would have left no trace, and would have led their students away from more promising courses, would a mathematician not want to stop what she is doing? So, a piece of mathematical reasoning written in full by an Aristotelian, such as it seems Thurston might be, should go something like as follows:


Since perfected understanding of its objects is the goal of mathematics, and since 3-manifolds are and plausibly will remain central objects of mathematics, with deep connections to other central objects, and since seeking sufficient theoretical resources to prove the geometrization conjecture will in all likelihood require us to achieve an improved understanding of 3-manifolds, and indeed yield us reasoning approximating to that of a perfected understanding, it is right for us to try to prove the geometrization conjecture.



Of course, we should not expect premises of this form to be mentioned at the beginning of every article, but our best reasons for taking 3-manifolds to be objects for a perfected mathematical understanding, and our best account of the place of the Geometrization Conjecture in a perfected understanding of 3-manifolds ought to be given somewhere, as Thurston (1982) himself did. It should also be updated as the object of enquiry is better discerned, and if need be, 3-manifolds as a concept can be jettisoned.

When encyclopedic thinking dominates, however, it promotes individualistic kinds of research less likely to engender rapid progress. We should expect the corresponding philosophy of mathematics, whose limitations we discussed earlier, to look for reasoning paralleling that of practical reasoning from the Enlightenment onward. These would include appeals to universal rationality, to utility, to personal preferences, and so on. I study X because:


• X is a universal truth expressible in ZFC. (But then why not just turn your automated theorem prover on?)

• I want to study X. (Why should you be supported?)

• X is or will be of maximum utility. (This suggests judging mathematics ends as external, in the Aristotelian sense.)



Notice also that the Aristotelian approach requires a notion of mathematical kinds, in this case that of 3-manifolds. A possible nominalist position holds that the definition of 3-manifolds does not cut out a natural class of entities, that is, it claims they are arbitrarily grouped together, having nothing more in common than that they happened to be named “3-manifolds.” The realist maintains that our best accounts will always find a place for this kind. Something similarly nominalist about the finite sporadic simple groups has been claimed, that they are better seen as belonging to a different class, some of whose members “happen” to be groups. An early venture into such a theory can be seen in my “Mathematical Kinds, or Being Kind to Mathematics” (Corfield 2005b), where attitudes toward groupoids are divided into three classes: they form a natural kind; they are useful but not essential; they are useless. From above, we can now gloss the second of these classes as: groupoids may currently usefully expand our understanding of certain fields, but would not feature in a perfected understanding of those fields.

Clearly, we are very far from achieving perfected knowledge at the present time. Tips of icebergs are being sighted everywhere. Other tropes include glimpses of mushrooms, archipelagoes, peaks in the mist, and dinosaur bones. With greater knowledge may come greater uncertainty. We should expect, then, that the mathematical parallel to Friedmannian metaparadigmatic work is very necessary at this time.

5. Rival Traditions

An important topic for a theory of inquiry is the resolution of rival claims to truth. For genealogists, disagreements are resolved by (masked) force, the will to power. Encyclopedists’ disagreements are resolved by debate on neutral ground, one side is simply shown to be wrong. What, though, of the tradition-constituted version? Well, Lakatos worried that Kuhn was advocating a “mob psychology,” and tried to find an improved Popperian account. Against Popper’s falsificationism he claimed that theories are already born refuted; for example, Newton would have to be counted as a failed scientist by a Popperian, for not having given up his theories. For Lakatos the remedy was to take a larger entity as the right unit to assess a piece of science. This is his notion of a research program, a series of theories, with a unifying heuristic spirit that provides the resources for deciding which path to travel, how to react to obstacles, and so on. Rationality is not about which proposition to believe but about which program it is rational to sign up to. To decide this, one should know how one is progressing or degenerating. The criteria he terms heuristic, theoretical, and empirical progress.

For MacIntyre, these criteria cannot work if they are taken to be employable by people from outside the program—the neutral standpoint is an encyclopedist’s dream. Bodies of theories, MacIntyre (1984b, 42) writes,


progress or fail to progress and they do so because and insofar as they provide by their incoherences and their inadequacies—incoherences and inadequacies judged by the standards of body of theory itself—a definition of problems, the solution of which provides direction for the formulation and reformulation of that body of theory.



MacIntyre is not so far from Lakatos, invoking shades of the latter’s notion of degenerating research programs, but he insists that to gauge the progress of a tradition you need to be trained in it, as criteria of success are specific to a tradition. Thus, he allows for a stronger form of incommensurability than does Lakatos, each participant acting according to the different rational standards of their own tradition, without being led to a radical relativism.

For MacIntyre, history and rationality are inextricably linked:


Consider . . . the continuing argument between Kuhn, Lakatos, Polanyi, and Feyerbend, an argument in which what is at stake includes both our ability to draw a line between authentic sciences and degenerative or imitative sciences, such as astrology or phrenology, and our ability to explain why “German physics” and Lysenko biology are not to be included in science. A crucial feature of these arguments is the way in which dispute over the norms which govern scientific practice interlocks with debate over how the history of science is to be written. What identity and continuity are recognized will of course depend on what side is taken in these latter debates but since these debates are so intimately related to the arguments about the norms governing practice, it turns out that the dispute over norms and the dispute over continuity and identity cannot be separated. (MacIntyre 1973, 7)



For Lakatos, rational choice of theory is possible to the extent that an “internal history” or “rational reconstruction” can be formulated according to which one rival wins out over the other. This allows for a departure from actual history, which generally shows programs to be incommensurable. One rational reconstruction is superior to another if it constitutes more of actual history as rational. But MacIntyre argued against this distortion of the truth:


I am suggesting, then, that the best account that can be given of why some scientific theories are superior to others presupposes the possibility of constructing an intelligible dramatic narrative which can claim historical truth and in which such theories are the subject of successive episodes. It is because and only because we can construct better and worse histories of this kind, histories which can be rationally compared with each other, that we can compare theories rationally too. Physics presupposes history and history of a kind that invokes just those concepts of tradition, intelligibility, and epistemological crisis for which I argued earlier. It is this that enables us to understand why Kuhn’s account of scientific revolutions can in fact be rescued from the charges of irrationalism levelled by Lakatos and why Lakatos’s final writings can be rescued from the charges of evading history levelled by Kuhn. Without this background, scientific revolutions become unintelligible episodes; indeed Kuhn becomes—what in essence Lakatos accused him of being—the Kafka of the history of science. Small wonder that he in turn felt that Lakatos was not an historian, but an historical novelist. (MacIntyre 1977, 470–71)



But how can traditions be brought to improve their histories, to make them more truthful, more adequate to their objects? The novel feature suggested by MacIntyre, a culture of confession to go alongside dialectical questioning, is to seek out and be honest as to problematic or insufficiently worked-out areas of one’s program. One should render one’s tradition maximally vulnerable, running it up against the best points of the opposition. Some have found it hard to expose these vulnerabilities; usually one hides one’s incompletenesses. But if one recognizes that these may be the source of what is dynamic to the program, its “progressive problemshifts,” for Lakatos, rather than something to be embarrassed about, this need not be the case. What are required of the participants are certain virtues not always to be found in researchers, including sufficient justice not to exploit unfairly one’s rivals’ admissions of incompleteness.

So for rival traditions willing to engage with each other we can propose the following agenda: Provide the context for an extended debate. Remind both sides that there’s no spot rationality to decide which of the rivals it is most rational to join, but that we can strive to give the best ongoing assessment of their relative strengths. Ideally, there would be an account of what is the common ground between rivals, then a recognition that each tradition has its own criteria to decide progress. What we can expect of each rival is a clear statement of its principles, what it considers to be the path by which it overcame obstacles, which are its greatest successes and what in its terms are the largest open problems confronting it. Also, we need an account of what it takes to be the strengths of the rival, and whether it can understand these in its own terms, and of the weaknesses of the rival and how it understands why they should arise. And it ought to encourage some members to learn the other language as a second language, or even a second first language.

The outcomes we may expect are: no result, pressure on a rival, acceptance of the explanation of a rival’s resourcelessness, a merging of traditions. There is no problem with the coexistence of rival traditions. Indeed, rivalry should be seen as an opportunity to rethink one’s own principles, a chance for a form of falsification, potentially leading to a creative reformulation—in sum, an opportunity that should be taken. In some ways the promotion of this form of rationality entails not so much trying to beat the other side, but rather holding up a mirror. The other party might claim that your mirror is distorting, but they might also have a moment of insight into why they are encountering difficulties or even recognizing a failing they did not realize they had. Ultimately, adjudication takes place through adequacy of the rival histories: “The rival claims to truth of contending traditions of enquiry depend for their vindication upon the adequacy and the explanatory power of the histories which the resources of each of those traditions in conflict enable their adherents to write” (MacIntyre 1988, 403).

What, then, of mathematics? At first glance it appears that rivalry between research traditions is infrequent in mathematics. Yet there are plenty of disgruntled mathematicians out there, fed up with anonymous referees’ reports or with the way a field is going, exemplified by certain campaigns mounted by Rota:


What can you prove with exterior algebra that you cannot prove without it?” Whenever you hear this question raised about some new piece of mathematics, be assured that you are likely to be in the presence of something important. In my time, I have heard it repeated for random variables, Laurent Schwartz’ theory of distributions, ideles and Grothendieck’s schemes, to mention only a few. A proper retort might be: “You are right. There is nothing in yesterday’s mathematics that could not also be proved without it. Exterior algebra is not meant to prove old facts, it is meant to disclose a new world. Disclosing new worlds is as worthwhile a mathematical enterprise as proving old conjectures. (Rota 1997, 48)



It would surely be for the good if we had clearer exposition about such differences of opinion, reflecting a willingness to place oneself in a position to be shown wrong.

Chapter 8 of my book (Corfield 2003) describes two rival programs to succeed Kummer’s ideal numbers: Dedekind versus Kronecker. I am sure I did not do justice to this, largely because at the time I wrote it I was working within the Lakatosian framework of research programs. The problem is that success on both sides is too easy if you try to mimic Lakatos and look for a neutral standpoint. Indeed, there’s plenty of progress for both sides. To tell the story from inside each tradition, one would need to cover a huge amount of ground. Weyl’s chapter “Our Disbelief in Ideals” in his book Algebraic Theory of Numbers (1940) is indicative that the constructivism versus classical mathematics debate was involved, but this is certainly not the whole story. Dedekind’s ideals flourish today, while Kronecker’s program can be said (and was by Weil) to be realized by Grothendieck. To write this story well would require enormous resources. Identifying a single entity to call a tradition is far from obvious here, the interweaving of the many strands is highly complex. Levels of commitment are more fluid than suggested by an image of simple rivalry. In my chapter I divide these levels of commitment into three classes: research traditions, research programs, and research projects.

I realized there were problems with a Lakatosian history, and went looking for a more focused current controversy. I chose the debate as to whether the extension of the group concept to groupoids is a good thing (Corfield 2003, chap. 9). What is noticeable here is that after some initial explicit criticism, the opposition falls silent. One could say that in this case this dispute was taken over by a larger battle between those who believe category theory has a lot to say about the proper organization of mathematics and those who do not.

Elsewhere, Penelope Maddy (1997) has given us an account of the debate as to whether to adopt the V = L axiom in set theory. She comes down on the side against V = L by showing that its adoption would not lead set theorists to their goals. However, these assumed goals are not likely to be ones adopted by V = L proponents. Set theory is taken by her to be foundational, that is, as providing surrogates for all mathematical entities, requiring a maximally large and unified theory. But there is considerable scope to question the necessity of these goals in such a way that V = L becomes a more viable rival. In other words, there is a degree more incommensurability between programs than Maddy allows.

We can see this clearly if we try to run set theory against category theory or even higher-dimensional category theory. Now the nature of the foundations of mathematics is precisely thrown into question. Yuri Manin’s version of foundations is rather MacIntyrean (or Collingwoodian):


I will understand “foundations” neither as the para-philosophical preoccupation with the nature, accessibility, and reliability of mathematical truth, nor as a set of normative prescriptions like those advocated by finitists or formalists. I will use this word in a loose sense as a general term for the historically variable conglomerate of rules and principles used to organize the already existing and always being created anew body of mathematical knowledge of the relevant epoch. At times, it becomes codified in the form of an authoritative mathematical text as exemplified by Euclid’s Elements. In another epoch, it is better expressed by the nervous self-questioning about the meaning of infinitesimals or the precise relationship between real numbers and points of the Euclidean line, or else, the nature of algorithms. In all cases, foundations in this wide sense is something which is relevant to a working mathematician, which refers to some basic principles of his/her trade, but which does not constitute the essence of his/her work. (Manin 2002b, 6)



Something similar is indicated by the category theorist William Lawvere, although notice how much better integrated are foundations and practice in his version:


In my own education I was fortunate to have two teachers who used the term “foundations” in a common-sense way (rather than in the speculative way of the Bolzano-Frege-Peano-Russell tradition). This way is exemplified by their work in Foundations of Algebraic Topology, published in 1952 by Eilenberg (with Steenrod), and The Mechanical Foundations of Elasticity and Fluid Mechanics, published in the same year by Truesdell. The orientation of these works seemed to be “concentrate the essence of practice and in turn use the result to guide practice.” (Lawvere 2003, 213)



One burning question at the present time is whether n-categories will play this role in twenty-first-century mathematics. Manin believes so. After sets came categories, he tells us, and then n-categories:


The following view of mathematical objects is encoded in this hierarchy: there is no equality of mathematical objects, only equivalences. And since an equivalence is also a mathematical object, there is no equality between them, only the next order equivalence etc., ad infinitum.

This vision, due initially to Grothendieck, extends the boundaries of classical mathematics, especially algebraic geometry, and exactly in those developments where it interacts with modern theoretical physics. (Ibid., 8)



If right, it suggests that n-categories will be more than just “relevant to a working mathematician.”

There’s a strong line of advocacy for n-categories one can adopt. Part and parcel of the movement is a strong narrative framework. We’re ascending a ladder where we’ll see constructions of which our current ones are merely projections. We’re properly revealing structures that are collapsed versions of the truth, that is, they include elements from different levels. We know we are getting to the heart of the matter when the definitions in terms of which we conceive the objects under consideration categorify effortlessly. There’s an idea of the program capturing “lawlike” mathematics. Fluky set theoretic truths for which there can be no story are not genuine mathematics.6

We don’t yet have very many good n-categories histories. Their story has been told in a mythical way (as a Fall from the paradise of omega-categories) and a historical (nonteleological) way (Street 2004). A sketch of what may be construed as a tradition-constituted way of narrating the role of n-categories in physics has also been given.7 Perhaps it’s too early, but we don’t seek a definitive history. We would hope that the narrative might shape in some respects the future direction of the field.


[A]n adequate sense of tradition manifests itself in a grasp of those future possibilities which the past has made available to the present. Living traditions, just because they continue a not-yet-completed narrative, confront a future whose determinate and determinable character, so far as it possesses any, derives from the past. (MacIntyre 1984a, 223).



So we can observe some forms of debate in mathematics, but should we still expect MacIntyre’s picture to be better fitted to the natural sciences with its many disputes? Head-to-head rivalry might be more commonly encountered in what one would call arguments over “foundations,” where challenges to entrenched views need to present a unified front:


This situation, like so often already in the history of our science, simply reveals the almost insurmountable inertia of the mind, burdened by a heavy weight of conditioning, which makes it difficult to take a real look at a foundational question, thus at the context in which we live, breathe, work—accepting it, rather, as immutable data. It is certainly this inertia which explains why it took millennia before such childish ideas as that of zero, of a group, of a topological shape found their place in mathematics. It is this again which explains why the rigid framework of general topology is patiently dragged along by generation after generation of topologists for whom “wildness” is a fatal necessity, rooted in the nature of things. (Grothendieck 1984, 259)



Of course, it may turn out correct to resist change; inertia has its place, but only within the rational development of a tradition. At present there is a danger that a diffusion of responsibility for maintaining the position that things should remain the way they are makes it all but impossible to challenge the status quo effectively.

Is the apparent scarcity of disputes in mathematics how things really are, or are they just more hidden there? If it is how things are, is this because that is what the nature of mathematics requires, or could things be better? Is it perhaps the case that only justificatory narrative accounts of one’s own work are required, without the need to demonstrate superiority over other accounts. Aren’t even these accounts in short supply? We can arrange responses to these questions as follows:

1. Don’t worry that there’s little overt sign of rivalry or justificatory narratives:


a. The demonstration of superiority is usually quite straightforward, and so does not need to be advertised.

b. Mathematics has an extra dimension, mathematical space is roomy enough that a wait-and-see approach—that is, get on with your own thing until forced to decide—is the most sensible strategy.

c. Mathematics is connected; if we make a mistake, researchers forging along other paths will correct us. So there’s no need for head-to-head clashes, except perhaps occasionally at the highest level (e.g., Hilbert-Brouwer).



2. Do worry that there’s little overt sign of rivalry or justificatory narratives:


a. It goes on surreptitiously, anonymous referees’ reports, prize committees, and so on. It spontaneously bubbles over from time to time in unhelpful ways.

b. There’s a flaw in the training of mathematicians. They don’t understand what it is to belong to tradition-constituted enquiry. They just are not expected to be expert in mathematical criticism.



Further reflection might lead us to say that relying on a “truth will out” policy might seriously delay developments. Just because these narratives have not been written does not signify that they could not or should not be written. Conditions ought to be improved for them to be written and attended to. A tradition in which this were the case would be more likely to thrive, both because these conditions are conducive to good research and because these narratives would maintain these conditions. The surveys of Klein and Hilbert played an essential part in establishing the dominance of Göttingen mathematicians. We might expect mathematics to be thriving where this sort of activity takes place in the open. Perhaps the Moscow School would reveal similar traits.8

Returning to MacIntyre’s story of rivalry, maybe the model of two delineated parties is too simple, taken as it was from 1970s views of science, especially physics, and seen to fit with ethics. Mathematics might offer a corrective. Insights from a large array of approaches may be germane to a particular problem area, the oversight of any one being a cause for partiality of outlook.9 Indeed, the merging of viewpoints is more common than the outright victory of one over another, and a historical account will reveal complicated patterns of such mergers. Might there be a middle path between extreme individualism and a bloc-like rigidity, blending a Kuhnian or Lakatosian loyalty to paradigm or program with a Feyerabendian freedom to choose one’s short- and mid-term commitments quite flexibly? Just so long as there is collective responsibility for mathematical decisions. None of this takes away from the thrust of this essay, which is to demand that much more by way of justificatory exposition is needed.

6. Varieties of History

Histories of intellectual inquiry naturally reflect conceptions of such inquiry. Obvious targets for historians are the doxologists, or extreme Whigs, who tell the tale of the glorious passage to the present. Grattan-Guinness (2004) introduces a distinction between history and heritage, one dealing with the context of an event without invoking ideas from the future, the other studying the impact a discovery has on later times. This extract from Manin’s “Von Zahlen and Figuren” would presumably be counted as heritage:


One remarkable feature of Gauss’ result is the appearance of a hidden symmetry group. In fact, the definition of a regular n-gon and ruler and compass constructions are given in terms of Euclidean plane geometry and make practically “evident” that the relevant symmetry group is that of rigid rotations SO(2) (perhaps, extended by reflections and shifts). This conclusion turns out to be totally misleading: instead, one should rely upon Gal([image: Images]/Q). (Manin 2002a, 2)



For Grattan-Guinness this would be fine as a piece of heritage to the extent that Manin is pointing out that what’s at stake are maps x → xk, rather than a reading of inevitable progress toward a contemporary position. But perhaps this distinction is made too quickly. To each of his three versions of enquiry MacIntyre associates a narrative form:


The narrative structure of the encyclopaedia is one dictated by belief in the progress of reason. . . . Narrative of the encyclopadist issues in a denigration of the past and an appeal to principles purportedly timeless. . . . So the encyclopaedists’ narrative reduces the past to a mere prologue to the rational present.

For the genealogist this appeal to timeless rational principles has, as we have seen, the function of concealing the burden of a past which has not in fact been discarded at all.

The Thomists’ narrative . . . treats the past . . . as that from which we have to learn if we are to identify and move towards our telos more adequately and that which we have to put to the question if we are to know which questions we ourselves should next formulate and attempt to answer, both theoretically and practically. (Macintyre 1990a, 78–79)



Might we say then that tradition-constituting history would be a form of heritage, including the treatment of our failure to make the most of the past—good heritage rather than the bad “royal road to the present” heritage of an encyclopedist’s tale? But what then is it to write a Grattan-Guinness history? Can there be such a timeless study of a period in the past? Very often historians’ histories are inflected with the notion that things could have gone so differently, that the present state of affairs is highly contingent. But then these histories also bear upon the present.

What we’re after is history written with an allowance for some retrospection without the excesses of Whiggism, its self-justification without proper self-examination:


the history of all successful enquiry is and cannot but be written retrospectively; the history of physics, for example, is the history of what contributed to the making in the end of quantum mechanics, relativistic theory, and modern astrophysics. A tradition of enquiry characteristically bears within itself an always open to revision history of itself in which the past is characterized and recharacterized in terms of developing evaluations of the relationship of the various parts of that past to the achievements of the present. (Macintyre 1990a, 150)



History should be used to expose one’s partialities:


Despite strictures about the flaws of Whig history, the principal purpose for which a mathematician pursues the history of his subject is inevitably to acquire a fresh perception of the basic themes, as direct and immediate as possible, freed of the overlay of succeeding elaborations, of the original insights as well as an understanding of the source of the original difficulties. His notion of basic will certainly reflect his own, and therefore contemporary, concerns. (Langlands n.d., 5)



We can confront the past not to seek a confirmation of the present but to “falsify” it, or better, to challenge the “naturalness” of contemporary ways of viewing a problem. So a narrative must be truthful. It needs to use the past to explain how partial viewpoints were overcome, or how we have acquired new partialities, and have failed to learn from our predecessors.

7. Conclusion

Only from the tradition-constituted perspective can we begin to do justice to mathematics philosophically. We can then continue by working on what is characteristic to mathematics, the kind of understanding it aims for. Benefits can accrue for both mathematics and philosophy. Once we’ve accepted the Aristotelian view of justice as receiving what is due to you for your contribution to the vitality of the community, we can see room for improvement. In this sense, Thurston is strikingly Aristotelian:


I think that our strong communal emphasis on theorem-credits has a negative effect on mathematical progress. If what we are accomplishing is advancing human understanding of mathematics, then we would be much better off recognizing and valuing a far broader range of activity. . . .

[T]he entire mathematical community would become much more productive if we open our eyes to the real values in what we are doing. Jaffe and Quinn [Jaffe and Quinn 1993] propose a system of recognized roles divided into “speculation” and “proving”. Such a division only perpetuates the myth that our progress is measured in units of standard theorems deduced. This is a bit like the fallacy of the person who makes a printout of the first 10,000 primes. What we are producing is human understanding. We have many different ways to understand and many different processes that contribute to our understanding. We will be more satisfied, more productive and happier if we recognize and focus on this. (Thurston 1994, 171–72)



As a mathematician one should aim to be able justly to claim with Thurston, “I do think that my actions have done well in stimulating mathematics” (Thurston 1994, 177). Surely as a basic minimum it isn’t too much to ask of each established mathematician to place a brief research statement on the Web, such as Jonathan Brundan’s statement.10 More impressive are pages such as Mark Hovey’s Algebraic Topology Problem List.11 This may lead on to substantial sites such as Ronnie Brown’s12 or Barry Mazur’s.13 Someone who can surely claim to have stimulated mathematics is John Baez, who has written an extraordinary amount about mathematics and mathematical physics.14 In his Web publications you will find both exposition and the elaboration of a philosophy or image, metaparadigmatic work. Although matters have improved greatly even over the course of the few years since I began this essay, with the flourishing of blogs and other Internet resources, much more narrative expository writing should be encouraged. Acts of amanuensis, eliciting narratives from the elders, should be promoted. All authors should be instructed to write in a way that people can learn from, to confess weaknesses, to explain their struggles, to expose students to disagreement.

The best way to argue for the account of rationality in mathematics outlined here would be to write the kind of history I have been discussing. The more self-consciously tradition-constituted a discipline, the easier it is to write the appropriate kinds of history, a history of the successive improvement of the versions of the life story of the tradition, without hiding its reversals and instances of resourcelessness. Philosophers might learn from this that the organization of community-embodied intellectual practices is an integral part of their rationality, and that even here, in the paradigmatically rational endeavor that is mathematics, there may be profound disagreement as to the future direction of the field. This is not a cause for desperation but rather for rejoicing. Mathematics would be anemic and lifeless without it.
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NOTES

1. “Why not have mathematical critics just as you have literary critics, to develop mathematical taste by public criticism?” (Lakatos 1976, 98). See also Brown (1994, 50): “Does our education of mathematicians train them in the development of faculties of value, judgement, and scholarship? I believe we need more in this respect, so as to give people a sound base and mode of criticism for discussion and debate on the development of ideas.”

2. For a criticism, however, of a distinction Friedman sees in the structures of mathematics and mathematical physics, see my “Reflections on Michael Friedman’s Dynamics of Reason” (Corfield 2005a).

3. See Langlands (n.d.): “[B]ut it is well to remind ourselves that the representation theory of noncompact Lie groups revealed its force and its true lines only after an enormous effort, over two decades and by one of the very best mathematical minds of our time, to establish rigorously and in general the elements of what appeared to be a somewhat peripheral subject. It is not that mathematicians, like cobblers, should stick to their lasts; but that humble spot may nevertheless be where the challenges and the rewards lie.”

4. See http://www.math.rutgers.edu/~zeilberg/Opinion51.html.

5. (Pólya 1954, 144–145):

A problem is not yet your problem just because you are supposed to solve it in an examination. If you wish that somebody would come and tell you the answer, I suspect that you did not yet set that problem to yourself. . . . You need not tell me that you have set that problem to yourself, you need not tell it to yourself; your whole behavior will show that you did. Your mind becomes selective; it becomes more accessible to anything that appears to be connected with the problem, and less accessible to anything that seems unconnected. . . . You keenly feel the pace of your progress; you are elated when it is rapid, you are depressed when it is slow.

6. This resembles a similar claim about the sciences: “The regularities of coincidence are striking features of the universe which we inhabit, but they are not part of the subject matter of science, for there is no necessity in their being so” (MacIntyre 1998, 183).

7. See http://math.ucr.edu/home/baez/history.pdf.

8. Terence Tao speaks of the importance of “being exposed to other philosophies of research, of exposition, and so forth,” and claims that “a subfield of mathematics has a better chance of staying dynamic, fruitful, and exciting if people in the area do make an effort to make good surveys and expository articles that try to reach out to other people in neighboring disciplines and invite them to lend their own insights and expertise to attack the problems in the area” (Terence Tao, Clay Mathematics Institute Interview, 2003). http://www.claymath.org/interviews/tao.php).

9. “One can and must approach operadic constructions from various directions and with various stocks of analogies” (Borisov and Manin 2006, 4).

10. See http://darkwing.uoregon.edu/~brundan/myres.pdf.

11. For Mark Hovey’s Problem List, see http://claude.math.wesleyan.edu/~mhovey/problems/index.html. Hovey remarks, “[E]ven if the problems we work on are internal to algebraic topology, we must strive to express ourselves better. If we expect our papers to be accepted in mathematical journals with a wide audience, such as the Annals, JAMS, or the Inventiones, then we must make sure our introductions are readable by generic good mathematicians. I always think of the French, myself—I want Serre to be able to understand what my paper is about. Another idea is to think of your advisor’s advisor, who was probably trained forty or fifty years ago. Make sure your advisor’s advisor can understand your introduction. Another point of view comes from Mike Hopkins, who told me that we must tell a story in the introduction. Don’t jump right into the middle of it with ‘Let E be an E-infinity ring spectrum.’ That does not help our field.” (My emphasis)

12. Ronnie Brown’s work is available online at http://www.bangor.ac.uk/~mas010/. Especially relevant to this paper is http://www.bangor.ac.uk/~mas010/quality.html.

13. Barry Mazur’s website is http://www.math.harvard.edu/~mazur/.

14. John Baez’s website is http://math.ucr.edu/home/baez/.
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CHAPTER 10

A Streetcar Named (among Other Things) Proof

From Storytelling to Geometry, via Poetry and Rhetoric

APOSTOLOS DOXIADIS

1. The Genesis of Proof, from Miracle to Process

Even after various car lines were closed, their route names continued for a while on the roll signs carried on the streetcars. Motormen could often be induced to “turn the crank” and display an obsolete route name while they were taking a break at the end of a run, while a tourist snapped a no-longer-possible picture. With the popularity of the Tennessee Williams play and movie “A Streetcar Named Desire”, it is no wonder that “Desire” was a popular choice for such posed pictures. But it was not the only choice.

—H. George Friedman Jr., New Orleans Streetcar Album

The naming of a New Orleans streetcar line “Desire” is a clear case of synecdoche, the calling of the whole after a part. “Desire,” after Desire Street, was the name of a station in a line in the center of the city whose other stations included Elysian Streets, Cemeteries, Canal, Royal. Some of these offered alternative names: “Desire Line” was also occasionally called “Canal Line” or “Royal Line,” and the motorman would turn the crank to display those names when required. This varying synecdochic naming of one and the same line by several of its stations provides a great—though admittedly unusual—metaphor for the story of the early days of logical demonstration, the process mathematicians usually refer to as proof.

The emergence in the archaic and classical Greek world of systematic rationality, a methodology of which mathematical proof is generally considered the highest peak, has been idealized in a dated topos of intellectual history as “the Greek Miracle.” But though newer approaches examine the discovery of proof in a more historically informed light, there still remains at their center the idea of a discontinuity, of the emergence of rationality as a radical break with the past. This sense of a totally new practice is particularly strong in the historiography of the emergence of mathematical proof. In a recent authoritative study we read, “The origin of Greek mathematics could have been a sudden explosion of knowledge” (Netz 1999a, 273; my italics). The available material evidence certainly points to this discontinuity: first there is no proof, then—suddenly—there is. Of course, this impression is partly a result of our ignorance. Sadly, we have no extant texts of Greek mathematics in the form in which it was written before the end of the fourth century BCE, and any attempts to retrieve this style depend on texts written centuries later (Netz 2004).

The absence of early texts is not the only obstacle, however. Coupled with it is the fact that, until very recently, historians of mathematics worked almost exclusively in an internalist mode, studying the progress of mathematical concepts, techniques, and results solely from a viewpoint interior to the discipline, as if the mathematicians of old only spoke with, read, or were otherwise influenced by other mathematicians: mathematics begat mathematics. This orientation occasionally drove the discipline toward a Whig-historical attitude, whereby earlier work was read in the context of later progress. Well-known instances of this mentality are Thomas L. Heath’s readings of certain parts of classical geometry in the language of trigonometry and B. L. Van der Waerden’s notion of the Greeks doing “geometric algebra.”

An exclusively inwardly-focused investigation of a discipline is at an obvious disadvantage when one tries to address its beginning: by virtue of its being a beginning, there is nothing “inside” the discipline that could have acted as an antecedent cause or influence to it. Happily, however, the dogma of pure internalism in the history of mathematics has subsided in recent decades. The externalist viewpoint now prevalent in natural science history studies, a viewpoint based on the obvious premise that scientists do not work in a cultural vacuum, is also gaining ground in the history of mathematics. In the past few years, a number of scholars, most prominently Reviel Netz and Serafina Cuomo, have made important progress in applying a partly externalist approach—remember, good externalism is partial externalism—to the study of Greek mathematics.

Despite important recent advances, however, there still remains a significant lacuna in the history of Greek mathematics, in the origin story of deductive proof. Part of the reason for this is the burden of the central metaphor of “birth” or “genesis.” For though modern scholarship has moved away from the thaumaturgical, the view of a sudden emergence of proof still dominates our thinking. It is in the place of these metaphors that I want to propose the streetcar-named-Desire metaphor. This has two advantages over “birth” or “genesis.” First, it helps us see the invention of proof not as event but as process. In fact, instead of thinking of a single new methodology—a “station,” as it were—called “proof,” as formalized in the books of Aristotle’s Organon and demonstrated in full use in Euclid’s Elements, we can think of “proof” as a synecdoche for a “Proof Line”, a long, developing process. As G. E. R. Lloyd writes, even “allowing for Aristotle’s own originality, the concept of rigorous proof did not exactly spring, fully armed, like some Athena, from his head” (1990, 77). And second, the streetcar-named-Desire metaphor avoids the distortion of giving the particular station we call “proof” an ascendancy over earlier ones on the same line, a distortion that pushes the intellectual history of Greece in a teleologic direction, leading some scholars to read it as a course “toward rationality.” But this need not be so: other intellectual motormen, approaching ancient history and culture with different agendas, name this same line after one of its earlier stations, branding it variously, instead of the Proof Line, the Rhetoric Line, or even—to show that this can be so is the main thesis of this essay—the Storytelling or the Poetry Line. It is crucial, then, to realize we are talking of stations on one and the same line.

The ideal landscape for this line to move in was partly revealed by the work of Gernet (1981) and Vernant (1984) and further developed by Vidal-Naquet (with Vernant 1988), Detienne (1999), and Loraux (2006). The gist of their approach is that the impetus for the development of the bundle of practices we call logic lay in the needs and opportunities provided by the new, participatory political institutions of city-states in the Greek world, in the sixth and fifth centuries BCE. The greatest advance in the investigation of systematic rationality in this direction, however, has been made by Lloyd, who, in his studies of early philosophy and science (1966, 1979, 1990), has gone a long way toward showing that it is not “just that there is a general sense in which Greek philosophy reflects the circumstances of Greek political experience: rather the latter is at least one important formative influence on the styles of debate that are typical of the former” (1990, 142). It should be noted, however, that it is more correct to take many of the arguments of these scholars as applying, more generally, to the various forms of participatory decision making by large groups of citizens known to have existed in archaic and classical Greece, rather than insisting on what we now call Greek democracy, as such, as the facilitating environment.1

It should be noted that the ideas of the so-called “French school” seem better equipped to explain the rationality of natural philosophers, such as Hippocrates of Kos, or philosophers, like Aristotle, than of mathematicians such as Autolycus or Euclid, and has not been applied to the history of mathematics except in its most general and thus not particularly useful sense. This is not surprising: the “reason-from-democracy” thesis has at its center the art of rhetoric, an art crucial to both Hippocratic medicine and Aristotelian investigations. But rhetoric is an art working within the ambiguities of everyday language and probabilistic premises, whereas mathematics builds on absolute certainties, using a restricted and clearly defined language. Obviously rhetoric, an art of persuasion, also uses a form of proof. But this form, many scholars believe, is totally different from that of its mathematical namesake. My only objection to that assertion concerns the word totally. That rhetorical proof is not the same as mathematical proof is obvious—that they are unrelated is preposterous. Yet this denial of their essential similarity (not identity), ultimately derived from Platonic prejudice setting rhetoric at the antipodes of logic, has blocked the investigations of rhetorical practice from becoming essential to the cognitive history of logico-deductive proof.

In the view I adopt here, the two practices have a large area of overlap, as shown in simple diagrammatic form in figure 10.1. When the older, internalist historians of mathematics mentioned rhetoric at all, they did so while placing themselves squarely in the right-hand side of figure 10.1, casting their glance leftward only to highlight the differences of mathematics from rhetoric. However, we shall begin on the opposite side, first examining rhetoric in order to understand the similarities of the two practices, similarities it would take a gross leap of faith to consider accidental. After all, though early forms of rhetoric have older roots, both practices blossom at about the same time, in the latter part of the fifth century and on into the fourth century BCE, in circles of intellectually sophisticated citizens, living in a handful of Greek poleis, that is, in the Greek adversarial cultural context, which promoted “the ambition to secure a demonstration that would silence the opposition once and for all” (Lloyd 2002, 66). Identifying similarities between any two contemporaneous practices A and B begs the question of influence: did A beget B, did B beget A, or are both the offspring of a common ancestor, C? Based on the available textual evidence, in the case of Greek rhetoric (A) and mathematics (B) I would opt for a combination of the first and the third answers. However, as most of my arguments here are structural, they are really independent of the question of influence, and thus stay mostly clear of it.2

[image: Image]

Figure 10.1. A diagrammatic depiction of the relationship of rhetoric and mathematics.

I shall begin my investigation slightly outside the area mapped in figure 10.1, on the left side. For before examining how certain rhetorical concepts, methods, and patterns were instrumental to mathematical proof, I want to examine out how they entered the domain of rhetoric in the first place: to say that mathematics took a large part of its logico-deductive, apodictic tools from rhetoric but leave the origin of these tools in rhetoric unexplained would simply relocate rather than answer the original question.

I shall use the streetcar-named-Desire metaphor to guide us through various cognitive modes, or stations, in historical development, beginning with the first of these, narrative. From there we move on to poetic storytelling, then to rhetoric, and finally to our ulterior goal, proof. This course is not simply linear, though, as depicted in figure 10.2.

[image: Image]

Figure 10.2. A linear depiction of the historical sequences of cultural practices leading to proof.

Because the word proof describes two distinct, though related, practices, in rhetoric3 and mathematics, the course mapped in figure 10.2 should be replaced by that in figure 10.3, which suggests a more adequate account of historical progress in the late Archaic and the Classical Ages. The solid black arrows denote direct influence, the dotted indirect, while the gray arrows indicate exclusively domain-specific influences from the two domains in which the need for such proofs was born. Though there will be some discussion of the latter, our main story is concerned with the two central triangles.

[image: Image]

Figure 10.3. A more complete rendering of the relations shown in figure 10.2, taking into account the two different contexts in which proof develops.

2. Narrative and Poetic Storytelling

2.1. Narrative: Certain Cognitive Aspects

Though the terms narrative and story are often used interchangeably, it makes sense to distinguish between them, using the former to denote something more general; accordingly, all stories are narratives, but not all narratives are stories. Our capacity for narrative is a basic cognitive skill. Though this capacity is necessary for storytelling, it does not of itself explain the sophisticated form of many stories, which also requires a culturally developed practice.

In my use, “narrative” denotes a speech mode whose aim is to represent action.4 According to philosopher and film theorist Noël Carroll, the basic constituents of a (verbal) narrative are sentences describing actions or states-of-affairs (Carroll 2001, 22). However, though a single action sentence (e.g., “John went to Paris”) is a mini-narrative, a single state-of-affairs sentence (e.g., “The king is fat”) is not, as it does not unfold in time, a condition necessary for action. Longer stretches of narrative can contain both kinds of atomic sentences, as state-of-affairs sentences enrich the representation of action. Another basic constituent of narrative, dialogue, can be subsumed into the two previous kinds, as it can be reduced to combinations of action and state-of-affairs sentences. We can add a third kind of constituent sentence to our definition of narrative, a thought in the form of maxim or, in the Greek context, gnomê. Though this can also contain a combination of action and state-of-affairs sentences, we distinguish it from those, as it describes a general thought, ascribed in a narrative either to a character or a narrator.

Clearly, not all mixtures of the three kinds of constituent phrases form narratives. The basic advantage of our general definition of narrative, as representation of action, is that it does not need formal criteria to determine which combinations of phrases do and which do not constitute narrative. Instead, this is done by determining the ability of any concatenation of phrases to create a valid mental representation of action: if it has it, it is in the narrative mode; if it does not—though parts of it may be in the narrative mode—it is not. That there can be gradations of the criteria for narrativity from listener to listener does not annul this definition but grounds it in the human cognitive reality to which it should anyway belong.

In fact, it makes sense to speak of narrative as a symbolic mediation between two worlds, the world of actions and the world of mental representations (of actions). Experimental work conducted over the past two decades by cognitive scientists has brought forward the centrality of action in narrative (Johnson and Mandler (1980); Zacks and Tversky (2001)). Mandler and DeForest (1979) showed that when people hear a story they tend to model its recall on the underlying basic action, and not on the exact form in which it is told to them. A basic reason why narrative can best be defined with reference to represented action is that, of itself, “narrative is gappy; like a thin fabric. . . . If we start picking holes and looking at the gaps rather than at the smooth surface of narrative, then indeed it does start to fall to pieces” (Gainsford 2001, 3). In this, of course, narrative partakes of the nature of texts more generally, for all texts are gappy (Spolsky 1993).

It is highly relevant to any cognitively oriented study of narrative that “narratives are discourses that describe a set of actions” (Zacks, Tversky and Iyer 1999). Furthermore, the structure of the latter affects that of the former: “If actions can be thought about in terms of hierarchical part structures, it stands to reason that people apply these structures to understanding narratives” (Zacks, Tversky, and Iyer 1999) —and, let me add, to creating them.

2.2. Narratives and Narrative Worlds: Linearity and Nonlinearity

We can think of a basic narrative as a sequence of representations, strictly ordered in time.5 The surface of narrative is thus linear, or serial. A stretch of narrative can be decomposed into narratively irreducible atomic phrases. Thus, “John ate a sandwich and then went home” is decomposed into “John ate a sandwich” and “then went home,” the two events in serial order. These sentences are atomic in that they are temporally irreducible within the particular narrative: each one describes a unit of narrative action. Equally irreducible are state-of-affairs sentences, whose representations have no temporal duration (e.g., “The king is fat”), though they complement time-dependent action sentences in forming fuller representations, as in the second part of the narrative, “John ate the sandwich. It was ham and cheese.”

Despite a narrative’s surface linearity, however, the mental representations it encodes are often at least partly nonlinear. Even the simplest action that a narrative encodes in linear fashion is picked out of a nonlinear network. The cause of this nonlinearity is twofold: for each action, we can speak of its outgoing nonlinearity, which is determined by the many choices that can follow it. “The king died, and then queen died”: even E. M. Forster’s (1956) minimal example of what he calls a story is only the visible trace of a nexus of hidden, unrealized possibilities. Its surface form is clearly linear: it can be broken down in the two atomic sentences, as shown in figure 10.4, with the black arrow representing the passage of time. But this simplest of narratives is lodged in a huge world of possibility. The dotted lines in figure 10.5 indicate just a few other possible continuations to the first sentence, culled from what we know about the lives of kings. Thus, what makes even an atomic story cognitively interesting, in context, is that the events it describes need not have been so. In other words, a narrative becomes interesting in relief, as it were, situated against its underlying world of unrealized possibilities.6

[image: Image]

Figure 10.4. A diagrammatic depiction of the temporal relationship of the two events in E.M. Forster’s example.

[image: Image]

Figure 10.5. The two events of figure 10.4 shown inside a nexus of other possibilities.

Likewise, any event in a narrative has incoming nonlinearity. The reason for this is the complex nature of causality. Events in life are caused by chance and necessity; the occurrence of this action rather than that is determined by a combination of other actions and states of affairs: causality is multifactorial (Pearl 2000). Let’s take E. M. Forster’s next example: “The king died, and then the queen died of grief.” The last two words give a (partial) cause for an action, which in a standard reading might imply hidden premise: “The queen loved the king.” Even in this simplest of cases, however, the network of relationships cannot be linearly represented. For though the two events, “the king died” and “the queen died,” can be temporally ordered, the reason for the queen’s death—that is, the hidden premise—has no linear relation to the other elements. We see that neither of the two possible linear orderings works as explanation. The first fails because the king’s dying was not the reason the queen loved the king (figure 10.6). But so does the second, since the queen’s love did not cause the king’s death (figure 10.7). To represent the causal relationships accurately, we need an extra dimension, giving the nonlinear causal diagram shown in figure 10.8.

[image: Image]

Figure 10.6. In this attempt at a simple ordering, the middle element is incongruous.
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Figure 10.7. The alternative ordering leads to a false conclusion (that the king died because the queen loved him).

[image: Image]

Figure 10.8. A non-linear arrangement of the three phrases gives a more accurate depiction of the underlying relationships.

There are additional reasons for incoming nonlinearity. The stereotypical explanation of the queen’s love for the king as the reason for the queen’s grief is not the only one that arises in a storyteller’s mind: maybe the king and the queen lived in Rajasthan at the time the law of sari applied, whereby a widow would be burned alive on her husband’s funeral pyre—and it can certainly cause terminal grief to know that this is your imminent fate; or the queen may have known that the king did not write a will before his death, thus leaving her at the mercy of a sadistic heir, and so on.

To recap: narratives are paths, linear sequences extracted from nonlinear worlds of relationships and possibilities. They are interesting because they delimit the range of the possible: at every instance, they pick one out of many. The “one” is linear; the “many,” from which it is chosen, not so. For the hidden nonlinearity behind a narrative to show its face, we need either to look more closely at the causes of a particular event (incoming nonlinearity) or its possible alternatives (outgoing nonlinearity).

2.3. Dealing with Chaos: Goals, Modularity, and Scripts

Each narrative is culled from a much larger nonlinear world, which can be huge but is not necessarily limitless or totally formless. When a person acts, in life, fantasy, or narrative, he or she is guided by need, inclination, and available choice, and these already give some structure to the nonlinear, encasing world: if you are chased by a lion on a beach and (1) do not want to be eaten and (2) are without weapons, your options are to swim (if you know how) or take a boat (if there is one). But growing wings and flying or wrestling with the lion are not options unless you are a character in a particular type of non-realistic story.

The strategies for dealing with the complexity of nonlinear worlds come basically in three categories, goals and subgoals, modularity and outlines, and patterns. The first two are equally apparent in the world of narratives, while the third becomes much more important in stories, that is, narratives with a large amount of extra structure, basically culturally determined.

1. A language of goals and subgoals. The strongest complexity-defying characteristic of the world of action is its goal-orientation. Passions, needs, and habits act on the characters in narratives—as they do on us in life—to give action a forward thrust, thus limiting choice. Action is always at least partly goal-oriented, and thus structured in ways affected by the goal (Miller, Galanter, and Pribram 1960). A whole narrative toolbox can be develop around goals, regarding their achievement or nonachievement, their breaking down into subgoals, and so on (Doxiadis 2005).

2. Modularity and outlines. We can conceive of narratives as made up of parts, which can be telescoped into shorter versions. Though these outlines lose a lot of the information contained in the longer form, they are—partly for this very reason—helpful at a cognitive level, helping us to better understand the general shape of the action and thus to better orient ourselves in a narrative world at both the macro- and the microlevel.7 The concept of modularity is related to a principle of independence of levels (Doxiadis 2007, 45). According to this principle, a small atomic event in a big narrative will, as a rule—this is a statistical principle, not an absolute one—not affect temporally distant events in the narrative but only those in its immediate temporal vicinity. Clearly, instances of exceptions to this rule will have greater importance in the larger narrative: the atomic events that affect those temporally farther away are those that are preserved in an outline. These, though atomic, are important enough to be mentioned in a coarser rendering of the events.

3. Patterns: scripts, formulas, motifs, scene type, story type, and genre. As with any higher human mental activity, so with the human ability to compose and understand stories, the innate cognitive potential is enriched by cultural practice. As movement can develop into dance or dexterity into craftsmanship, so the underlying cognitive structures for language and narrative contribute to the development of storytelling. But storytelling is no more “natural” for human beings than singing or dancing. A “story-species” we may be (Gold 2002), but not in the sense in which seagulls are “flight species.”
    Pioneering cognitive psychologists Jean Piaget (Piaget and Inhelder 1973) and Ulric Neisser (1976) have proposed that action is governed by mental models, called schemes, that are structured and hierarchical. This research program and the notion of the algorithm were instrumental in forming the concept of script (Schank and Abelson 1977), or a generic narrative that both delimits and orders the action choices in a particular situation. The existence of scripts as guides for cognitive functioning indicates that a lot of the work of representation that goes into a narrative is already there before the action it describes has occurred: mental representations are not just mirrors held up to nature but molds for shaping it.
    The needs and opportunities, beliefs, customs, mythical ideas, rituals, music, visual arts, and other expressions of any particular culture all contribute to the particular stories that it creates.8 A traditional storyteller’s craft is guided at all levels of composition by preexisting cultural patterns, often unconsciously employed. At the lowest level, verbal formulas are very frequent (“once upon a time”); higher up, we find standard motifs (“the three brothers”). Higher still, scenes are structured according to scene types, and types become even more important at the level of stories. In what is probably the most often-quoted study of narrative after Aristotle’s Poetics, Vladimir Propp (1968) introduced the concept of story type, also identifying its variants for the subgenre of the Russian magical tale. A story type is a generic story with underlying rules and constant or variant elements. Guided by Propp’s pioneering analysis, scholars in many related disciplines have sought, and found, similar type patterns in both traditional and literary narrative art forms. Finally, the familiar notion of genre gives us a typology of stories at the macrolevel.

2.4. The Greek Way: Poetic Storytelling

Though there are elements in folktale themes and style that indicate cultural universals (Thompson 1978; Lüthi 1982), we have no written evidence for prose storytelling of this type in Greece before the fifth century BCE. The first extant Greek artistic narratives are the epics of Homer and Hesiod (probably composed in the eighth and seventh century BCE, but written down later). The works of the lyric poets of the seventh and sixth centuries also have strong narrative elements. The dominance of the Homeric poems in Greek culture is an undeniable fact. The average educated Greek knew his Homer backward, and many stylistic features of the Iliad and the Odyssey played a crucial part in the formation of subsequent narrative forms, not only in verse but, later, in prose.

Preliterate verbal style is built on a syntax of nonsubordination (Goody and Watt (1963); De Vries (2005)). The style of most folk narratives usually entails parataxis, a form of composition in which independent clauses are concatenated, with or without a conjunction (Ong 1988). In archaic Greek literature we also often find apposition, with subsequent phrases augmenting the meaning of previous ones. Though the Greek language can contain periods of enormous syntactical complexity, these are built up from small sentences, which are themselves very simple (Perry 1937). John Dewar Denniston, writing of Greek prose style, states: “The edifice, lofty though it may be, is built of bricks, not of huge blocks of Cyclopean masonry” (1952, 61).

Building on our definition of narrative, we can say that the archaic storytelling style, especially as found in epic, works through a combination of innate cognitive mechanisms and the habits of a developing cultural practice, by putting together atomic narrative sentences, somewhat in the manner of a film editor combining shots to compose larger units of action, with the aim of creating a lively representation of action in the mind of the listener. This is not to deny the consideration in composition of aural, rhythmical, or musical effects or the importance of formal patterns. But it is important to stress that apart from small-or large-scale cultural patterning, which also works its own, medium-specific enchantment, the major guiding principle for the way simple bits of language are composed in stories is good representation.

Tragedy, the great new poetic form of the Classical Age, raises representation of action to a new level by resorting to full-blown mimesis. Attic tragedy, especially post-Aeschylean, is also in constant interaction with the budding prose art of rhetoric. There are rhetorical elements in tragedy, and tragedy influences the rhetoricians (McDonald 2006). The development of both genres is part of the larger story of the changes brought about in the life of the Greek poleis by political transformation, from tyranny to oligarchy to more participatory practices, the most advanced of which is democracy (Vernant and Vidal-Naquet 1988, 25). Central to this transformation are culturally developed forms of speech whose aim is persuasion. The story of the development of rhetoric in the fifth century BCE as a self-conscious practice involving trained professionals urges the central question: how does the new cultural need for persuasion affect the old methods of putting together atomic bits of language? The previous major criteria of composition were good representation and pattern-based aesthetic pleasure. How are these affected by the new needs of rhetoric? We cannot hope to answer this question without entering upon a more thorough discussion.

3. Rhetoric

There are three genres of rhetoric in the Classical Age, each one arising from different needs, and thus each also creating its own solutions. These genres are the epideictic, or speeches usually delivered on festive occasions or at oratorical exhibitions; the deliberative or political, used by speakers in the assembly; and the forensic or judicial, spoken by litigants in a court of law. Distinguishing the formal characteristics of the three kinds, Aristotle wrote, “Amplification is most proper to epideictic . . . past fact to judicial . . . and possibility and future fact to deliberative speeches” (Rhetoric 2.18.5). Both “past fact” and “possibility and future fact” are intimately related to the narrative mode.

3.1. Epideictic and Deliberative Rhetoric: Influences from Narrative and Poetic Storytelling

Of the three genres, I shall focus mostly on forensic rhetoric, as it offers the clearest examples of the type of thinking that is also relevant to mathematics.9 But first I will discuss some interesting aspects that are seen more clearly in the other two genres. The first is from epideictic rhetoric, which is a direct development of lyric poetry.

3.1.1. Rhetoric Combines Narrative with General Principles

It is public-occasion rhetoric, meant in theory either to praise or to blame but almost always employed, in practice, for the former purpose.

The passion for proverb-like gnômai, or general opinions, is an essential aspect of the ascent of the new, rationalist mentality in classical Athens (Johansen 1959). Though only representing a little over one percent of text in the Iliad10 (Lardinois 1997), general opinions become increasingly prevalent in lyric poetry and even more so in tragedy (Martin 2005), to rise to a peak of nearly fifteen percent of the text of the tragedies in Euripides’ middle period (de Romilly 1990). Though gnômai in earlier poets are culled from common lore, in the latter part of this era many are invented by the poet using them. These constructs follow the outer form and function of gnômai, but are essentially new creations. (Lang1984) stresses the difference in the kind of gnômai used in the works of the more traditional Herodotus, who worked with old and accepted forms gnômai, and the “more modern”—that is, also more sophistical—Thucydides, who mostly invented his own gnômai-like statements.
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Figure 10.9. Moving from a sequence of similar exemplary stories (paradeigmata) directly to an injuction.

In Homer and lyric poetry, general principles are usually injected into the poem to stress the analogy with prototypical stories. This is done either through mythological paradeigma, in Homer (Willcock 1964), or in the form known as comparatio paratatica, in both epic and lyric poetry (Johansen 1959). In these uses the older story functions as guidance, in the form of “as so-and-so did, let us also do.” Extensive use of this pattern is made in the lyric poems of praise and carried over to the epideictic form of funeral oration. In this, usually not one but a series of paradeigmata of similar content is given, from which the rhetor passes to an injunction. For example, exhorting the youth of the city to emulate the heroic dead fallen at a certain battle, one might say the words shown in figure 10.9. As the Classical Age progresses, however, an extra link is often added in this abstract scheme, in the form of a gnômê distilling the paradeigmata into a principle or rule (figure 10.10). However, in the most famous extant funeral oration, Pericles’ Epitaphios as transcribed by Thucydides, narrative paradeigma is dropped altogether. Pericles declares that he will dispense with the usual narrative accounts of old military exploits, as they are long and familiar to the audience. Instead, his speech is filled with gnômai-like sayings. These lead directly to injunctions, as for example when the gnomic “judging freedom to be happiness and courage to be freedom” is followed by the admonition to the young not to “be too anxious about the dangers of war” (History 2.43.4). Such a simplified sequence is shown in figure 10.11. This speech might lead us to the conclusion that Athenian democratic practice, at its peak, solely deals with abstract principles. But we only have to see Pericles’-Thucydides’ Epitaphios in the context of earlier epideictic rhetoric—as the exception, rather than the rule—to understand that this abstract form is a development of narrative thinking.
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Figure 10.10. Unlike the sequence in figure 10.10, the sequence of paradeigmata leads to a general rule; the injunction then follows as its application.

[image: Image]

Figure 10.11. The paradeigmata are dropped altogether, as the speaker moves from the general maxim to the injunction.

3.1.2. Narrative as the Representation of Action

Unlike epideictic rhetoric, which is to a large degree a transformation of a poetic genre into prose, the use of oratory in politics—as also in courts of law—develops new forms of its own. In these, some of the basic cognitive qualities of narrative are realized to their full potential. More specifically, in deliberative rhetoric we see narrative as the representation of an action.

In the Institutio Oratoriae, Quintilian, a Latin theorist building on Greek precedent, writes, “Narration is the exposition of that which has happened, or is supposed to have happened, with the intent to persuade” (4.2.31; my translation and italics). Nowhere is this clearer than in Thucydides. The aesthetic dimension of narrative is diminished in this new art of narration. Of course, a historian will apply verbal craft, to make an outwardly unadorned style more convincing by the use of this or that word, an adverb less or more. But historians’ narratives are a world apart from poetic ones, whether epic, lyric, or—less so—dramatic, in which the legacy of verse, as well as a mythological or heroic subject, guides the poet, who occasionally works more on the icing than on the cake itself.

Not so Thucydides. In the History, completed between 410 and 400 BCE, the great political decisions facing the polis, such as the formation or breaking down of an alliance or a new military campaign, are reached through battles of speeches. In these the opposing political sides present their narratives of possible futures and attack their opponents’. These verbal battles exploit to the full the mechanisms of narrative intelligence and what cognitive scientiests call theories of mind, in other words, the skills required to understand stories as representations of action and analyze them in terms of motives and causes; or, in our terminology, outgoing nonlinearity (possible outcomes) and incoming nonlinearity (causes). At the heart of these cognitive abilities is the notion of narrative probability, a form of knowledge, honed by experience, of what is more or less possible in reality—an art that is statistical, not absolute. A general or statesman trying to sell his views on a battle plan knows that his narrative of how the battle will develop will carry a big part of the argument. Thus, the more plausible it sounds to the ears of his listeners, the more likely it is that it will offer the most convincing scenario of future events.

3.1.3. Convincing Narratives Are Heavy on Causality

The art of Thucydides’ narratives, which “with their stark power and exactitude, remind us of a theorem” (de Romilly 1967; my translation), is the art of making one’s narratives of the future seem necessary. This is achieved by showing that their premises are correct, and the ensuing calculus of causality is realistically worked out. Central to this is the paring down of the narrative to only those events that are directly involved in causal chains, as this tends to create a greater impression of “necessity”. The conceptual context of these narrations are shared assumptions, both general and specific—the former are about human nature more generally, while the latter about the present condition of the polis—as well as knowledge of the enemy’s words and actions, interpreted through theory of mind, in the cognitive science sense. These form the web of incoming and outgoing nonlinearity inside which a future narrative, or scenario, can be best defended as optimal.

3.1.4. Narrative Is Goal-Oriented—Because Action Is

Of course, actions have unpremeditated consequences, and unknown factors play a big part in human affairs: neither incoming nor outgoing nonlinearity is totally fathomable. Thucydides was fully aware of that, and thus his view was essentially tragic (Cornford 1907). However, despite this—or perhaps because of it—he rarely abandoned the effort to depict his human actors as involved in a process of rational discussion, thus generating de Romilly’s “theorem-like” narratives.

Goal orientation of human actors is a necessity in future narratives—as it is in fiction, for that matter. When recounting the past, the narrator is constrained by the actual. Though he or she may add, subtract, or reinterpret this or that fact, the larger set of events from which the narrative is culled is given: things have happened, mainly, because they have happened. Not so with a future narrative. A strong sense of goal is necessary for a speaker not to lose his way in the mental labyrinth of the outgoing nonlinearity of all possible outcomes. It is in this sense, too, that Thucydides’ narratives have the taste of theorems: like them, they trace well-determined paths from what is known, the existing situation, to what is to be “proved”: the particular version of future event that the speaker thinks the city ought to be aiming at. The difficulties in proving theorems lie in finding a way to get from the premises to the conclusion. It is the same with future narratives, and the more causally necessary this process seems, the more convincing it will be to the listeners. In fact, if we replace “causal” links in Thucydides’ narrative arguments, with “logical” links—as, for example, in changing “B was caused by A”, to “B follows from A”—we can see that the structures of his historical thinking are often exact templates of those of the deductive arguments of a logician or mathematician.

3.1.5. Narrative Is Modular

The property of modularity is particularly useful when dealing with the future: when constructing plans of action, it is good to know that certain areas of possibility are independent of others, that is, that it is not true that every event can influence every other event—otherwise the number of possibilities would be enormous and there would be no way to rationally deal with any of them. This is a fact that Classical rhetors are well aware of, and often resort to, in structuring their speeches.

To recap: though treatment of narrative in epideictic rhetoric is not far removed from the poetic, in deliberative rhetoric it returns to a function closer to its cognitive grounding in the representation of action. Many techniques of poetic storytelling are abandoned in favor of the basic cognitive qualities of narrative. The fact that a political speech occurs in an agonistic setting is crucial to this: the cultural pressure that makes a political orator rely on the essential cognitive qualities of narrative is the fact that the other side will contest it. It is through these essential cognitive qualities that a rhetorical narrative’s “intent to persuade” (Quintilian) is realized. By its very structure, and principally by its economy in the service of its central causal claims, a good rhetorical narrative is halfway to being a logical argument, the logical connections here appearing as causal relations.

3.2. Forensic Rhetoric: The Problematics of Stories

Rhetoric had its origin to a considerable extent in the attempt to give to prose the same qualities of beauty which its elder sister, poetry, already possessed.

—Samuel E. Bassett, “Hysteron Proteron Homerikos”

The cognitive qualities of narrative that shape deliberative rhetoric are also crucial in the development of its forensic sibling. On the surface, narrative in forensic rhetoric seems to be devoid of the qualities of poetic storytelling, mostly relying for its effectiveness on convincing representation of action. But this is only partly correct. Viewed differently, and especially when examined at the level of microstructure, forensic rhetoric is centrally about the transposition into prose of many of the tricks of poetry. The surprising thing is—and this is one of my main contentions—that these poetic qualities are almost absent from the narration at the heart of the rhetorical speech and much more apparent in the part of it we are accustomed to viewing as most “logical,” the part containing the direct argumentation.

A sort of paradox is involved here, a paradox that may contain the heart of the early history of logic: though the aim of the orators importing poetic techniques into rhetoric could well have been originally aesthetic, as stated in Bassett’s astute observation heading this section, those same techniques soon became the basis of the budding method of logical argumentation. We could describe this change with a term from evolutionary biology as exaptation, or the use of a feature originally “evolved for other usages . . . and later ‘co-opted’ for [its] current role” (Gould and Vrba 1982, 6). This concept is central to my argument: what I am attempting in this essay, and more particularly in this section and the next, is a history of the emergence of logic as (1) making the most of the basic cognitive qualities of narrative, within an agonistic setting, and (2) developing a series of exaptations of poetic techniques in the service of persuasion.

More precisely in the context of forensic rhetoric, my thesis is that what later became known as logic began to develop as a method for comparing contesting narrative accounts of events, with the aim of persuading a jury of citizens that the speaker’s version provided the best fit to the facts. It is crucial for this argument—especially in view of its extension to the emergence of mathematical proof—to remember that rhetoric hardly ever works with all-or-nothing statements. It is precisely this that causes a part of it not to overlap with the logical methodology of mathematics (see figure 10.1). The truth-values of rhetorical statements are not restricted to zero (false) and one (true) but move also in the range in between, according to the central Greek concept of eikos.11 These intermediate truth-values depend on narrative probability, which becomes crucial in situations where either only some of—and not all—the facts of a case are known or where certain of the facts are given in more than one, contrasting versions. In other words, narrative probability is crucial in most realistic situations.

The narration of the facts of a case plays an important part in a forensic speech to this day. Perhaps because of the deceptive “naturalness” of narrative, though, ancient theoreticians—with the exception of Quintilian12—did not pay it the attention it deserves as a tool for persuasion. It is only in the past three decades that legal scholars have begun to examine closely the role of narrative in legal thinking and practice,13 though, as Gagarin (2003) points out, these studies have not, with only the rarest of exceptions, been extended to the study of ancient law.

3.2.1. The Context of Greek Forensic Rhetoric

As previously mentioned, tragedy and deliberative rhetoric are best examined within the new structures of political organization appearing in the Greek world in the late Archaic and early Classical Age, structures which gave a high value to dialogue, rational deliberation, and collective decision making. The same applies to the examination of forensic rhetoric.

In a classical-age trial, the outcome was determined by a jury, consisting of some hundreds of free citizens who voted secretly after listening to witnesses and speeches from the two sides. The prosecution in public cases was usually conducted by a volunteer (boulomenos) while the defense was conducted personally by the defendant, though the latter’s, and sometime even the former’s, speeches were written by a professional orator called, in this case, logographos. Though in some cases each side was allowed one speech, in homicide cases and many other cases there were four, one speech and one rebuttal for each side (Carawan 1993).

The raison d’ être of a trial is a series of events that actually occurred. A forensic speech is basically constructed with the aim of persuading a jury that the speaker’s narrative of these events provides a better fit to reality than the other litigant’s. The new, Classical mindset, which forms the proper context for the speeches we shall consider, includes the realization that there does not exist a one-to-one correspondence between narratives and events, and that the same events can generate various, and often conflicting, narratives.14

The earliest signs of this mentality are to be found in the work of those lyric poets who begin to play around with old myths;15 the fifth-century tragic poets absolutely reveled in such revisionism, both creating new variations of the old myths and reading new meanings in the old. These practices are marks of the awareness that a narrative is not the representation of certain events in a storyworld but a representation. The agonistic environment of tragedy and forensic rhetoric—the former possibly inspired by the latter—leads to the further realization that figuring out which of the alternative narratives for the same set of past events gives a better fit to reality is nonobvious and problematic. Figuring out what actually happened is not just difficult for the poet (in tragedy) or the rhetor (in a court of law) but also, respectively, for the audience or jury: an essential part of the art of citizenship of a polis is constantly facing up to, and deciding between, such difficult choices between conflicting narratives.

3.2.2. The Macrostructure of Persuasion: Parts of the Speech

The role of narrative and poetic storytelling in the process of demonstration in Greek forensic rhetoric can be examined at the levels of macrostructure and microstructure. For the first, we shall look at the generic structure of the forensic speech as it developed from the second half of the fifth century BCE to its high point, less than a century later, and especially as it was theorized in Aristotle’s Rhetoric.16 The flexible generic structure underlying forensic speeches is already forming in the earliest extant texts of speeches by Antiphon and Gorgias (ca. 430–420 BCE) and is more or less fixed in the late work of Lysias and Andocides, a couple of decades later. It is important to begin by stating that the very existence of a generic template for the speech is in keeping with the tradition of poetry: almost as soon as a new literary subgenre is born, it acquires its own particular standard form.

The template of a forensic speech has four parts, the introduction, the narration, the proof, and the epilogue, although some ancient theorists further break down the third part into division, the proof proper, and refutation (de Brauw 2006, 187). The aim of forensic speech is twofold: to create relative, rather than total, certainty that the rhetor’s narration best fits the facts of the case; and to show that the acts described in it are best to be judged by application of a particular law of the polis.

3.2.2.a. Introduction (prologos)

Apart from the aim of capturing the audience’s attention and impressing it with a demonstration of the speaker’s verbal ability, an important function of the introduction, especially as theorized in Aristotle’s Rhetoric, is to define what is to be proved, in terms of both narration and applicable law. For this, it puts forth an outline, which can be as short as one sentence, of the speaker’s version of the story and states his contention as to the applicable law. This function of an introduction is not invented ex nihilo: outlining a story’s plot inside the story is an old, tried strategy of poetic storytelling, probably developed as an antidote to the sprawling, digressive epic style (Notopoulos 1951). Though it can be argued that outlining within the story is a case of repetition, and as such a basic mechanism in the unplanned “poetics of talk” (Tannen 1987), more particularly the starting of a narrative performance with an outline of its plot is a standard epic trick. In fact, the similarity of this function of the forensic speech to the similar poetic practice is noted by Aristotle (Rhetoric 1415a). Famously, both Homeric epics begin with a brief programmatic outline of their story and its meaning. When it precedes a sequence of events, the outline of a part or the whole of the plot in an epic fulfills the additional cognitive task of giving the narration forward thrust, order, and unity, through anticipating or recapitulating the action (van Groningen 1935; Notopoulos 1951).17

Not all the introductions in extant fifth- and fourth-century speeches conform to Aristotle’s generic pattern of setting out the main argument. But those that do could well be emulating epic practice: the employment of a preexisting, handy trick, used to cover a somewhat similar, but essentially different need in a new context—an exaptation.

3.2.2.b. Narration (prothesis or diêgêsis)

This part of the speech is pure narrative, a seemingly straightforward setting out of the facts of the case being judged. The art of the speaker lies in doing this in the way that best serves his purpose: in selecting from the larger storyworld of the case the appropriate facts and combining them in a way that highlights the causal relations crucial to his own interpretation of them.

The fourth-century rhetorician Alcidamas states in On the Sophists: “Speeches which have been laboriously worked out with elaborate diction, compositions more akin to poetry than prose [logoi], are deficient in spontaneity and truth, and, since they give the impression of a mechanical artificiality and labored insincerity, they inspire an audience with distrust and ill-will” (15.12.1; transl. Van Hook 1919). This is particularly true of the narration. But the fact that the artistry in a narration should not proclaim its presence does not mean that it should not be there. On the contrary, as human beings tend to read the flux of everyday reality in terms of preexisting story patterns, the skilled rhetor may cunningly (which also means invisibly) impose such a pattern on a case’s events in order to augment their narrative probability. He may even, consciously or unconsciously, employ an existing narrative pattern; thus, Porter (1997) suggests that the narration in a murder case by Lysias follows patterns of fourth-century theatrical comic storytelling. Clearly, the imposition of a preexisting pattern on a legal narration is not always in the service of the truth—though it is always in the service of effective persuasion. In fact, it can have a desultory effect on it: as reality is as a rule a lot more unstructured, random, incomplete, and inchoate than any well-formed story mold, the imposition of an external narrative pattern on the facts of a case often works to distort the truth rather than illuminate it (Dershowitz 1996).

In an unjustly neglected book, O’Banion (1992) makes a strong case for the importance of narration-as-proof in ancient legal procedure, often quoting Quintilian (ca. 35–ca. 95), the ancient theoretician who above all others made this point strongly. Quintilian’s definition of narration, quoted earlier, points to the fact that the change of emphasis in Classical Greek narrative techniques, from purely poetic storytelling to the great prose narratives of the orators and the historians, may lie in the intention with which a narrative is set out: not to delight, entertain, or instruct but to convince. Thus, the degree of detail in the narration of a forensic speech and the choice of parts of the story to be told or suppressed are determined by what they are there for—in other words, persuasion. Form follows function.

In the strongest statement of the narration-as-proof view, Quintilian writes: “For what difference is there between the proof and the narration, other than that the narration is a proof in continuous form, while the proof is a verification of the facts in the narration?” (De Oratore 4.2.79; my translation). Thus, authors adapting ancient terminology to modern legal usage, and translating the Greek diêgêsis and the Latin narratio as “statement of the facts”, seriously distort the spirit of the original terms, which reflect more strongly than any theoretical statement the affinity of ancient legal thinking—and thus early logical thinking—to its narrative roots.

Following the demand of simplicity-as-guarantee-of-veracity, the diêgêsis of a forensic speech is on its surface as simple as possible. Any hidden artistry notwithstanding, it is a stark, “documentary” recording of experience,18 containing no direct dialogue. Narrative of this kind joins together basic atomic sentences of two types, action and states-of-affairs, to form larger blocks of action or scenes.19 Atomic sentences are put together through links that either define temporal or spatial relation (such as “and then” or “elsewhere”), causal (“and so”), or associative of various kinds (“which brings to mind,” “who was the son of,” etc.) As mentioned in section 2.2.2, the early poet-storytellers structured their narratives almost exclusively through a syntax of nonsubordination, either parataxis or apposition, in a “strung-along style” that affects the “very mentality of the poet” (Notopoulos 1951, 87).

As a forensic narration does not aim at objectivity, the speaker seeks to represent the actions being judged in the form that best suits his purpose, while at the same time respecting the principle of high narrative probability and thus believability. In fact, believability is the one quality ancient theoreticians agree a forensic narration ought to have: it must give a representation of action that convinces it could be true or, more precisely, that cannot be convincingly shown to be untrue.

3.2.2.c. Proof (pistis)

A somewhat Whig-historical view of Greek intellectual life as striving toward the condition of logic makes the pistis the most important part of the speech. But it is not. The core of the speech is the narration; the pistis is only there to support it.

As mentioned earlier, some ancient theoreticians20 further decompose pistis into three parts: division, the actual pistis, and refutation. However, regardless of whether we adopt this further breakdown or not, the proof (pistis) of every particular argument is based on the rationale of division, and thus it makes sense to examine this process separately. (On the other hand, refutation of the opponent’s claims, either actual or potential, is the motivation behind the structuring of the whole pistis part of a speech—if a part of the narration is not to be contested, it isn’t worth spending any time trying to prove—and thus we don’t need to discuss it separately.21)

3.2.2.d. Division (diairesis)

The first task of division is to break down the action in the speech’s narration into parts, selecting those, or the interpretations thereof (of an action’s motive, say), which actually need to be proved, or—what is really the same thing—which the other side may contest. The second is to put forth for every contestable part of the action—which always has the form of a small narrative—a list of alternative narratives that the opponent may propose as likelier, to contest it. By this twofold process, the division brings into the speech new narratives that the speaker will use, in order to establish beyond reasonable doubt that his own narration gives the best approximation of the truth.

There are two different kinds of narratives that division generates in this process: subnarratives and counternarratives of the main narration, both of which are created by building on the basic cognitive mechanisms of narrative intelligence.

3.2.2.d.1. Subnarratives. To create these, the speaker deals with the main narration piecemeal, examining certain of its parts in greater detail to expose possibilities lying beneath the surface. The speaker muses on the causation of the various actions described, which is often tantamount to addressing the actors’ motives. The driving idea behind this process is the realization that, in order to be effectively contested, or even intelligently discussed, a narrative may need a certain extra amount of detail. A good example of this process is given by the division in the Encomium of Helen (ca. 430 BCE), Gorgias’s display piece exonerating Helen of her alleged responsibility in starting the Trojan War. The speaker addresses the central action, Helen’s departure from Sparta with Paris, which is usually given in the legendary accounts without an explanatory motive. Gorgias, however, does not, like Stesichorus in the Palinôdia, go for an “alternative history” explanation, involving abductions by gods and such. He accepts the basic action of the legend as fact and brings more detail into its representation by asking what caused Helen’s action. The possible scenarios offered are consistent with the folk cosmology and folk anthropology of a citizen of classical Athens, in other words, what is narratively probable in the mind of his audience.

This is the encomium’s brief division (my translation and numbering; Diels-Kranz 289):


Either by [1] the wishes of fate and designs of the gods and decrees of necessity she did it or [2] she was taken by force, or [3] persuaded by speeches, or [4] conquered by Eros.



Gorgias does not put forth one of the four options as more probable than the others: what is important in his attack is that the four, taken together, exhaust all possibilities. If the orator then manages to deal with each one of them successfully in the proof proper, he will have effectively dealt with the whole problem.

3.2.2.d.2. Counternarratives. The second type of new narrative that division can create is the counternarrative to a part of the main narration. Stesichorus’s story of Helen’s divine abduction is a good example, though the speaker in a classical courtroom would opt for counternarratives with a higher degree of narrative probability. In the following example of the creation of counternarratives, the division is not set out in a separate section of the speech but spread over the pistis. It is from Antiphon’s First Tetralogy (ca. 430 BCE), a textbook criminal speech. The defendant is accused of having killed a man in a secluded spot, with no witnesses except the dead man’s slave, who named the defendant as perpetrator before dying of wounds incurred during the incident. The defendant was at that time in serious litigation with the victim, which he was very likely to lose, along with his fortune. This points to a strong motive for the crime. The prosecution’s thesis in this, its first speech, is that the defendant must have killed the victim, as all other alternatives are less likely. To prove this, the prosecutor lists possible alternatives to the defendant having performed the deed, attacking each one as he goes along, ending in a sort of reductio ad absurdum. The parts in (my) italics set out the four counternarratives (115.4; transl. K. J. Maidment):


Malefactors are not likely to have murdered him, as nobody who was exposing his life to a very grave risk would forgo the prize when it was securely within his grasp; and the victims were found still wearing their cloaks. Nor again did anyone in liquor kill him; the murderer’s identity would be known to his boon companions. Nor again was his death the result of a quarrel; they would not have been quarrelling at the dead of night or in a deserted spot. Nor did the criminal strike the dead man when intending to strike someone else; he would not in that case have killed master and slave together. As all grounds for suspecting that the crime was unpremeditated are removed, it is clear from the circumstances of death themselves that the victim was deliberately murdered.



I propose that the type of thinking that drives the counternarrative part of the division has an earlier model in the common archaic poetic form of the priamel. This form, whose first extant examples are in Homer, is “a series of statements (often examples) [that] are advanced only to be ultimately set aside in favor of a culminating statement (the superlative example)” (Johnson 2008, 231). Here is an example from Sappho (L-P fr. 16; my translation):


Some say that cavalry, some infantry,
some a fleet, is the most beautiful [thing] on the dark earth.
But I say [it is] one’s lover.



This is a typical priamel in its structure: the first part offers the so-called foils—cavalry, infantry, fleet—while the second gives the winner, one’s lover. This structure of foils-followed-by-winner is exactly parallel to the extract from Antiphon’s speech: the rhetor produces a series of counternarratives (foils), only to discard them in favor of the event in his own narration (winner). This is a strong candidate for a cultural exaptation, from poetic to rhetorical use: a device originally used for emphasis, now used for persuasion.22

3.2.2.e. The Proof (pistis) Proper

The proof section of a classical forensic speech uses two techniques for producing conviction, the so-called nonartistic (atechnoi) and the artistic (entechnoi) pisteis (McDonald 2006, 195).23 In Greek theoretical treatises, pistis as a rule denotes both the whole proof part of the speech and its parts; thus, one can refer to “the” pistis, denoting the whole of the proof part, but also “a” pistis, i.e. a particular argument, inside it. When denoting the latter, I follow the practice of Kennedy (2007, 31) and Gagarin (1990, 24) in using the word pistis in its original form, rather than translating it as “proof,” as some authors do; I use “proof” only to refer to the part of the speech containing the individual pisteis.24

Nonartistic pisteis include witnesses’ statements, given either under oath (free men) or torture (slaves), as well as contracts and laws; the nonartistic pisteis contain information that purportedly comes to the speaker from outside, without him adding any intellectual value to it, as it were.25 The information in witnesses’ statements is either directly or indirectly in the narrative mode; for even laws and contracts are also as a rule expressed in action- and state-of-affairs statements, in the form of either positive or negative injunctions, as also in general rules referring to them. Thus, rather than a purely narrative sentence of a witness, such as “Eratosthenes was having an affair with the defendant’s wife,” in a law we get a hypothetical narrative, such as “if a man is having an affair with a married woman. . . .”

The civic and political reforms of the late sixth and fifth centuries BCE, which awarded equal credence to the testimonies of all free male citizens, regardless of social status, or rank, created the need for the court to be able to compare testimonies in order to choose between them. This gave added value to the artistic pisteis.26 Unlike the nonartistic pisteis, which are purportedly imported into the speech from an external reality, artistic pisteis are expected to be invented by the speaker by Aristotle’s scheme. These come in three varieties: pisteis relating to the character (êthos) of the speaker, opponent, or witness, pisteis addressed to the jurors’ emotions (pathos), and finally the logos pisteis, which are addressed to reason (dianoia). Today, we are used to regarding these latter pisteis as “logical proofs.” However, the original meaning of logos-type pistis is closer to the fact that these “lie in the speech itself, either demonstrating [deiknunai] or seeming to demonstrate” (Rhetoric 1356a2–4; my translation). The word translated as “speech” here is logos and this is significant: the original criterion for what we call “logical” pisteis today, thus all but equating them with rational thought, could be originally simply understood to mean “purely based on the speaker’s words.” (But with a caveat: this restriction to the speaker’s words does not exclude the wider, nonlinear storyworld containing the action represented in the trial’s narration or the additional knowledge that an average citizen could accept as naturally resulting from it by applying the standard mechanisms of natural narrative intelligence.)

3.2.2.f. Epilogue (epilogos)

The meaning of the Latin root perorare, which provides an alternative English name for the epilogue (peroration), is “to speak at length,” a good indication that a lot in an epilogue is redundant, in terms of either information or argument. According to the anonymous Rhetorica ad Herennium (ca. 80 CE), an epilogue can be further broken down into a part outlining the case, or summing up, an amplification of the main argument, as well as an appeal to pity or commiseration. The last two are basically pathos-type arguments and aim at stressing to the jury the significance of making the right decision, usually supported by one or more gnômai; the function of these two parts can be seen as closer to poetry than any sort of logic. The summing up, on the other hand, basically repeats the basic narrative premise at the heart of the speech, as also set out in the introduction.

4. The Microstructure of Persuasive Discourse

Apart from the diêgêsis itself, which is pure narrative, the parts of the speech that are mostly narrative are the prologue, the division part of the proof, and the summing up of the epilogue, the first and last in the sense of outlining the action and the division in using narrative intelligence to generate from the narration new sub- and counternarratives. This leaves one important part of the speech to be examined for its possible relations to narrative and poetic storytelling, the proof proper.

As we saw, the proof proper operates piecemeal, dealing in turn with each one of the sub- or counternarratives defined by the division, with the aim of either making those supporting the speaker’s narration appear more plausible or those contesting it more implausible. To understand how this is done, we must turn to the microstructure, and especially to the logos-type pisteis. It is in these that we find the roots of the process that became, over a period of some decades, what we today recognize as “logic”. Bassett’s earlier observation gives us a strong key to the genealogy of these artificial—in the sense of not naturally resulting from narrative intelligence —tools. I propose that the artistic pisteis enter fifth-century rhetoric from earlier uses in poetry and poetic storytelling. They were probably initially imported to relieve the dryness of prose with heightened linguistic constructions. However, some of these forms proved more useful than others in the main function of the pisteis, i.e. persuasion, and thus become increasingly dominant. In other words, rhetoric borrowed the forms of poetry for their beauty but kept, and further developed, some of them for their persuasive effectiveness. I argue more specifically that to construct their arguments, and especially the logos-type artistic pisteis, Greek orators made extensive use of two related techniques from archaic poetic storytelling, chiasmus and ring-composition. The atomic logical structures later theorized by Aristotle as syllogisms are, in fact, versions of these two techniques of poetic composition in their basic form. But the two techniques are also responsible for the architecture of logos-type constructions at higher levels of organization of the proof part of a speech as will be shown.

4.1. Chiasmus and Ring-Composition: From Old Form to New Function

Chiasmus and ring-composition provide the missing link, the most crucial ingredient in understanding the passage from speech aimed solely at narrative representation to (what was later called) logical deduction. However, to avoid any teleologic-sounding arguments, I will avoid as much as possible the use of the word logic and its derivatives in what follows. Rather, to understand the importance of this transformation, I return to the streetcar metaphor: proof is not a sudden break with tradition but—in a process that is extremely common in the history of ideas, science, and technology—the putting to new uses of old tools in order to address a new need, solve a new problem.27 The new need in this case is the employment of speech (logos) not merely to represent action but to compare narratives, with other narratives and to check whether they conform to general rules, the narrative- or gnômê-like laws of the polis.

Some scholars occasionally use the terms chiasmus and ring-composition interchangeably, and this is partly justified as they are nearly the same, but for one difference: the existence in a ring-composition of a unique central element; others reserve chiasmus for very short forms only. Despite their great similarity, however, it is essential to distinguish between chiasmus, which I abbreviate as X, and ring-composition, which I denote as RC; when an argument I make applies to both, I shall write X/RC.

X is a symmetric structure of phrases that, in its minimal form, has the structure A-B-B*-A*, where B* and A* repeat the whole or part of B and A, respectively. Any N is connected with its N* through a common (“white” joins up with “white”) or antithetical (“white” joins up with “black”) element, which can be a word, phrase, or concept. We shall call this common element the pair’s pivot. A famous modern example of the minimal X is John F. Kennedy’s “ask not what your country can do for you; ask what you can do for your country.” Here, “country” is the outer or A-pivot and “you” the inner or B-pivot. An X can be of arbitrary length: [image: Images]. RC differs from X solely in that the central pair N-N* is replaced by a unique central element N, or, in the simplest possible form, A-B-A*. For simple examples of rather short RCs we can look at those limericks where the first line is repeated at the end; here, these provide A and A*, while the central three lines are B. An RC can also be of arbitrary length: [image: Images]. X/RCs can also be many-tiered, as in the RC where an element Ai further breaks down into [image: Images]. In such tiering, X and RC can combine: an X can contain elements that break up into RC, and vice versa.

The first exact instances of X/RC in Greek literature are in the Homeric epics. These were first systematically defined and discussed by van Otterlo (1944) and further studied by Van Groningen (1958). In epic, X/RC operates at many levels of structure of the poem, from the smallest to the largest, as also at many levels in between, such as that of type scenes.28 A strong reason for the use of X/RC in epic is its mnemonic value (Rubin 1996). As mnemonic techniques are often structured on an internally represented spatial form, the existence of a going-there-and-back spatial model could be at the root of X/RC. It is worth noting that recent evidence from the neurosciences points to the grounding of the spatial art of memory, the technê mnêmonikê, on the structure of the brain (Becchetti 2010, 104). This could also provide the basis for understanding the cognitive power of X/RC.
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Figure 10.12. A long X-structure from the Odyssey (11.171–203), summarized in Reece (1995, 213).

The underlying spatial form would account for, among other things, the series of questions and answers in the epics, where questions are answered in exact reverse order, as in the long X consisting of Odysseus’s questions to his mother, Anticleia, in Hades (figure 10.12; the numbers refer to verses; formatting follows the standard notation for denoting X).). However, X/RC is not just mnemotechnics. Referring to its use in epic, Steve Reece calls it “perhaps the most important structuring device of oral narrative, building bridges between the many components of the larger poem . . . weaving the digressionary material into the larger fabric of the narrative.” Though X/RC may have begun as an unconscious mechanism and “survived for its mnemonic and tectonic value,” it soon turned into “an aesthetic principle as well, becoming a desirable and expected pattern of oral narrative” (Reece 1995, 220). Few scholars would disagree with the statement that X/RC is one of the frequent stylistic features of epic form. However, there is scholarly dispute as to both the extent and the range of the employment of X/RC, as well as whether it is always a device that is consciously applied by the poet or a mere consequence of laws also applying to quotidian orality.29
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Figure 10.13. RC-type composition, with central figure surrounded by a symmetric arrangement. Attic vase, dated between 600 and 530 BCE. (Staatliche Antikensammlung, Munich.)

How X and RC got into Greek poetic storytelling in the first place is not our concern here. Suffice it to say that though they could have come to Greece from earlier literary traditions, such as Sumero-Akkadian and Ugaritic, where they are also prevalent, they could also have been indigenous, as there are strong indications that X/RC are cognitive universals, either because of their underlying spatial logic or possibly through a relation to natural mythic cycles (Miller 1982, 800; Douglas 2007, 41). Spatial analogues, and thus also, possibly, inspirations of X/RC in Greek poetry can be seen in two different art forms: (1) the choral practices of lyric poetry, and more specifically the circular dances, where a group of dancers changes direction, singing along the way; thus, the dancers would sing verses A, B, C, D, E when going, say, clockwise, and then their “inverses” when going counterclockwise, which would go in the order E*, D*, C*, B*, A*;30 or (2) archaic architecture and vase painting, with vase painting’s preference for symmetric structures, often with a unique central element as the focus. In the vases in figures 10.13 and 10.14, we have scenes that are symmetrically set around a central element. Thus, reading the composition in figure 10.14 from left to right, we get helmet–hero–board game–hero–helmet, or an RC structure of the form A-B-C-B*-A*. Compositions such as these, in Geometric vases, appear as early as the eighth century BCE.
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Figure 10.14. Achilles playing dice with Aias. Attic vase of the Leagros group, c. 500 BCE. Staatliche Antikensammlung, Munich.

Bassett was one of the first to suspect that there is more than aesthetic or abstract structural value in X/RC: “We . . . may ask how far the chiastic order was determined by . . . [the] arrangement of ideas . . . and possibly the element of surprise which sharpens the attention of the listener. . . . [Potentially relevant, too, is] the psychological factor, the advantage of using one idea to suggest another, and thus to make the thought continuous” (1920, 59; my italics). If he were writing today, Bassett would have probably used the word “cognitive” instead of “psychological.” The importance of Bassett’s notion of surprise cannot be exaggerated, especially when coupled with continuity, a quality that seems almost antithetical to it; but real understanding—by human beings, not machines—often depends on sudden leaps of the imagination that unexpectedly bring together what was previously disjoint. This is a concept at least as old as Plato’s exaiphnês, the “suddenly” in which the forms (eidoi or “Platonic Ideas”) are revealed to the soul. Its involvement with X/RC shows us that its use is much older.

John Welch, a scholar who has extensively studied the use of chiasmus, mostly in biblical literature, believes that one of the functions of an X is to structure thought patterns and whole literary units (1981). Rodolphe Gasché, after calling X “an originary form of thought, of dianoia,” makes one of the very few concrete references I have found in the literature on how chiastic structure actually relates to the higher cognitive process we call thinking: “Originally, as a form, as the form of thought, chiasm is what allows oppositions to be bound into unity in the first place” (quoted in Warminski 1987, ix–xxi; italics in original). In a particularly insightful paper, Paul Friedrich proposes X as one of the elements of what he calls lyric epiphany. He writes of X as creating “an illusion . . . of a synchronic, monocular vision of an absolute aesthetic truth—usually with a radical closure” (2001, 218), and goes on to speak of X being so pervasive “in archaic Greece to warrant our speaking of a chiasmic mind, or mental set, or even worldview” (240).

It is precisely this side of the function of X/RC, whether expressed as Bassett’s “element of surprise” or Friedrich’s “illusion of a synchronic, monocular vision,” that could be at the root of the exaptation process we are examining. In other words, while X/RC had become prevalent in archaic literature for its combination of mnemotechnic usefulness and a pleasing rhythm of symmetry, it later acquired new uses in rhetoric because of its capacity to give continuity and unity to sequences of utterances that were not connected with either the rationale of action representation or mere aesthetic delight, in other words the two dominant rationales for putting sentences together in quotidian narrative and poetry until that time. The new need, guiding the exaptation, was persuasion, the aim of rhetoric.

For an example of this seemingly uncanny—because explainable only by recourse to the cognitive capacities of the human mind—power of X, we may turn to Gorgias’s Defense of Palamedes, another exhibition piece on a fictional case. Palamedes is defending himself against Odysseus’ accusation of treason. After charging Odysseus with having said about him opposite things (enantiotata), which is to Gorgias a very clear criterion of untruthfulness (Spatharas 2001, 398–99), the rhetor, as Palamedes, sums up his argument with an X that combines his earlier statements to deal Odysseus’ arguments a fatal blow: “If I am wise, I did not err. If I erred, I am not wise” (9). Both periods, A-B and B*-A*, are, in themselves, unimpressive. Yet their combination in this A-B-B*-A* form, with “wise” and “err” as pivots, has a power to impress that seems irreducible to a purely formal argument. In this sense, the effect of X/RC, like that of other poetic tricks, such as rhyming, is like that of a joke, whose effect cannot be explained as a mere sum of its parts. It works as a cognitive gestalt: when you try to take it apart, or explain it, it gains in clarity only what it loses in impact.

Rather than attempt a historical description of how a narrative form grew into a persuasive one, through use of X/RC, I will present a brief typology of X/RC in some of the early classical forensic speeches, in the last decades of the fifth century BCE and the early ones of the fourth. These forms are clear evidence that, by this point in time, the practices of poetic storytelling are beginning to be employed not just for telling stories but for persuading an audience of citizens that one narrative is more convincing than another. We cannot know to what extent this transformation was consciously effected. But Socrates’ view of the rhetors and the sophists as confidence-tricksters who could fool their audience into believing pretty much anything through verbal prestidigitation could well be motivated by the belief that they were merely, though very artfully, playing with words or, in our own modern parlance, “putting the signifier over the signified”—which, in a very literal sense, is exactly what they were doing. If they were not highly successful in their trickery, one thinks, Socrates would not have made such an issue of it.

4.2. Ring-Composition as Cognitive Tool

The proof part of a forensic speech works with the narrative material in the narration, which it seeks to enhance both positively and negatively: both by making it more plausible in itself and defending it against alternative accounts. The two forms of artistic pistis most used are the paradeigma, described by Aristotle as “rhetorical induction,” and the enthymeme, which he calls “rhetorical syllogism.” These methods of argumentation are intimately related with X and RC; in fact, they are elementary cases of these forms.

The rhetorical assimilation of the Homeric use of paradeigma provides a good example of the refitting of poetic storytelling practices to persuasive purposes. In Homer, the paradeigma typically takes the form of an appeal to a mini-story, usually mythological, to justify a certain behavior. What makes this particularly pertinent to our argument is that the standard framing device for paradeigma in Homer is RC. In the example in figure 10.15, from the last book of the Iliad, Achilles, addressing Priam, proposes that they set aside, for a while, their mourning for Patroclus and Hector, respectively, and have dinner (the numbers refer to verses; formatting follows the standard notation for denoting RC). A simple (i.e., merely containing the necessary information) appeal to an example would exhaust itself in 1-2-3; 2* and 3* do not add anything new. Definitely, one of the main uses of the full RC form in epic is to blend digressions more naturally into the main narrative.31 But as it happens, this arrangement also reinforces the double injunction (1-1*) through analogy with the old story in a way that is both continuous and, because of its symmetry, aesthetically pleasing—and thus more convincing.
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Figure 10.15. Iliad 24.601–18; abridged from Willcock (1964, 142).

4.2.1. RC-type Rhetorical Argument

Fifth-century BCE rhetoric borrows this structural model almost exactly, though the aim of the RC-patterning occasionally changes, from injunction to demonstration. This change happens when an action phrase (“x did so”) becomes a state-of-affairs phrase (“x is so”), the action verb morphing into the copula “is.” The central element of the RC can still be a mini-story, in Homeric style, but it is more often a gnômê, as in the speech “On the Murder of Eratosthenes” by Lysias (ca. 400 BCE). A husband is defending himself for having murdered a man, surprised in flagrante delicto with his adulterous wife. In our example, he is appealing to the fact that the punishment for adultery by Athenian law is death and thus, by killing Eratosthenes, he has done nothing more than apply it. (Bracketed phrases in the speech in figure 10.16 are added for clarity, while pivots are marked by bold italics in 1-1* and underlined in 2-2*.) In a strictly logical sense, the sequence 1-2-3 contains all the necessary information: purely in terms of information given, 2* is a mere repetition, while 1* is a transformation of the statement of fact in 1, to an appeal. But it is 2*, which completes the RC, that creates a continuous link from the defendant’s action to the court’s decision. Thus, it is not just the undeniable truth of 3 that makes the appeal much stronger than a mere “please acquit me.” It is also the connectivity of the pattern, which leads from a state-of-affairs sentence (1) to appeal (1*) via general rule (3) in a way which appears seemless and continuous—and thus more convincing.
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Figure 10.16. From On the Murder of Eratosthenes (Lamb 2006, 21).

One might argue that in this case, the RC argument is more a rhetorical formal trick than application of a logical rule. But that is exactly the point: at this historical stage, there is no clear demarcation of the two. And it is only through an examination of this intermediate stage that the roots in poetic story telling of (what is later seen as) logic become apparent.

4.3. Chiasmus as Cognitive Tool

G. E. R. Lloyd (1966) has identified analogy and polarity as two major conceptual categories of archaic thought, both having roots in mythology. The RC pattern we just described is based on highlighting analogy (either with a paradigmatic story or general rule), whereas the two basic X-type arguments I have found in extant rhetorical texts of the fifth and fourth centuries BCE—and of course there may be others—depend on polarities.

4.3.1. X-type 1 Rhetorical Argument

For an example of the first X-type argument, let us look again at the Encomium of Helen, to see how Gorgias deals with the first item in his division, described earlier, i.e., the possibility that Helen’s abduction was decided by the gods (figure 10.17). A passage that seems ponderous and repetitious to the modern mind—these are standard accusations against Gorgianic style—reveals a perfect structure if we see it as the extended X it is: the contrasting elements in 1 and 1* (underlined) and the identical elements in 2 and 2* (bold italics) are the pivots for the outer parallelism, while the central pair 3-3* (bold) forms a chiastic gnômê, in pure A-B-B*-A* atomic X form (its A-pivot in bold, its B-pivot in italics), that the audience can accept as true without further argument.
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Figure 10.17. Encomium of Helen (my translation; Greek text in Diels-Kranz 1966, 289–90).

In a sense, this is a case of pure argument, without narrative or poetic elements. However, it is more accurate to see it as a mixture of both argumentative and narrative elements, joined through a poetic technique. There are three reasons for this: (a) The outer elements 1 and 1* contain injunctions, connecting what are basically action sentences, the very stuff of narrative: from “hold the right person responsible” to “acquit Helen.” (b) Elements 2 and 3 begin with “for,” thus indicating a logical type of connection from the previous phrases, 1 and 2, respectively. Yet 2* and 1* are without such direct links from 3 and 2*: their existence and position are pattern-dictated; they are there in accordance with the overarching X form, a poetic form, which is especially apparent in the presence of 2*, a statement otherwise logically redundant. Finally, (c) it is too early in intellectual history to speak of “pure argument.” It is a half century before the theory of syllogisms is articulated, by Aristotle. In fact, at the time the Encomium is written, the supreme instances of argumentation are in the Attic tragedies and the speeches of the orators. In these, argumentation mainly consists of weaving verbal patterns, using traditional poetic tools to serve a new purpose: not to spin tales but to compare them, to contest others, with the aim of persuasion. Clearly, we have here a case of the form being stronger than the content: the poetic effect of X adds persuasive power to the construction, a cognitive reinforcement of meaning. To call it “logical” is to give it the name of a way of thinking that is still, in the last decades of the fifth century BCE, in the process of being developed.

4.3.2. X-type 2 Rhetorical Argument

The second X-type argument prevalent in rhetoric is also guided by a polarity, in this case the specific form of contradiction. The central chiastic quadruple—which can be lodged in at the centre of a much larger X (figure 10.21)—is here formed by a pair of action phrases, the first two of which form a hypothesis: “If a happens (A),” “then b happens (B).” The third (B*) is a denial of B, either from the narration (“b did not happen”) or based on narrative probability (“b could not have happened”). The fourth, A*, completes the X pattern symmetrically, performing the work of what is later formalized as logical conclusion or sumperasma (“a did not happen” or “could not happen”).
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Figure 10.18. Antiphon’s First Tetralogy argument, in full logical form.

The following is a simple example of this type from Antiphon’s First Tetralogy, guided by the division which we examined in 3.2.2.d. In this passage, the orator is trying to rule out one of the counternarratives to his narration (115.4; transl. K. J. Maidment):


Malefactors are not likely to have murdered him, as nobody who was exposing his life to a very grave risk would forgo the prize when it was securely within his grasp; and the victims were found still wearing their cloaks.



There is something strange about this simple X-like pattern: 1* has been moved to the top. In proper logical form, the X would have read as shown in figure 10.18. In this arrangement it conforms to Aristotle’s conception of a syllogism as ex anangês, “of necessity” (Pr. Anal. 86.1 and elsewhere), in the sense that if we accept 1, 2, and 2* as true, then 1* is a necessary conclusion. But it also exhibits the characteristic effect of the X, namely, it “tightens and closes; there is an element of inevitability as exit replays introitus” (Friedrich 2001, 241).
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Figure 10.19. X-type 2 argument in generic form.
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Figure 10.20. The nonlinear expansion of the X-type 2 argument.

Let us write this type of argument in its generic form, the arrows in figure 10.19 marking the links from one phrase to the next. Notice that links i and ii make full sense as linear arrangements: i joins the two parts of an action sentence, the second completing the first, and ii is an instance of the common figure of anadiplosis, in which the last word of a sentence is repeated at the start of the next, a figure, incidentally, which appears at the center of every X. But link iii is not justified from the content of the previous phrase: there is no linear rule taking us from 2* to 1*. This transition can be explained only if we map the implicational connections (in dotted arrows in the diagram) in two dimensions, as shown in figure 10.20. In other words, for the implication to hold, we need links iv and v operating together. From this we can see the full power of the X structure: though, read simply as text, it merely concatenates the four phrases in linear order, the underlying X form encodes their relationships in a way that implies their nonlinear connections. In other words, X is an economical way to linearly encode a nonlinear pattern. And it is only knowledge of the underlying X structure that allows the actual reordering in the text, that is, 1*-1-2, to be read correctly.
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Figure 10.21. Gorgias, Defense of Palamedes (my translation; Greek text Diels-Kranz 1966, 295–96).

Now let us look at a longer case of the X-type 2 structure. Figure 10.21 shows the full X form from an example from the Defense of Palamedes, another mythological case. In this, additional X-coupling is applied to a basic A*-A-B structure (derived from the full form A-B-B*-A*).32 Gorgias builds a subnarrative enriching the mythological narration with details provided by knowledge of the real world, via narrative intelligence. Similar to the previous example, the X in the actual speech starts with 1* (the negation of 1: “If I committed treason”). The form of the full X in the speech is 1*-2-3-3*a. The second part of the central chiasmus 3* is here broken down into two parts, 3*a and 3*b, with the three sentences 4a–4c interjected, as additional evidence for 3*a, while 1 as well as 3*b-2*-1* are omitted, as in the smaller form A*-A-B, in Antiphon’s speech examined above (as noted, 4a–4c are parenthetical to the main X structure, an extra corroboration of a particular point).

Minds trained in X/RC—as classical minds undoubtedly were—can naturally supply 3*b-1* and effect closure, especially as 1–4 is a cascading question-and-answer pattern, the one leading to the other. In effect, we have in 1-2-3 a series of substitutions of the demonstrandum, through a sequence of implied questions: (1) How would I have committed the crime of treason? (2) To commit treason, shouldn’t I have had a discussion with someone? (3) Wouldn’t this discussion imply a meeting? (I have italicized the new demonstrandum in each sentence.) Thus the initial hypothesis (1) is transformed, through (2), to one that can more easily be refuted (3) by the three parallel elements 4a–c.

The long X-type 2 argument has the generic form 1*-2-3- . . . -N-N*, where 1, as well as the sequence (N-1)- . . . -3*-2*-1*, are omitted. The reason why this is actually a chiasmus, despite the lacunae in its form and the transposition of end to beginning, has to do with the particular nature of rhetorical proofs, which are almost always gappy in this exact way: many obvious things are left unsaid. To be rhetorically persuasive, a concatenation of phrases need only be complete enough to lead a listener over its many gaps, to the underlying complete form. Aristotle, stresses that in rhetoric, “the conclusion must neither be drawn from too far back nor should it include all the steps of the argument,” as the first situation “causes obscurity,” while the second “is simply a waste of words because it states much that is obvious” (Rhetoric 1395b; my translation).

5. Proof in Mathematics

My partly externalist account of the origins of deductive mathematical proof in classical Greece is based on the view that culture-specific factors played a crucial part in its development. As G. E. R. Lloyd’s comparative studies of the development of Greek and Chinese mathematics show, “there is nothing inevitable about the way in which [mathematics] developed, and [its] international modern character should not masks [its] very divergent early manifestations” in different cultures (1996, 225). Greek mathematics cannot be an exception to the ubiquitous process in cultural development that new practices are partly developed by applying some of the tools and techniques of older, preexisting ones.

In section 5, I extend my previous arguments about rhetoric to show that both the macrostructure and the microstructure of the first proofs in Greek deductive mathematics were crucially affected by the dominant—within the adversarial cultural context of the Greek polis—practice of forensic rhetoric, as this was shaped, as we saw, under the influence of the cognitive mechanisms of narrativity and the forms of poetic storytelling. At the level of macrostructure, I propose that the form of the Attic forensic speech provided to a large extent the template for the shape of mathematical proof. At the level of microstructure, I show that X/RC constructions, similar to those that played such a central role in the development of demonstration in Greek rhetoric, are among the main tools of the new practice of mathematical deduction. As Euclid’s deductive proofs are the first eminently worthy of the name in recorded intellectual history, describing the presence in them of forms originally appearing in poetic storytelling, transmitted to mathematics at least partly via rhetoric, is essentially tantamount to finding the missing link in the cognitive history of mathematics, from no proof to proof: our streetcar will have reached its final stop.

5.1. Domain-Related Influences on the Development of Greek Geometry

Even schoolchildren know—at least they did a couple of decades ago—that the basic tools of Greek mathematics were the ruler and the compass. In vases of the early geometric age (ca. 900 BCE) we see for the first time the tiny characteristic pin mark in the center of perfectly drawn circles, evidence of the use of some kind of circle-drawing tool. Yet these circles were not drawn with a compass, but with what archaeologists call a “pivoted brush,” consisting of little brushes attached by a vertical piece of wood and moved around a nail at one end of the wood (Papadopoulos, Vedder, and Schreiber 1998). Yet the discovery and general availability of the kind of compass that could actually affect mathematical thinking, i.e., the adjustable double-edged compass, came much later in the archaic period, probably no earlier than the last decades of the sixth century BCE.

The role of this invention has not received the attention it deserves. Use of the adjustable straight-edged compass followed the fate of many tools: a tool is invented for a certain use, but as its users become more sophisticated in this, other uses are invented for it. Thus, though it is quite likely that the adjustable compass was invented for marking circles of various sizes on surfaces, mostly in pottery, it soon became clear that it was an ideal tool for reproducing a certain specific length. The observation that all points on the circumference of a circle are equidistant from the center, as well as Euclid’s second postulate, namely, that given a point and a straight line, one can draw a circle with the point as center and the line as radius, seem to be the kind of practical knowledge an experienced compass user would naturally possess, long before there was any concept of theorems and axioms. And there were many such practiced compass users in the Classical Age, people possessing what we can call compass literacy.
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Figure 10.22. Glazed-over drawing on a doubleen amphora, attributed to the school of the Athenian painter now referred-to as the “Edinburgh Painter,” ca. 500–490 BCE. (From Noble, The Techniques of Painted Attic Pottery, 115).

One particular piece of early evidence of compass literacy is worth mentioning, as it shows the kind of geometric achievements that could be achieved by vase painters, without the employment of formalized geometric knowledge. In figure 10.22 we see, hidden under the black glazing on an early fifth-century doubleen amphora, an erased marking of overlapping circles. Noble (1988:54) thinks that its position, under the handle, indicates that this was a sketch, possibly for a shield. This is the common way to create an asterisk-shaped decorative form on shields, on late sixth- and early fifth-century BCE black figure vases; we use this particular one, as the underlying pattern is so perfectly visible. This sketch, made two centuries before Euclid’s Elements, by a compass-literate vase painter, employs an advanced version of the technique that is used to construct an equilateral triangle on a given line segment with compass and ruler in Elements proposition 1.1, as indicated in figure 10.23. (The technique used on this vase is also sufficient to create a regular hexagon on a given side, as can be seen in figure 10.24). Euclid’s proof of proposition 1.1 depends on the fact that all points on the circumference of a circle are equidistant from the center—there seems to be no better way than actually drawing the circle with a compass to physically realize this—as well as the first of what Euclid terms a “common notion” (koinê ennoia), or “things that are equal to a third thing are equal to one another.”
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Figure 10.23. The way an equilateral triangle results from the underlying drawing in figure 10.22, also in accordance with the technique used in Elements I.1.

It is important to note that the passage from the habits of the Greek craftsman (who drew this particular sketch on the amphora) to the habits of the Greek scholar (who proved, two centuries later, proposition 1.1) need not be as clearly marked as an older, idealized version of the development of higher thought processes might imply.33 In the fifth and fourth centuries BCE, there could well have been in Greece many such cultural centaurs, in other words people who combined the skills of the craftsman and the thinker. The first Greek mathematicians could well have belonged to this particular species. For though Greek deductive mathematics is famously “abstract,” “philosophical,” “nonapplied,” and “impractical”—all clichés of its older historiography—there is no reason why it couldn’t have developed partly from knowledge of a craft or the opportunities given by the new tool, the adjustable double-edged compass used by vase painters in the latter part of the sixth century BCE. From this particular viewpoint, a lot of the abstraction—as it is usually considered—encoded in Euclid’s axioms can be seen as no more than a setting down on papyrus of the basic grammatical rules of a craft involving compass literacy, for the purpose of translating its results from its original form of communication, in the live, oral interaction between peers, using a writing surface on which they can draw with ruler and compass, and also refer-to through deictic communication, into the language of written communication. The first three axioms, especially, encode the necessary arrangements for the mathematician to be able to effect this transition, from orally-delivered to written theorems, without losing information or weakening the capacity to convince.
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Figure 10.24. The way a regular hexagon results from the underlying drawing in figure 10.22.

Apart from vase painting, early geometric practitioners could have applied their compass literacy to architecture and town planning, already a flourishing practice in the late Archaic Period.34 The Greek architectural practice of building from small three-dimensional models (Coulton 1977) set great demands for an abstract understanding of relations of proportion. Though we have no written evidence substantiating this provenance, the quantity of theorems that conclude that four line segments, or four areas, are unified in a particular quadruple of proportions of the form “AB is to CD as EF is to GH” could well have its roots in the needs and opportunities created by this particular architectural technique: the application of proportional rules in architecture requires absolute certainty, which can only be reached through deductive proof. In the artistic craft of the vase painter, the proof of the pudding is in the eating (i.e., if a geometric construction looks right, for all aesthetic purposes it is right); but in creating large buildings by applying transformations of proportion, in scale, to much smaller ones, it is necessary to know that one is absolutely right, as minute inexactitudes of measurement in the model can have gross consequences when multiplied by big factors.

5.2. A Bridge over Troubled Water: From the Language of Narrative to the Language of Demonstration

The first deductive mathematical proofs were probably disseminated in the live interaction of small groups of compass-literate people, early “experts” of sorts, chatting around a writing surface (sand, wax tablet, or papyrus) on which diagrams could be drawn. And though the invention of new theorems and proofs is traditionally considered a solitary affair, these interactions of experts could also have functioned, on occasion, for research to generate or perfect new results. Gesturing and deictic language (“this triangle,” “if I draw this line from here to here”) played a big part in these expert interactions in which, gradually, a standard vocabulary and formulaic expressions were developed (Netz 1999a, 127–67). Such linguistic forms are possible because of the restricted universe of reference of geometry—points, lines, shapes, and the actions of drawing lines and circumferences and comparing them35—and result from a developing tradition of communication within an elite caste of experts.36

Before I proceed, I propose a simple thought experiment as a basic context for the discussion that follows. Let us think of the (written) proof of a Greek theorem as the record of the goal-oriented activity of a mathematician in the process of trying to show that a certain geometric statement is true. In other words, let us think of it not as “abstract thinking” but as the symbolic representation of the action of proving something. By our earlier definition, this makes it, precisely, a narrative. One might object that this is a trick, that it is in fact the verb “proving” that makes this representation of action a proof, and that to call it a narrative does not in any substantial way change the nature of a proof, from what we have always thought it to be: a proof is a proof is a proof—not, in any interesting way, a narrative. As I shall argue, however, this view of proof provides a good starting point for seeing it in a new context. In what follows, I am keeping in mind that a proof is the representation of particular actions of oral-environment “proving,” i.e., pointing, drawing lines or circles, and comparing, etc. This process can include verbal utterances.

In looking at proofs as narratives, I apply what we know about narratives. A proof—we are now looking exclusively at early Greek deductive theorems—uses the same three types of atomic sentences as all narratives: action sentences (e.g., “I draw this line”), state-of-affairs sentences (“this triangle is similar to this”), and gnômai-like expressions of general rules (“things equal to the same thing are equal to one another”). It should be noted, however, that the relative percentages of the three types of sentences occurring in proofs-viewed-as-narratives are different from those we find in other narratives. But, more important, these percentages vary from theorem to theorem and also from part to part of a theorem. We shall look at two examples to illustrate this variation. In these, I will follow the following conventions: (1) atomic sentences are separated by //, (2) action sentences are underlined, state-of-affairs sentences are in regular type, and general rules in bold; and (3) working within our thought experiment, I will sometimes translate the abstract, impersonal diction of Euclid into a speaking mathematician’s first-person account.

The first, thus modified sample is from proposition 1.9 of Euclid’s Elements. In this and subsequent Euclidean excerpts, the bracketed text, containing references to earlier propositions or comments, is the translator’s. (The following and all further translations of Euclid’s original text are from Fitzpatrick 2005). Yet we retain them here because in an interactive context of presentation and discussion of proofs, we can imagine some of these coming up in answer to questions such as “but how can you do this?,” which bring up, as justification, previously proved results, definitions, common notions, or axioms.


BAC is the given rectilinear angle. // So it is required to cut it in half. // I take a point, D, randomly on AB, // I take an AE, equal to AD, from AC, [using the method given in Prop. 1.3]. // Then I join D with E with my ruler. // Then I create an equilateral triangle DEF, with DE as one of its sides, [using the technique given in Prop. 1.1].37 // Now I join A and F. // Now I say that I can prove to you that the angle BAC has been cut in half by the straight-line AF.



This sample of Euclidean text fits almost perfectly the definition of narrative as the representation of action, with our geometer as main character. The percentages of the various types of sentences are the same as in normal, quotidian narrative: action sentences predominate, sentences describing the various steps in a purposeful human action, performed toward the fulfillment of a goal. The sample contains just two state-of-affairs sentences, the first of which is deictic (“this is equal to that”) and the second stating an atemporal fact about it, namely, that the two parts of angle BAC are equal.38

The next sample is also from the Elements (proposition 3.7) but the percentages of sentences are very different, with only one sentence describing action, two general rules, and the rest state-of-affairs sentences:


For let BE, CE, and GE have been joined. // And since for every triangle (any) two sides are greater than the remaining (side) [Prop. 1.20] // EB and EF is thus greater than BF. // And AE (is) equal to BE [thus, BE and EF is equal to AF]. // Thus, AF (is) greater than BF. // Again, since BE is equal to CE, and FE (is) common, the two (straight-lines) BE, EF are equal to the two (straight-lines) CE, EF (respectively). // But, angle BEF (is) also greater than angle CEF. // Thus, the base BF is greater than the base CF. // Thus, the base BF is greater than the base CF [Prop. 1.24]. // So, for the same (reasons), CF is also greater than FG.



These analogies are radically different from those in a normal narrative. Thus, either this part of the Elements is not in any meaningful way a narrative or we have chanced on a section of narrative—such as a part of an epic where the poet recites a list or describes an object—that is not at all typical of the form.39

Jumping ahead in my argument for a moment, I will say that the reason for the difference in the two samples lies in the fact that they belong to two different parts of the theorem, the former to what ancient authors call the construction (kataskeuê), the latter to the proof (apodeixis).

5.3. The Form of Theorems: The Forensic Template

Before we describe the generic template of Greek theorems, we must remember that Euclidean propositions are of two kinds: those that demand that a geometric object having certain properties be constructed, and those that demand that a certain geometric property, such as equality, inequality, proportion—these three cover the greatest percentage of such theorems—be shown to be true, within certain particular constraints. Theorems of the first type end with the statement “which is what was required to construct” (hoper edei poiêsai), while those of the second end with “which is what was required to show” (hoper edei deixai). The word deixai in the latter is the same as appears in the word for proof, apodeixis, a composite of the preposition apo- (from) and the verb deiknumi, which means “to show” or, more specifically, “to point out.” Thus, the original meaning of the composite apodeixis is something akin to “to show something, from something else.” The “something else” could indicate a diagram, a previously established truth, or both.

The origin of the verbal material with which Greek theorems are made, that is, the action sentences describing geometric operations, as well as the state-of-affairs sentences indicating properties (in the specific case) or rules (in the general case), at least partly goes back to practices such as drawing by compass-literate painters, architectural model making, and so on. But when we try to understand the rationale and the methodology of actually proving that a certain geometric statement is true, we have to turn to the cultural influence of rhetoric—and thus also, indirectly, of poetic storytelling. Again, this is effected at two levels, those of macrostructure and microstructure.

To begin with, Greek geometry, like Greek rhetoric, resembles poetic storytelling in constructing its theorems according to solid patterns, or templates. By the middle of the fourth century BCE—if not even earlier—a standard template for the geometric theorem has emerged. With occasional variations, this is it40:

1. The enunciation (protasis), where a statement is given in a general form.

2. The setting out (ekthesis), where the general statement described in the protasis is made symbolically concrete, or instantiated, while maintaining its generality, by reference to a lettered diagram.

3. The specification (diorismos),41 where the statement of the enunciation is made in the terms of the setting out, that is, where the actual goal is defined.

4. The construction (kataskeuê), where additional points, lines, or shapes that will be useful in the proof are constructed.

5. The proof (apodeixis), proving the statement, as set out in 2 and 3, also using the objects constructed in 4.

6. The conclusion (sumperasma), which repeats the statement, in the abstract phrasing of 1.

We can place the various parts of the mathematical proof in two classes, with respect to their structural similarity to the basic form of narrative: (1) the protasis, ekthesis-diorismos, apodeixis, and sumperasma, which can be less or more like a narrative, depending on the high or low (respectively) percentage of state-of-affairs sentences they contain; these are more narrative-like in construction proofs and less so in the others; and (2) the kataskeuê, which always has a high degree of similarity to narrative, consisting almost exclusively of sentences representing an action. This difference explains the degree of narrativity of the two samples we examined, the first (from a kataskeuê) being more narrative, the second (from an apodeixis) less so. If we forget for a moment that the referents of a Greek theorem are in the universe of geometry and look at its contents as formal structure, this template is in direct analogy with that of the forensic speech (table 10-1).42

Table 10.1. The standard template of a Greek theorem, according to Proclus (left) and its analogies with the standard form of the forensic speech (middle), as set out in Aristotle’s Rhetoric (right); the third column indicates the function of each part within the larger form.
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5.3.1. The Plot Thickens: The Form of Proof

A forensic speech aims at showing that a particular set of events happened as narrated by the speaker, and that a certain law applies to judging them. Likewise, the geometric theorem proceeds to show that the concrete situation set out in the ekthesis-diorismos and kataskeuê embodies the truth stated in the protasis. The analogy becomes stronger if we compare the proof part of the theorem with that of the forensic speech.

In the left column of table 10.2, I use the structurally and functionally similar rhetorical terms for the description of the parts of a geometric proof43—in quotes, when used this way—to emphasize their similarity. Thus, apart from the main distinguishing characteristic—that a geometric theorem employs no êthos or pathos arguments—the macrostructure of proof is the same in both cases: first the problem is broken down to constituent parts that are more amenable to proof, then the prover proceeds by using both nonartistic (atechnoi or imported) and artistic (entechnoi or invented) proofs to attack the constituent parts one by one. The use of both “nonartistic” (external to the theorem) and “artistic” (internal) proofs, and their distinction, is one of the strongest imports into mathematics from forensic practice. In fact, it is precisely this import that accounts for the strong recursiveness of mathematics and the interrelatedness of many of its propositions (Netz 1999a; Barany 2009; Sialaros 2011). As a rhetor imports material into the speech, often in an adapted form that better suits his purposes, so the mathematician relies on preexisting material, either in the form of first principles (definitions, common notions, axioms) or of previously proved theorems. In proving a mathematical theorem, a Greek mathematician does not reinvent the wheel every time he needs a result but uses preexisting ones at will. To the possible objection that these preexisting results are not always explicitly mentioned in the Elements but often implicitly assumed, there are three answers:

Table 10.2. The proof or apodeixis part of geometric proof (left), and its analogies with the proof or pistis part of a forensic speech; the third column indicates the function of each part within the larger form.
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1. In many propositions in Euclid, the nonartistic proofs are mentioned.44 For example, in proposition 1.1 we read: “But things equal to the same thing are also equal to one another,” that is, a statement of common notion 1. Common notion 1 is again referred-to in 1.2, and used without being explicitly stated in 1.3. Then, after a ten-proposition hiatus, it is used and referred-to again in 1.13—and then again used without being referred-to in 1.14 and 1.15. This strongly indicates that the stating of a previously existing result, when it is not random or haphazard, depends on the facilitation of the readers: by showing them the trick of using a previous result, in its first uses, and by not burdening them with the obvious, in its subsequent omissions. This is exactly similar to the pattern with other nonartistic proofs, such as definition 3.11 (the eleventh new definition introduced at the heading of book 3): when it is first used, in proposition 3.24, it is repeated explicitly: “Therefore, since segment ACB is similar to segment, ADB, and similar segments of circles are those accepting equal angles, etc.” (my italics). But when it is reused, in propositions 3.26, 3.28, and 3.29, it is not repeated. Again, the reason must be its obviousness, as it was so recently mentioned, in 3.24.

2. The reason that determines explicit repetition or its absence in the Elements may be related to the exact function of the whole work, which is not known. Was it a textbook, a compendium, or something else? We are accustomed to thinking of the Elements as the first attempt in human history at mathematical formalism and rigor.45 But beyond its striving for precision and clarity, which we find so distinctive, Euclid’s style is at least partly determined by the style in which which Greek mathematics was written before him, with proofs “in the ancient style” (arhaikon êthos).46 Like the proofs in that style, Euclid’s text partly functions as an aide-mémoire (hupomnêma), a series of reminders to an expert practitioner of the essential points of a proof.

3. Perhaps most basic of all: nonartistic proofs are not often repeated, after their initial statement, in the forensic speech either. In other words, a witness’s statement may arise in the course of the speech, or a law may be mentioned as applying to a particular case. But though subsequent, implicit use is made of these inartistic pisteis, the witness’s statement or the law is not repeated. So if mathematical proof is indeed following rhetorical practice, as I suggest, the omission of previously-stated, necessary premises, is true to the original model in this too.

This last point is particularly important as it leads us straight to a prevalent misconception about Euclid’s style. The source of this misconception is our reading—or, rather, misreading, in this case—of the prime ancient authority on logic, Aristotle. Guided by his writings we often tend to assume that mathematical style, being “purely logical,” is built up of syllogisms. By this view, it is very unlike a rhetorical argument, which is mostly constructed through the use of enthymemes, that is, “rhetorical syllogisms” (Rhetoric 1.1.1355a6). Of course, Aristotle seems to have signified by enthumêma two different though sometimes related things (Madden 1952): either a syllogism the premises of which are based on likelihood and not total certainty (Prior Analytics 2.27.70a10; Rhetoric 1.1.1355a14–18), or a syllogismos ellipês, the “truncated syllogism,” (Rabe 1896) in which one of the premises seem to be missing, usually left unstated by the speaker (Rhetoric 1.2.1357a16–17).47 Now, though mathematical argument is definitely not enthymematic in the first sense of the term, i.e., it does not use probabilistic premises, it most definitely is in the second sense. The examples we have been discussing are a good case in point: often in Euclid, an obvious premise is not stated—in fact, when it is obvious, it is more often than not absent from the text of the proof. In this sense, then, Greek mathematical style is highly enthymematic and in this sense, too, highly rhetorical.

To recap: Classical Greek mathematicians adopted the template of the forensic speech for writing down their theorems, a template that not only created a context for setting out and proving a certain factual event (the truth of a narrative and the application of a law in the first case; that of a geometric construction or relationship in the second) but also provided the model for the proof part of the theorem: beginning from a concrete construction that delimited the universe of discourse—this kataskeuê that we saw is practically indistinguishable from a narrative in all formal aspects of its microstructure—the mathematician proved the theorem through a combination of “nonartistic” (first principles or previously proved) and “artistic” (new, in the theorem) proofs.

As I will show, the similarities become even more marked at the level of microstructure.

5.4. The Structure of Proof: Poetic Mathematics

5.4.1. Easier Than It Looks: Making the Switch from Uncertainty to Certainty

The most important way in which rhetorical proof differs from mathematical is in its reliance on probabilistic rather than absolute premises. This is, of course, understandable, as more often than not the aim of the rhetorical proof is to increase likelihood rather than to achieve certainty. However, it is crucial to remember that its probabilistic nature has to do with the nature of its premises, both the statements of the witnesses, which are not to be totally trusted, and the statistical-inductive nature of the gnômai involved. Yet there is nothing in either the template of the rhetorical speech or the structure of the arguments in the logos-type artistic proofs that is inherently probabilistic: the same tools can produce certainty rather than likelihood when starting from absolute, rather than relative, premises. Thus, for example, while the premise “Socrates is a man” when combined with “all men are mortal” leads to the certain conclusion that “Socrates is mortal,” if we combine it with the probabilistic premise “most men fear death,” it leads not to “Socrates fears death” but to “Socrates probably fears death”—a probabilistic conclusion actually contradicted by facts, if we believe the Phaedo. Yet the underlying formal structure is the same. In other words, the methodology of logos-type rhetorical proof provides a tool that can be employed to arrive both at the flimsier truths of the courtroom or assembly and—given the right premises—the rock-solid ones of mathematics.

At this point, it must be noted that though the proven truths of mathematics are, in the sense that we use the word, absolute, their linking in chains of logical deduction is not always so. We might rephrase this as: “Not all necessary conditions are also sufficient.” In this, deductive linking is very similar to causal linking, its equivalent in the world of narrative, in form and structure. We mentioned earlier (see section 2.2) that the causal influence of an action or state-of-affairs A on an action or state-of-affairs B can range from zero (none) to one (total). Furthermore, if the effect of A on a C is indirect, that is, going through B, which influences C, the total effect is the product of the two, A to B times B to C—in this, the calculus of causality uses the mathematics of probability (Pearl 2000). A similar thing happens with implication. If we look at the conceptual universe of geometry as consisting not only of its final products, the well-written theorems, but of the full range of geometric statements, from atomic upward, as well as their implicational connections, then we can see that there are two kinds of implication, an absolute one and a partial one. The absolute ones we can also call rewrite rules. Thus, the statement “ABC is a right triangle” can be substituted by “the square of the longest side of ABC is equal to the sum of the square of the two other sides,” and vice versa, without any effect on its truth-value. But the statement “ABC is a triangle” does not lead directly to “ABC is a right triangle” (it is a necessary but not a sufficient condition) unless we also know something else, such as that “BAC is a right angle.” In a network of implicational connections between statements, neither “ABC is a triangle” nor “BAC is a right triangle” leads directly to “ABC is a right triangle” (for BAC may be an angle in a rectangle) though both, taken together, do. A legitimate mathematical proof can consist of both absolute and partial implicational connections. In this sense, a proof can be written in the form of what mathematicians call a directed graph. Directon of arrows is important in such an object, and cannot always be reversed. In the series of implications forming a Greek geometric proof, we begin from certain premises and move in ways in which their certainty is preserved, all the way to the final statement.48 Though many different ways can be found to prove a theorem, the certainty of the final statement is guaranteed by the fact that it is reached through a certainty-preserving tree of statements and links (as in the diagram in figure 10.25), leading—if need be—all the way back to the initial certain premises, the definitions (horoi), axioms (aitêmata), common notions (koinai ennoiai), or previously proved theorems (protaseis). Of course, before the clarity and the certainty are constructed, through clear definitions, “obvious” axioms, etc., they are there in the practice itself, in the world of the compass-literate geometric practitioner of the late sixth and fifth centuries BCE: it is the well-defined nature and the limited range of the basic concepts and actions, as well as the “obviousness” of their starting points, that give the results of Greek geometry as we see them in the Elements, their aura of certainty. In other words, it is precisely the qualities inherent in the nature of the practice that allow the methodology of rhetorical proof—which, dealing with the uncertain material of everyday life, produces probabilistic results—to create, when applied to geometrical objects and relations, certainties.

[image: Image]

Figure 10.25. The diagrammatic structure of the logical connections between premises and conclusions, intermediate and final, as it appears to a modern mind.

5.4.2. Hints for the Existence of X/RC in Early Greek Mathematics

Partly repeating the arguments made for rhetoric, let me say that the main demand that the new civic needs of the fifth century BCE posed to the microstructure of the emerging methodology of demonstration was how to put together the atomic sentences of everyday speech in a new way, to serve the needs of persuasion. Until then, two basic methods existed for putting sentences together in a stretch of text, oral or written: where the need was representation of action, the method was narrative, i.e., temporal and/or causal ordering, structured by the underlying patterns of goal-oriented action; where the needs were those of poetry, either epic, lyric, or dramatic, new pattern-based criteria of composition were also combined with the previous ones. Beyond those two methods there existed only the list, the aggregation of elements, usually according to some external order, such as temporal (as in a genealogy) or spatial (as in an inventory).

We saw that the formal analysis of a Greek mathematical proof gives the same kind of atomic sentences that we get in narrative: action (“connect the points,” “extends line AB,” etc.), state-of-affairs (“ABC is an isosceles triangle,” “as AB is to CD, so AB is to EF”), or gnômê/rule (“things equal to a third thing are equal to one another,” “proposition 2.6,” etc.). Each one of these is an element of the conceptual language of a compass-literate practice, refined and augmented through live peer interaction and, later, the demands of writing. The earliest geometers certainly could mimic, in oral speech or writing, a serial, narrative-type ordering of some such sentences to describe a construction (“do this, then do that”); and it is also easy to see how a text might arise describing a spatially ordered structure, following its underlying topography.49 But mere description was not enough when the aim was to create conviction that a certain relationship holds. To say that the sentences were put together “deductively,” that is, in accordance with some inner plan for a proof that would look somewhat like figure 10.25, is merely to bypass the problem, by applying to it a later concept. Logic, as a structured discipline, a self-conscious practice, was still in the process of being discovered. The diagram in figure 10.25 seems to us, today, a reasonable way to map out the methodology of a Euclidean proof, in which the following obtain:

• Information (premises 1–6) is fed into it at various stages, this being either in: (a) items defined by the ekthesis and the kataskeuê, or (b) definitions, axioms, or common notions, or (c) previously proved propositions;

• Intermediate conclusions (conclusions 1–5) are reached by the convergence of more than one of these—though simple rewrite rules could also play a part—in which process the conclusions already reached inside the proof can function henceforward as premises; and

• The whole structure converges on the conclusion (6).

However, though figure 10.25 is adequate as a picture of the logical flow of arguments by modern standards, it is less useful as historical representation. The reason is that there is no way to know whether the creators of early proofs could conceive of this abstract flow of logical relationships—in fact, to say that they did is to bypass our central problem of understanding the method through which they learned to put atomic sentences together, to achieve deduction. Our task, thus, is to try to understand what fifth- and fourth-century BCE theorem-provers were doing in a conceptual language that is not too far removed from what they actually knew or could know. For this, we must not employ our own modern models of logical connectivity but look at the proofs themselves: rather than impose a latter-day “logical” structure on them, we must examine their form and extricate from it whatever structures, available to them, their creators seem to have put into them. Examination gives us ample evidence that the mathematical proofs were—as were their equivalents in rhetorical argumentation—infested with chiasmus and ring-composition. I believe that this fact is highly significant for understanding their cognitive history, and thus the appearance of organized, deductive thinking.

In section 4 of this essay, we saw how X/RC was employed in rhetoric to structure sets of narrative-type sentences so as to increase their persuasive power. It is my contention that Greek mathematicians, working with the three types of sentences particular to geometric argument, employed X/RC constructions on principles similar to those used in rhetoric. Before we examine particular cases of proofs for evidence of X/RC, let us look at some more general indications that these forms are central to the emergence of proof, i.e. that proof has an unmistakable X/RC flavor.

1. At the macrostructure, a proof is enveloped in a three-part X/RC structure. We saw in section 5.3 that the template of the Greek theorem has strong analogies with that of the forensic speech, with its structural characteristics being clearer since its domain, geometric knowledge, is much better defined. Thus, the function of the outermost pair of parts of a forensic speech, the prologue-epilogue, becomes much more focused in geometric proof, framing a hierarchy of gradual entry into the heart of the proof and then a backing-out from it. The proof moves from a protasis whose abstract generality makes it all but intractable, to greater specificity, which allows manipulation, in the ekthesis and diorismos, into the proof itself—and back again, after it, retracing steps: firstly, in a re-statement of the proposition in the specific form, at the end of the proof part, then in the general, in the sumperasma. This is the outer structure 1-2-3-3*-2*-1* in figure 10.26, enveloping, in RC-fashion, 4 and 5, the construction and the proof. This outer framing structure, which is particularly clearly demarcated in Euclid’s Elements,50 is a strong indication that X/RC is very much on the mind of the mathematical writer.
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Figure 10.26. The RC structure of the general template of a Greek proof. The middle term is the proof (5); the construction (4) remains outside the structure.

2. Use of X/RC is prevalent in late Classical and Hellentistic culture. Fourth-century BCE poetry abounds in intricately constructed X/RC forms. (We find an example of this exact, three-step framing RC structure of an inner core in Theocritus’s twenty-third Idyll, also known as the Suicide Paraclausithyron or Erastes (figure 10.27)). In one of the very few long discussions of X/RC in the context of rhetoric (Worthington 1991, 1992),51 these forms are seen essentially as stylistic calligraphy, or a way of giving more elegant shape to an argument in the stage of “publication” of a speech, mostly for the use of students of rhetoric, through an accepted literary styling device of the time. This is not so in the case of X/RC in mathematics, however: as we shall see below, X/RC patterns go much deeper into the structure of the theorems for them to be mere embellishment.

3. The most important basic structures at the atomic level of proof are X/RC. We saw in section 2.2 the two types of links, from atomic sentence to atomic sentence, in narrative: the simpler ones, which are linear and strictly ordered (as in the temporal “the king died and then the queen died”) and the more complex ones, of causality (“the king died and then the queen died of grief”), where more than one action or state-of-affairs statement causes another, resulting in a nonlinear pattern (see figure 10.8). Exactly the same is true in the linking of sentences in geometric proof, as we also saw earlier in this section. The links can be either (1) linear, or reversible, as in the case of the steps in a construction or the rewrite-rules of the proof, that is, the equivalents of the substitution, say, of (a + b)2 by a2+b2 + 2ab, or (2) nonlinear, or non-reversible, as in the case of any type of structure that involves syllogisms or other more complex structures of thinking. We shall examine some examples of such structures below. Let me just say here that the basic syllogisms of logic that underlie so much of mathematical thinking—though often present in the texts of theorems, as we saw, not in full but in enthymematic form—are in atomic RC form. Thus, the modus ponens takes the form of an elementary RC, in figure 10.28, with 1 and 1* pivoting on B. As for the modus tollens, a similar structure pivots on A in figure 10.29. However, if we further break down 1 in the basic tollens structure in its two constituent propositions (“A is true” and “B is true”) and see that the expanded structure is chiastic, the outer pair pivoting on A and the inner on B.
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Figure 10.27. The RC in Theocritus’ Suicide Paraclausithyron of Erastes, as identified by Frank Copley. (Diagram from Griffin 2008).
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Figure 10.28. The RC structure of modus ponens.
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Figure 10.29. The underlying RC structure of modus tollens.

4. The style of Euclidean mathematics provokes in a modern reader the reactions typical of perceiving X/RC-dominated structures.52 The anthropologist Mary Douglas has done more than anyone to show the importance of ring-composition outside the confines of philology, in other words as a way of thought, an archaic cultural habit, and a cognitive device. One of the points she makes repeatedly in her important book, Thinking in Circles, is that “repudiations of structure [by literary scholars, in a poem or other literary work] are like signposts saying: ‘Here lies a hidden ring-composition’ ” (2007, 101). Accustomed as we are to observing structures with linear, “organic” form, we tend to see texts constructed on principles of X/RC as merely formless or messy. Douglas’s argument provides a surprising impetus to look for X/RC in Euclid and other texts of Greek mathematics: simply that their style seems so strange to us, and above all, often so needlessly tedious and repetitive. For senseless repetitions are often a signpost of underlying X/RC.

5.5. Toward a Typology of X/RC in Greek Mathematics

Most of the arguments developed earlier for the usefulness of X/RC in rhetoric also apply, occasionally with slight adaptations, to its use in geometric proof. Similar needs lead to similar forms: what the compass-literate geometric practitioner needs, to make out of sequences of geometric actions and sets of observations a kind of demonstrative argument, is a new syntax. And this is precisely what he finds in X/RC. As Douglas puts it, “. . . as a kind of syntax, the ring form brings ambiguity under control and reduces confusion.” (I add that this is equally true of the chiastic form.) The constant flow of individual statements that arise in a geometric investigation can be simply, i.e., serially ordered (the model of action representation borrowed from simple, paratactic temporal narrative) only in the case of constructions. X/RC provides a new way to compose statements in other parts of the theorem, especially the proof, or apodeixis one that is much used by Greek mathematicians. The main reason for this is cognitive and not merely aesthetic.

Rather than attempt a general theory of X/RC in Greek mathematics, we shall examine its operation in several theorems, both at the level of microstructure, in the atomic Xs or RCs that appear in the proofs, and at the level of middle or mesostructure, in the forms in which atomic X/RCs are put together to achieve demonstration, completing the apodeixis of a theorem. I should warn the reader: my examples here are culled from a few theorems of Euclid, and thus the typology of the uses of X/RC I present does not necessarily exhaust all of its forms.53

5.5.1. Microstructure

Atomic sentences are joined together in the microstructure of a proof. When their linking is not linear, not simply in the form of a rewrite rule, the sentences more often than not form X/RCs belonging to one of three types: the rule-centered RC, the binary X, and the substitution RC. These are in essence the atomic forms of mathematical demonstration, roughly the equivalent of elementary syllogisms in logic. They can be combined, concatenated, or interlocked to form longer mesostructures, as we shall see in the next section. I discuss the first two of these types below and, after a necessary detour into the determining characteristics of mathematical proof more generally, the third.

5.5.1.a. The Rule-Centered RC

One of the most distinctive functions of the order- and form-giving qualities of RC is in its emphasizing, out of a series of elements, a particular one, by putting it at its center (Douglas 2007, 38): “A well-marked turning point is a sign of a well-designed ring-composition” (34). Such well-marked turning points abound in Greek mathematical-argumentative style, as they do in rhetorical. They provide the glue, as it were, through which pairs or larger sets of sentences, usually either parallel or contrasting, acquire cohesion, as satellites of an appointed center of gravity. Figure 10.30 shows such an example from a nonmathematical text, yet one constructed with a high degree of the newly discovered, fifth-century BCE rhetorical sophistication. This RC structure is from book 1 of Thucydides’ History, written at least a century before Euclid.54 (Though the verb in sentences 2.1–2, 2.3, 2.5, and 2.6 (here condensing a longer text) is the copula is, the sentences are of the action type, in the sense of describing concrete things that actually happened.) However, the central unifying element of the RC, sentence 2.4, is in the form of a gnomê, essentially expressing a thought, or general principle of the type that Thucydides was so keen on discovering (Lang 1984). We have seen exactly the same pattern of putting the general law in the middle in rhetoric, as the RC type of rhetorical argument (RC in figure 10.16).
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Figure 10.30. An RC structure from Thucydides History, identified by J. R. Ellis (1991), with gnômê-like statement is in the middle.

We find this rule-centered pattern again and again in Euclid. Its importance cannot be exaggerated: in fact, we might say that this very structure comes as close as any other to marking the point of passage, from the mode of doing/thinking embodied in a compass-literate practice of geometry to a new one. Its first instance in the Elements, in the center of proposition 1.1, is reproduced in figure 10.31. In this case the outer two sentences, 1 and 1*, are, like 2, also of the state-of-affairs type. But, very much as in the example from Thucydides, they refer to concrete cases, with the pair (CA, CB) acting as pivot. And, again as in the Thucydidean example, the central sentence is of gnômê type, a general rule. As with its progenitor in rhetoric, this particular use of RC can be seen to descend, not just in form but in function, from the Homeric paradeigma-type RC (see figure 10.15; see also Willcock 1964). The central narrative paradeigma functions in Homeric RC as a higher, prototypical model, or law, exactly as does the common notion in 1.1, or any other “nonartistic” reference to previously established truths, in other propositions of the Elements. In the example of figure 10.15, the RC links present action, which pivots on sentences 1 and 1*, to its mythological justification, 3, through the central pair 2-2*. In the generic case, as we see it in Willcock, this has the form: (1) the present situation is presented as a problem; (2) this is taken as a particular case of a more general, because mythological-thus-prototypical, situation; (3) the prototypical myth is recounted; (2*) the answer given to the problem in the myth is identified; (1*) the same answer is made to apply to the situation in hand. The rule-centered RC in figure 10.31 has the exact same structure and function as the three central elements (2-3-2*) of the Homeric generic form, with the difference that the central object changes, from prototypical narrative paradeigma to general, abstract law:
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Figure 10.31. The central RC in proposition 1.1 of Euclid’s Elements.


(1) A concrete situation is described: “CA and CB are each equal to AB”.

(2) A generic rule applying to the situation is stated; this gives, as it were, the possibility of a new twist (in italics) to the situation: “Things equal to the same thing are also equal to one another.”

(1*) This answer is applied to the concrete situation in (1): “Thus CA and CB are equal to one another.”



If we let aside for a moment our practice of avoiding the Whig-historical tendency of interpreting Greek intellectual history as “leading toward logic,” we could call the rule-centered RC a precursor of the modus ponens.

5.5.1.b. The Binary X

In my discussion of the process of division in rhetoric (see section 3.3.2.d), I proposed the poetic form of priamel as the model for the process of setting up counternarratives as foils. The mathematical equivalent of counternarrative is also apparent at the microstructure of geometric proof. This belongs to the general class of negative arguments, of which the most famous is the reductio ad absurdum. As we saw, the form that priamel-type reasoning takes in rhetoric is the following: (1) the rhetor asks (often implicitly) if the narrative he is supporting has alternatives; (2) (if so) he states them; (3) he assumes the first of these is true; (4) he isolates one of its necessary features; (5) he shows that this feature does not arise in the extended storyworld of the case’s narration; (6) he brings the actuality and the contradicting counternarrative next to one another, to make this apparent, thus invalidating the counternarrative; (7) he repeats this process for the next counternarratives, and so on; (8) he returns to the narrative in his narration as the true one, that is, the only sustainable version of reality.55 Of these, the sequence 3-4-5-6 is an X, the two central elements (4-5) contradicting one another. (In our X/RC notation, these would be written as 4-4*.) This is exactly the form of our X-type 2 rhetorical argument (see section 4.3.2). The same pattern drives the binary X form of microstructure in geometric proofs.
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Figure 10.32. An X structure in proposition 1.19 of Euclid’s Elements.

Here is a very typical example, from the heart of the proof of proposition 1.19 of the Elements: “In fact, AC is not equal to AB. For [if AC is equal to AB] then angle ABC would also have been equal to ACB. But it is not. Thus AC is not equal to AB.” The second, third, and fourth periods of this sequence form the X shown in figure 10.32. The structural equivalence to the central X of an X-type 2 rhetorical argument is obvious: the outer pair 1-1* pivots on the counterproposition to what the theorem states—as it does on the counternarrative, in figure 10.18. Of the central pair, 2 is a consequence of 1. It is followed by 2*, its negation, which disproves it, as we see in 1*. As we have seen, “saying exactly opposite things” (enantiotata) is an indication of falsity at least since Gorgias’s time (Spatharas 2001, 398–99).

The statement preceding the first in this example (“in fact AC is not equal to AB”) results from a division in the rhetorical sense: “AC is either equal to AB or less than it.” The binary X then takes the first of these cases (“AC is equal to AB”) and disproves it, or, in other words, proves that it is not true. The full underlying nonlinear form, shown in figure 10.33, would be structurally the same as the one shown in figure 10.20, where solid arrows represent serial order and dotted ones implicational. In the geometric case, “counter-story A” becomes “counter-statement A” (=“AC is equal to AB”), “contains action B” becomes “implies quality B is true” (=“angle ABC would be equal to ACB,” imported from proposition 1.5), “action B did not occur” becomes “B is not true” (=“angle ABC is not equal to ACB,” as we know from the protasis, where it is stated that triangle ABC), and “counter-story A did not happen” becomes “counter-statement A is not true” (“AB is not equal to AC”). Needless to say, as a representation of this non-linear form, the sequence of sentences in figure 10.32 is gappy, both in that it does not begin with a clear statement of that which is to be disproven (“AC is equal to AB”), and in that it leaves step i of the diagram in figure 10.33, from 1 to 2—the (unstated) application of proposition 1.5 —unexplained. But this is exactly the same type of gappiness that we find in its equivalent in rhetoric. Thus—as was also said of the rhetorical X-type 2—the power of the binary X in geometric proof is that it linearly encodes a nonlinear pattern.
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Figure 10.33. A non-linear depiction of the connections of the elements of a rhetorical X-type 2 structure.

5.5.1.c. An Aside: The Levels of Proof

It is useful at this point to look at the question of the degree of completeness—viewing completeness, in this case, as the opposite of gappiness—of Greek proofs, starting with the reminder of the basic point, from the cognitive side: to the extent that a text is a representation of either an external or an internal reality, it is of necessity gappy (see section 2.1). This applies also to mathematical proofs, by virtue of their being texts: regardless of the medium of their encoding, all proofs are gappy, and even more so—as mathematicians of old did not possess our own advanced criteria of logical rigor—Greek proofs.

Always keeping in mind that Greek proofs have the distinctive characteristic of the centrality of lettered diagrams Netz (1999a), we can distinguish roughly four levels of completeness of a Greek mathematical proof, moving from the lower to the higher. (I do not consider here cases of the simple carrying out of arithmetic operations, in either pure arithmetic or calculational geometry, but only processes involving logical deduction.) Though these emerge in historical sequence, that is, level n before level n + 1 previously established levels of proof are not discarded by progress but exist on the side of the newer ones. Thus, a mathematician fluent in level n will also deal on occasion in levels n−1, n−2, and so on. It is a well-known fact that, even to our day, a big part of the process of mathematical discovery occurs at a lower level of completeness than that in which it is finally written for presentation.

Level one, the earliest, is mostly deictic, manual, and visual. This is the level of the practical geometer, the person motivated in the use of geometry by the tasks and problems of painting, drawing, or architecture or even, possibly, early abstract theoretical investigations. Though, like a grandmaster playing blind chess, a highly experienced geometric practitioner can on occasion work purely with internal representations of shapes, level one is mostly externally realized, involving a practitioner’s eyes and hands, as well as his brain, as he is creating or merely looking at diagrams.56 The actions of drawing, gesturing, pointing, and even the occasional scribbling of notes (some of them in diagrammatic language) can also occur, as can some vocal expressions, hums, exclamations (“Eureka!”), and so forth. But what holds the sequence of external actions, diagrams, and symbols together is an internal representation, a mentally encoded sequence of actions. This may occasionally exist without any words at all, somewhat like a silent film or kinesthetic algorithm unfolding, unifying the external actions. (Paradoxically, this is more easy to conceive of today, than it would have been until a decade ago, as such visual-cinematic geometric proofs are now often seen on mathematical websites.) There need not be an abstract notion of “logical rightness” at this level, merely the conviction that a technique produces the required results, a conviction probably beginning in compass literacy, in other words practical, geometric mathematics, whose main aim is the construction of shapes with certain qualities.

Level two is guided by the need of a geometric practitioner to communicate to a peer or student his belief in the rightness of a geometric construction technique or general assertion. This level is basically oral and performative, while still retaining a strong basis in manual work, such as drawing. But the practitioner has to use at least some verbal language to support his actions (“I draw a line parallel to . . .”), deixis (“this is bigger than that”), and visually-based arguments (“It’s the same, do you see?”), which weld together the sequence of mental representation. As in all live interaction, statements can be contested (“But why is ABC equal to EFG?”), a process also leading to reflexivity, or the internalization of contestation, and the creation of arguments to preempt it, before being asked to do so by a peer.

The need that motivates level three is the recording of a proof in a form that can be preserved and transmitted. It is the first level at which a demonstrative argument has to be put in writing, usually on a wax tablet or papyrus. This is the first level for which we have direct historical evidence. We find it in the arhaikon ethos (see section 5.3.1), a style that, we can assume from Simplicius’s reference to it, was the rule in the early days of deductive mathematics, in the fifth century BCE. Simplicius calls this style hupomnêmatikon, i.e., an aid to memory. We can surmise, reading this comment in context, that it is in the form of notes by the mathematician, either to himself or a few peers, containing diagrams, possibly nonlettered, as well as brief comments giving the basic steps of a proof. Level three proof is expert-to-expert: it contains enough evidence to guide a knowledgeable practitioner to reconstruct a proof, but probably not enough to transmit it coherently to a less trained person. The arhaikon ethos is the style of the time when the creation and transmission of theorems was limited to a small intellectual coterie.

Level four is the level in which most Greek mathematics is written, the level also of Euclid’s Elements.57 This level, which characteristically employs lettered diagrams, is the first level at which the written form of a deductive argument is more or less self-contained, in the context of the more general work in which it appears. In other words, given the information at level four even a nonexpert reader reconstruct the arguments of a proof, without resorting to the physical use of ruler and compass. Though in the last two centuries there has been much criticism of the rigor of Euclidean proofs, almost all of them remain good enough even by modern standards, in the very solid sense of being able to convince a professional mathematician of the truth of the statements they are meant to prove. The reason they are considered the first, historically, to merit the name of proofs is not that they are in any sense “perfect” but that they give enough material for a mathematician to be convinced a proposition is true, and can be reworked to reach the degree of completeness that his or her sense of rigor demands. Level four proofs can also be thought of as a kind of shorthand for a higher, more complete proof, though they are not themselves, technically speaking, complete. In fact, we could say—paraphrasing Heraclitus on the mantic Apollo—that Euclidean proofs neither speak nor hide their meaning but signal it.58

The practice of looking closely at the actual texts of Greek proofs, as they were written, instead of examining the underlying mathematical arguments, has been a crucial factor in the revival of the study of Greek mathematics over the past few decades. However, we must not go to the other extreme of actually forgetting that such arguments exist: after all, all texts are gappy, and the people who wrote the early proofs knew this as well as we do. (If we need proof of this knowledge, there is nothing stronger than the word hupomnêmatikos, characterizing arhaikon ethos, the early proof style: to be reminders, proofs had to be reminders of something, that is, a more complete process.) To do full justice to Greek proofs we must always remember the cognitive grounding of any mathematical proof, Greek proofs included, i.e., the fact that it is ultimately justified by a mental processes of comprehension, and this involves, among other things being aware of yet a fifth level of proof. The fact that we do not have full examples of it in the extant texts of Greek mathematics should not blind us to the fact that the Greek mathematicians were aware of its existence, at least as a potentiality.

More specifically, we saw earlier (in section 5.3.1.a) that the internal comparison of various propositions of the Elements shows us that Euclid can be more or less complete in his proofs. Though as a rule he works enthymematically, omitting obvious points, he occasionally tends toward an altogether higher level of completeness than is typical of level four. What is more, Euclid’s inconsistencies in style are not random but are usually driven by a rationale of reader-friendliness: he gives more information when this is helpful, less when more becomes tedious. None of this comes as a surprise to modern mathematicians. The degree of detail required in a written proof, even today, is determined by factors that include its intended audience, the nature of the occasion or publication in which it is presented, as well as—to a degree—the personal preferences, styles, and habits of the writer. However, even the proof that mathematicians speak of as rigorous, or complete enough for it to be accepted for publication as an original contribution in a peer-reviewed journal, is far from complete from the logical viewpoint. Nicolas G. de Bruijn has calculated that a proof written out in the completeness required to satisfy the strict standards of a computer proof-checking program is roughly 3.7 times the length of the same proof in its peer-acceptable rigorous form (1980; Wiedjik 2000.) Leaving computers aside, we can view de Bruijn’s standards as describing the level of completeness in the write-up of a proof that would satisfy even the most complete logical pedant or, alternatively, as that level of completeness from which all answers to questions of clarification or puzzlement at the written exposition of a proof can be culled.

Thus, we can profitably see level four proofs in Greek mathematics as resulting from a tension between level three proofs, those in the hupomnêmatikon êthos, the unrealized, ideal level of thoroughness, which I call level five. Generalizing from the earlier discussion of the explicit mention or nonmention of the use of common notions (in section 5.3.1), we can say that a level five proof of a proposition in the Elements would contain, in addition to (1) any intermediate steps in an argument, which Euclid often omits as obvious; (2) reference, at the appropriate point, to every single one of the definitions, common notions, axioms, and previously proved theorems (the “nonartistic” proofs) used in the proof; and (3) the digressions taking us from the main proof to each and every nonartistic one, usually in the form of the rule-centered RC, to show how it is applied. Thankfully, the pedantry of level five is never fully realized. But (also thankfully) its invisible pressure is a great contribution to the form of Euclidean proofs.

5.5.1.d. The Substitution RC

The discussion of levels of proof is especially useful in understanding the form of the third kind of X/RC used at the microlevel of Greek proofs, the substitution RC. Unlike the rule-centered RC and the binary X, I have not found an exact equivalent of the substitution RC in Greek rhetoric. This makes sense, as this is an elaborate, delicate construction, and for it to work there are requirements not provided by the cultural context of rhetoric: a more sophisticated audience to decode it, the certainty-preserving operations of mathematics and the clarity and precision of written expression.

To understand the substitution RC, we have to go back to Aristotle’s (pre-Euclidean) theory of the tripartite syllogism, with the associated concepts of the middle term (meson) and the two extremes (akra). Let us consider the most famous example of syllogism:59

1. Socrates is a man.

2. All men are mortal.

3. Socrates is mortal.

(1) and (2) are here the premises, and (3) the conclusion. The middle term is defined as the shared element of the two premises—in this example, “man”—and the two extremes as the two terms not shared, here “Socrates” and “mortal.” By Aristotle’s theory, the conclusion (3) connects the two extremes, an effect made possible by the existence of the middle term.

We can write the previous triad in generic form as:

1. A has property a.

2. All x’s with property a have property b.

3. A has property b.

This shows it to be structurally equivalent to the composition in figure 10.31. Though one rarely meets constructions of this formal completeness in the written form of the proofs of Euclidean mathematics, they are definitely there in the level five arguments on which the written proofs rely, and in the example of figure 10.31 they are also in the actual proof.

Let us now turn to Elements 1.7, whose proof is typical of level four. Below is the theorem in its full form with its diagram, figure 10.34, with words in parentheses added for clarity and those in brackets indicating previously established (nonartistic) truths which are made use of in the proof:


On the same straight-line, two other straight lines equal, respectively, to two (given) straight-lines (which meet) cannot be constructed (meeting) at different points on the same side (of the straight-line), but having the same ends as the given straight-lines.
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Figure 10.34. The diagram accompanying the proof of proposition 1.7 of Euclid’s Elements.


For, if possible, let the two straight-lines AD, DB, equal to two given straight-lines AC, CB, respectively, have been constructed on the same straight-line AB, meeting at different points, C and D, on the same side (of AB), and having the same ends (on AB). So CA and DA are equal, having the same ends at A, and CB and DB are equal, having the same ends at B. And let CD have been joined [Axiom1].




Therefore, since AC is equal to AD, the angle ACD is also equal to angle ADC. [Proposition 1.5]. Thus, ADC (is) greater than DCB [Common Notion 5]. Thus, CDB is much greater than DCB [Common Notion 5]. Again, since CB is equal to DB, the angle CDB is also equal to angle DCB [Proposition 1.5]. But it was shown that the former (angle) is also much greater (than the latter). The very thing is impossible.




Thus, on the same straight-line, two other straight-lines equal, respectively, to two (given) straight-lines (which meet) cannot be constructed (meeting) at different points on the same side (of the straight-line), but having the same ends as the given straight-lines. (Which is) the very thing it was required to show.



The main difficulty of the proof part of the theorem (starting with “Therefore, since AC is equal to AD, the angle ACD is also equal to angle ADC”) is to prove that CDB is greater than DCB. There are only three statements in this paragraph, creating a very grappy whole:

1. Therefore, since AC is equal to AD, the angle ACD is also equal to angle ADC.

2. Thus, ADC (is) greater than DCB.

3. Thus, CDB is much greater than DCB.

Clearly, here we are not dealing with a syllogism in the Aristotelian sense. However, there is a formal analogy with meson, in the term ADC, which, like the meson, is mentioned in both the first and second statement. In a syllogism, the third statement, the conclusion, should be connecting ACD and DCB, the two extremes (akra) by this analogy. But though DCB is mentioned in the final statement, ACD is absent, and CDB has taken its place. Where did it come from, in this sequence of statements? To see this, we must fill the gaps of the argument, through recourse to level five proof. In a more complete version of the proof, the statements written in italics, 1a, 1b, and 2a, would also be required:


1. Therefore, since AC is equal to AD, the angle ACD is also equal to angle ADC. [Proposition 1.5]

1a. Now ACD is greater than DCB.

1b. But ACD is equal to ADC.

2. Thus, ADC (is) greater than DCB. [Common Notion 5]

2a. But ADC is part of CDB.

3. Thus, CDB is much greater than DCB. [Common Notion 5]
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Figure 10.35. An RC structure of statements in proposition 1.7 of Euclid’s Elements. The new numbering of the statements stresses the RC; the previous is in parentheses.

Looking at sequences 1a-1b-2 and 2-2a-3, we see that each one is a perfect tripartite syllogism, including middle term and extremes: in the first, the middle term is ACD and the extremes, connected in 2, ADC and DCB. In the second, the middle term is ADC, and the extremes, connected in 3, CDB and DCB. If we now merge these two sequences, by using 2 only once, the original statement 1 is developed in a perfect, highly symmetric fivefold RC shown in the diagram in figure 10.35. (I have kept the previous numbering in parentheses.) 1-1* pivots on DCB, 2-2* on ACD. Another way to describe this extremely powerful formal tool, which I call the substitution RC, is the way of merging two syllogisms into one, effected by a substitution (1b). This is a strong case of the use of RC for giving order, and keeping track, of a complex sequence of statements, in a concrete form that follows the flow of an argument in a continuous way, from 1 to 1*. In fact, it is the RC that represents the full (level five) structure of the argument.

5.5.2. Mesostructure

The three atomic X/RC forms we examined can be put together in sequences to construct longer demonstrative arguments. These sequences are constructed in ways that also, wholly or partly, rely on X/RCs. I have found five types of these longer mesostructures—clearly, the examination of a bigger range of Greek mathematics may reveal others. These are the long RC, the string RC, the priamel proof, the exhaustion proof, and the complex or tiered RC. These forms of structures can also be combined recursively: a string RC can contain a long RC and a string RC, or a complex RC can consist, at one tier, of long RCs, and so on. But this recursiveness, when it occurs, does not as a rule go beyond three steps.

5.5.2.a. The Long RC

This is the most aesthetically pleasing form as it extends a central, rule-centered RC form, to subsume the whole theorem; in this case, the only part of the theorem that is excluded from the RC structure is the construction. Proposition 1.1 of the Elements is a good example of an overall RC structure. This is a proposition of the construction type ending with “which is the thing it was required to construct [poiêsai].” Connecting this with previous geometric practice, one might see it as putting the practical observations of the maker of the amphora shown in figures 10.22–10.24, i.e., compass-literate vase painter of the late Archaic and early Classical Age, in structured form, with a beginning (a task), a middle (a method, justified) and an end (the task achieved). In this long RC form (figure 10.36), the central RC, 5-6-5*, is a rule-centered RC (see section 5.5.1.1). This RC, as in most Greek proofs, is constructed using repetitions, either of whole sentences (1* repeats 1) or parts thereof. Thus, 2-2* pivots on the “given finite straight line,” 3-3* on “the triangle ABC,” 4-4* on “CA, AB, and BC” and 5-5* on the pair CA and CB.
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Figure 10.36. The full RC form of proposition 1.1 of Euclid’s Elements.

The formal beauty of proposition 1.1, as a perfect long RC, derives from the fact that it involves a single argument, a simplicity we rarely find in more complex propositions.
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Figure 10.37. The string RC form of proposition 1.2 of Euclid’s Elements.

5.5.2.b. The String X/RC

In this form, independent X/RCs are concatenated, each incrementally forming a step toward the proof. The proof part of Elements 1.2 is a good example of this type of structure. Again, we have a proposition of the construction type (figure 10.37). The first part of the string is the long RC, 3-4-5-4*-3*. Here, 3-3* pivots on the equality of BC and BG. For the pivot of 4-4* to become apparent, it helps to see the accompanying diagram, shown in Figure 10.38, as the logic of demonstration proceeds—as so much in early Greek mathematics—from the image: the pivots of 4-4* are the two lines DL and DG, which are taken whole in 4, but with the fragments DA and DB subtracted, respectively, in 4*.
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Figure 10.38. The diagram accompanying the proof of proposition 1.2 of Euclid’s Elements.

The second part of the string, is a rule-centered RC, 6-7-6*, exactly of the type we saw in proposition 1.1.

5.5.2.c. The Priamel Proof

In section 3.2.2.d, we saw how the process of division operates in early Greek rhetorical proofs. The poetic form of priamel was proposed as model for these. The rationale of division also applies to some mesostructures in mathematical proofs, with the priamel-type construction employed, as it is in poetry, as “a focusing or selecting device in which one or more terms serve as foils for the point of particular interest” (Bundy 1962; my italics). In rhetoric, the foils are presented in the form of counternarratives to be discarded as less likely than “the point of particular interest,” that is, the speaker’s own narration; in mathematics, a similar process of priamel-type division operates in which “counternarratives” take the form of counterstatements, that is, statements that counter that of the theorem. Because of the differences of rhetorical and mathematical argument (see section 5.4.1), “less likely” (in rhetoric) becomes “not true” (in mathematics). Priamel-type thinking is the basis of many Greek proofs. By this, a theorem’s protasis proposes condition A to hold; the counterstatements to it, assuming, in turn, conditions B and C, are stated at the start of the apodeixis; the rest of the apodeixis then proceeds by disproving B and C, thus leaving A as the only answer.60
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Figure 10.39. The priamel X/RC structure of proposition 1.19 of Euclid’s Elements.

For a good example of the priamel proof, let us turn to Elements 1.19, a part of which we saw earlier in section 5.1.1.2 as an example of binary X (see figure 10.32). The full proof is shown in figure 10.39. The outer couples of the structure, 1-2-3-3*-2*-1*, frame the two inner binary Xs, 4-5-5*-4* and 6-7-7*-6*, determined by statement 3, the basic priamel-type division: “For if (it is) not (greater), AC is certainly either equal to, or less than, AB.” In a level five proof, both binary Xs included here would be expanded, the first to incorporate a rule-centered RC referring to proposition 1.5, the second to proposition 1.18.61

5.5.2.d. The Exhaustion Proof

The exhaustion proof is also driven by a process analogous to rhetorical division of the priamel type, where the analogy is not to counternarratives but to subnarratives, that is, to more detailed substatements of the main statement of a theorem. In other words, the thing to be proved is here given more detail, not in order to discard false alternatives in favor of a true one but, as in the analogous case in rhetoric, to reduce a larger problem to manageable parts that can be then attacked piecemeal.

A case of this is already present in what is probably the earliest proof extant, Hippocrates of Chios’s squaring of the lunes (ca. 430 BCE). Assuming, as we have grounds to, that the form of the proof we possess is approximately close to its original,62 this makes its structural similarities with the priamel-type arguments of Gorgias and Antiphon particularly striking—for these are publicly spoken in the same decade as Hippocrates proves his theorem.63 The strategy of subnarratives in Gorgias’s Encomium of Helen (see section 3.2.2.d) is exactly the same as the one employed by Hippocrates in his proof. The theorem presents a method for squaring a particular class of lunes, whose boundaries are arcs of circles obeying certain constraints. The proof proceeds in three steps, with Hippocrates treating the three different possibilities for the outer boundary separately, thus breaking the statement into three substatements: it can be exactly a semicircle; it can be larger than a semicircle; it can be smaller than a semicircle. As also in rhetoric, the division in a mathematical proof may either be set out whole, in a special section of the theorem, or piecemeal, each of its elements before the part of the proof that applies to it. An example of the former case in rhetoric can be seen in the Encomium and, in mathematics, in Elements 1.19 (statement 3 in figure 10.39); as for piecemeal division, we can see it in Antiphon’s First Tetralogy (rhetoric) and in Hippocrates’ quadrature of the lunes (mathematics).64

5.5.2.e. The Complex or Tiered X/RC

Complex or tiered X/RCs are treelike structures in which elements of X/RCs branch into further ones of the same or different type. Thus, an element of an X can branch off into another X or an RC, and an element of an RC can branch off into an X or an RC. These can then break down more, into further X/RCs. Below, I discuss evidence for the frequent occurrence of a two-tiered RC in the level five version of many proofs, which is more usually taken for granted—though sporadically also explicitly referred to—in recorded level four proofs. Though I have not found evidence of more tiers in the theorems I have examined, I think it is probable that they exist in other Greek theorems.

The first examples of complex X/RC are to be found in poetry. The structure is explicitly there already in Homer and lyric poetry but not, interestingly, in fifth- and early fourth-century rhetoric. Though simple X/RCs of the types we examined in section 4 abound in the works of Gorgias, Antiphon, and Lysias, in these there are no complex X/RCs. The first evidence of such complex forms in prose is in the History of Thucydides (Ellis 1991), and this mostly in the parts where historical evidence is scant or altogether absent—in other words, complex X/RC in prose smacks of fabrication or, more kindly, “stuffing.” This is also the opinion of Worthington (1992), for its use in rhetoric.65 He writes: “I do not say the device in itself [author’s italics] is a sign of written revision, since the oral version of the speech probably used ring-composition, that is repetition, [sic] most obviously as an aide to memory of the speaker and for repeating arguments and appeals in order to counteract wandering attention on the part of the listeners. In composition of the oral speech, where the audience was an aural and doubtless inattentive one, may have been something akin to the primary level, with no subdivisions of rings within rings [i.e., complex RC].” (1991, 62).66

One of the cognitive functions of X/RC could well be its use as a memory aid (Thalmann 1984). With this in mind, it is worth discussing the possible spatial analogues of X/RC (a discussion, incidentally, that I have not found in the existing literature), analogues that can explain both the usefulness and usability, even in a purely oral context, of complex X/RCs.67 It is known that Greek orators used the memory device of technê mnêmonikê, whose invention is traditionally attributed to Simonides of Keos.68 In this method, the material to be memorized is associated with particular places in the mental representation of a course through a well-known space, either private (e.g., the orator’s house) or, more often, public (e.g., a course from one part of town to the agora), with items to be memorized mentally “stored” in particular places.69 The technique is ideally suited for the imposition on the memorized material of ordering, modularity, and tiering. The first is achieved through the order that mentally “walking” the course naturally imposes: item a comes before b in the memorized material if and only if the place associated with it is reached, in the imagined physical course, before that of b. Modularity is likewise imposed by the corresponding modularity of space: thus, if the space in the memory plan is a house with many rooms, each room can correspond to a separate part of the speech, which naturally groups together the elements of the memorized material placed “inside” the room. A similar equivalence applies to tiers: a room in the house that functions as a memory plan can be listed as one item, at level n of organization, but one can also “enter” the room, where a finer level of organization, n+1, can be found, if extra detail is needed. The item, which describes the room at level n, is thus a “chapter heading,” whereas the items inside the room, in the n + 1 level reading, are the contents of the chapter. (3, 6, and 9 in figure 10.40 can function as such headings.)

[image: Image]

Figure 10.40. A mental route through a building, as a basis for a two-tiered X/RC structure.

If, now, during the mental course through the chosen memory plan an orator retraces his steps, that is, moves in a certain direction, then stops at a particular point, and then turns back and retraces his steps, the items associated with the places he passes, when written down in sequence, form an RC. What’s more, if the course includes such going-to-and-coming-back routines as parts, the resulting RC comes out as complex, or tiered. Figure 10.40 shows an example of such a course with two tiers, using as its memory plan the layout of a house. The course is indicated by the arrows. The speaker thus “enters” the memory plan at 1 and follows the course indicated by the arrows, assigning one item of the memory list at each place indicated by a digit. In this sense, one has “chapter headings” 3, 6, and 9 at the doors of the respective rooms. A one-tiered description of this linear course from door to door could be framed by the two outer rings 1-1* and 2-2*. The resulting structure would be as shown in figure 10.41, where 3, 6, and 9 are in simple sequence. However, if one follows the full course, also entering the rooms, we get a two-tiered RC, which we can diagram as in figure 10.42.
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Figure 10.41. The first tier of the X/RC structure resulting from the route in figure 10.40.

[image: Image]

Figure 10.42. The full two-tier X/RC structure resulting from the route in figure 10.40.

Tiering enters the discussion of even the simplest Greek proofs, either at level three or at level four, but always keeping in mind the (at least partly implicit) level five proofs into which, more often than not, further branching occurs. In this sense, the unspoken arguments in Greek proofs often give the strongest indications of the importance of recursiveness, a habit whose origins could well lie in the overlap of spatial mnemotechnics and familiarity with RC in poetic forms: because RC is a perfect way to depict complex spatial courses of the type shown in figure 10.40, it can easily support the habit of going into smaller or greater detail, as the need may arise.70
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Figure 10.43. A binary X structure in proposition 1.19 of Euclid’s Elements.
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Figure 10.44. The binary X structure in figure 10.43, with the added tier, of the rule-centered RC referring to proposition 1.5.

That the silent arguments behind the written word are implied in Greek proofs, and, what is more important, that their writers know that they are, can be safely surmised from the significant fact of the exceptions, mentioned earlier (see section 5.3.1.a), in which the silent is actually spoken. We already saw the example of the explicit statement, or not, of common notion 1 in the propositions of book 1 of the Elements. When it is mentioned, the reference to the nonartistic proof of the common notion takes the form of a simple, basic RC, like the 5-6-5* sequence in figure 10.36. Let us look more closely at a more complex case, involving an implied reference, to see how it branches out, as an RC, from an X structure. This is our earlier example from proposition 1.19 (figure 10.39), where (2) assimilates the conclusion of the application of proposition 1.5—in this function, the equivalent of (5*) in figure 10.36. At level five, the binary X-structure in figure 10.43 would contain, in expanded form, the rule-centered RC centering on 1.5, as shown in figure 10.44. In other words, the binary X-structure subsumes only the conclusion 2, as shorthand for the whole RC 1-1b-1a*.

The idea of truths-within-truths, which may be either explicitly presented or not, is the basis of the recursive nature of Greek, and thus also modern mathematics71: new theorems build on older ones, either contained in earlier parts of the longer work containing the theorem or even in other works. They are mentioned if the theorem prover deems it necessary, but not if he or she considers the connection obvious. Here is an example of this exact same Greek process from one of the most famous proofs of modern mathematics, Andrew Wiles’s (1995, 516) proof of Fermat’s last theorem:


To change from an [image: Images]-algebra to an [image: Images]1-algebra is straightforward (the complete intersection property can be checked using [Kul. Cor. 2.8 on p. 209]), and to change from Se to ord we use (1.4) and (2.32). The change from str to ord reduces to this since by Proposition 1.1 strict deformation and Selmer deformation sre the same. Note that for the ord case if R is a local Noetherian ring and F [image: image] R is not a unit and not a zero divisor, then R is a complete intersection if and only if R/f is (cf. [BH, Th. 2.3.4]). This completes the proof of the theorem.



Here we see the proof developing, in this sense, exactly as in Hippocrates of Chios’s squaring of the lunes, making use of previous results by other mathematicians, for example the references to “Ku1” and “BH,” or, as in Euclid, making use of earlier results in the same work, such as “(1.4)” and “(2.32).” A certain step in the proof is omitted as “straightforward,” and certain concepts such as Selmer deformations or local Noetherian rings are mentioned without further comment, as any expert reader—these are the only readers that would be reading this paper with a chance of understanding it—are supposed to know them. Should one want to include any of these in the proof, an extra layer of detail would appear, in its full form (most of which is suppressed, to avoid pedantic overexplanation) forming locally a small RC—the repetition of the statement of (1.4), say—at the beginning and end of its proof.72

5.6. The Final Argument: RC for the Sake of RC

I have given evidence that X/RC is extensively used in early Greek mathematics, both in the macro-, meso-, and microstructure of proofs.

If it were only there in the macrostructure—not just in one outer pair, as Netz (2009, 124) remarks,73 but in three (see section 5.4.2 and figure 10.26)—it might possibly represent a later imposition of order; if it only existed at the atomic level of rule-centered RC (see section 5.5.1.1) and binary X (see section 5.5.1.2), one might think it was unpremeditated, or even wrongly viewed as X/RC, being merely a case of simple repetition. But the fact that it is almost everywhere, in other words at macro-, meso- and microlevels, from the triple outer framing of almost every theorem to the long overarching RCs (as in Elements 1.1), to the ubiquitous X/RC-based mesostructures, to the complexity of the substitution RCs, to the microstructures we identified organizing the atomic level of statement arrangements—all this must make us think twice before thinking of X/RC as either intellectual calligraphy imposed on preexisting proofs or an illusion, a pattern that is not really there, a mirage seen by us, as observers.74

I shall offer one further argument for the importance of X/RC in early Greek mathematics, an argument that seems hard to dismiss as calligraphy or illusion. This is essentially an argument for the fact that X/RC was a consciously applied technique and, moreover, that the first mathematicians saw X/RC as a sine qua non of proof, one of its most essential tools.75 This is in an example from Euclid’s Dedomena, or Data, as the book’s title is usually translated into English,76 a book some scholars find enigmatic in both authorship and intention.77 One of the theories about the Data is that it is—even more so than the Elements—a compilation of earlier mathematicians’ theorems. As Taisbak puts it, “perhaps Euclid of Alexandria did nothing to the work but collect and copy the theorems from older sources” (2003, 8). But even if this is so, it makes the Data especially important, as a source of earlier mathematics.

One of the more puzzling features about the Data is the style of its proofs, a style even more markedly explicit, to the point of being outright pedantic, than that of the Elements. (This difference has been attributed by some to the fact that the proofs in the Data rely more on the technique of geometric analysis, whereas those in the Elements depend more on synthesis.) It is so pedantic that it leads Taisbak, in the introduction to his translation, to make a statement whose importance I find quite extraordinary: “When I started to translate the Data, I found it very longwinded that a certain phrase kept popping up time and again, several times in every proposition: if this item is given, that item is also given; I decided to cancel [sic] all those alsos and restore them only when they were absolutely necessary. But then I discovered that I was leaving out an essential feature of the Data: the Givens hang together in chains, the purpose of any proposition being to produce more links to them” (14; italics in the original.) These “repetitions” are, of course, nothing but the traces of the underlying X/RCs, a fact that becomes even more important in the event that Euclid is indeed copying earlier proofs: in this case, it is the best evidence we have that X/RCs were there from the beginning of Greek deductive mathematics. That Taisbak is a self-avowed internalist (8) makes his comment even more striking, for what he confirms, in his gradual realization of the importance of repetitions, is the crucial influence on Greek mathematics of poetic storytelling!78

The reason why the Data give us such a strong argument for the conscious use of X/RC is that in their theorems it is employed even when, quite clearly, it is not necessary for the argument. This is strong proof indeed: if we only found X/RC in well-formed, strong arguments, we might be forgiven for thinking that its use was either unconscious, somehow inherent in the logical process, or superimposed in the editing phase, as mere calligraphy. However, its use when it is not required and when, furthermore, it makes simple, straightforward arguments unnecessarily convoluted, even “totally silly” (the term is Barry Mazur’s, commenting on the proof of Data 1.5), and needlessly complicated, shows that something deeper is guiding its use. This could only be the conscious application of an established apodeictic technique.

Here is the proof of Data 1.5, whose protasis reads: “If a given magnitude is subtracted from a given magnitude, the remainder will be given”.79 This is made concrete in a diagram showing the line segment in figure 10.45.
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Figure 10.45. The first diagram accompanying proposition 1.5 of Euclid’s Data.

A proof then follows whose logic is hard to understand by modern standards. I have written it here in a simple symbolic form for greater clarity, otherwise sticking to both the content and the order of the statements. I use the symbolism δ(x) to mean that “x is given” (x dedomenon) and X:Y, for “X is to Y”:


Let δ(AB:AC). I say that δ(AB:BC). Construct ZD. Since δ(AB:BC), construct ZD:DE equal to it (Data 1.2). So δ(ZD:DE). And δ(ZD). Therefore δ(EZ). {EZ is the remainder} (Data 1.4). So δ(ZD). Therefore δ(ZD:ZE). Since AB:AC::DZ:DE, [then] turning around (anastrepsanti) DZ:ZE::AB:BC. Therefore also δ(AB:BC).
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Figure 10.46. The second diagram accompanying proposition 1.5 of Euclid’s Data.

In other words, this proof depends on the construction of DZ, another segment, on which a point will be placed by applying an earlier proposition, Data 1.2, as shown in figure 10.46. This detour, which makes the proof seem unnecessarily convoluted, becomes crystal-clear if we see it as what it really is, the perfect RC we see in figure 10.47. (As always, the construction is excluded from the RC; the pivots are in bold.) There seems to be no other reason for a mathematician to construct a proof such as this other than the simplest one: that that was the way such things were done at that time.

[image: Image]

Figure 10.47. The full RC structure of proposition 1.5 of Euclid’s Data.

6. Conclusion

I have proposed that the methodology of logical demonstration, or proof, was not born ex nihilo in Classical Greece, but resulted from the gradual transformation and convergence of various evolving practices, at the heart of which are the cognitive capacities of narrative and the cultural tools of poetry. Using the streetcar analogy, I followed a particular strand of intellectual history from its roots in the cognitive infrastructure and the practice of quotidian narrative to its development in the Archaic Age as poetic storytelling, to the assimilation of parts of it, in the fifth century BCE, to rhetoric, in a methodology for comparing narratives and applying to them general laws by using certain techniques of poetic storytelling, to the final merging of rhetorical methodology with the world of practical geometry to produce what we know today as mathematical proof, especially as seen in Euclid’s Elements.

One of the pioneers of the recent multidisciplinary approaches to the study of narrative, the psychologist Jerome Bruner, has stated that narrative is a distinct cognitive mode, irreducible to the bundle of observational, inductive, and deductive practices that are usually packed together as logical, or scientific thinking.80 “Efforts to reduce one mode to the other,” writes Bruner, “inevitably fail to capture the rich diversity of thought” (1985, 11). I fully agree with his comment, yet add the extra clarification, that the impossibility of complete reduction does not rule out the existence of structural similarities and common roots, nor does it make unnecessary the study of the long process of cultural transformation, from narrative roots to their logical progeny, that I have tried to describe.

I believe that the streetcar metaphor is important, especially when first encountering arguments of the relationship of narrative and poetry to logical thinking. The simple assertion that “proof comes from narrative” can sound wild, even absurd. Yet this is probably due to the effect that Sherlock Holmes describes to Watson in the Adventure of the Dancing Men: “It is not really difficult to construct a series of inferences, each dependent upon its predecessor and each simple in itself. If, after doing so, one simply knocks out all the central inferences and presents one’s audience with the starting-point and the conclusion, one may produce a startling, though possibly a meretricious, effect” (Conan Doyle 1990). My aim was not to startle or to impress, but to substantiate my of the narrative and poetic roots of mathematical proof. I have thus tried to outline “the central inferences,” that is, to give some detail to this story of gradual transformation: to describe the main stops of the streetcar named (among other things) Proof. A fuller story remains to be told.
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NOTES

1. After reading an earlier draft of this essay, Gagarin (personal communication) had this to say:

Democracy is a pretty nebulous concept before Cleisthenes in Athens. I prefer to speak in terms of popular participation in decision making, which was widespread in early Greece and even in Homer, where assemblies open to all (it appears) do meet and at least advise, and where even a Thersites can express an opinion. We cannot be certain what “polis” meant [before Classical times], but it has to be some sort of large group [of] members of the community, however that was defined. This group participated in the making of laws and must, as in Homeric assemblies, have debated, argued, and finally reached some sort of conclusions. [We find this] process at work everywhere in Greece, not just in democracies. . . . This must have involved some of the rhetorical strategies we see in Athens.

2. A more historically informed discussion of this can be found in Doxiadis and Sialaros (2012).

3. The term rhetoric as used here refers to a technique that is not limited to the practice of public oratory. This technique, which often extends to the related technique of dialectic, is to be found not just in political and forensic speaking but also in the practice of Greek fifth- and fourth-century BCE historiography, philosophy, and medicine.

4. Obviously, there exist also nonverbal narratives. But here I restrict my analysis to narratives expressed in verbal language.

5. I am talking here about the order in which the story is told. The order of the events as they occurred may be different, a distinction narratologists usually make distinguishing between fabula (the story as it happened) and syuzhet (as it is told).

6. The classic narratological work on this is Bremond (1973), while similar approaches are involved in Labov’s work on comparators (1972) and Prince’s concept of the disnarrated (2004). An excellent discussion of these notions can also be found in Herman (2002). For a particularly interesting, idiosyncratic view of narrative possibilities, see John Allen Paulos (1998), who discusses narrative possibility from the viewpoint of information theory.

7. Barbara Tversky (2004) has studied the cognitive aspects of a similar kind of modularity in spatial searches, also involving a concept of outlines. For a discussion of some aspects of modularity in both narrative and mathematical thinking and their parallels, see Doxiadis (2004).

8. For theoretical discussions of some of the most unexpected influences of culture on storytelling, such as dance and weaving, see David (2006) and Tuck (2006).

9. For a discussion of the roots of the logical process in Greek legal thought, see the insightful essay of Markus Asper (2004).

10. A famous Homeric example of proverbial wisdom is Hector’s response to Polydamas (Iliad 12.243). When the latter interprets the fall, from the talons of an eagle, of a wounded serpent into the Trojan camp as an omen from Zeus, Hector disagrees, expressing the gnômê-like opinion, “The best omen of all is to defend one’s country.”

11. The traditional rendition of this concept is “probable.” However, David C. Hoffman (2008) has made a strong argument that its original usage could be best rendered by the word “similar.”

12. See O’Banion (1992).

13. For the study of narrative as a crucial part of legal thinking, see James B. White (1989), Nancy Pennington and Reid Hastie (1991), Peter Brooks and Paul Gewirtz (1996), and Anthony Amsterdam and Jerome Bruner (2001).

14. Michael Gagarin (personal communication) points out that Antiphon’s Second Tetralogy provides a clear illustration of this thesis: both speakers are aware that they are describing the same set of events, but with different narratives, resulting from different interpretations of motives.

15. The locus classicus for this is Stesichorus’s Palinôdia (ca. 600 BCE). This “second song on the same subject” follows an earlier, nonextant one by the same poet accusing Helen for her crime of instigating the Trojan War. The Palinôdia puts forth a revisionist account of the story of Helen, according to which she did not follow Paris to Troy but was saved at the last moment by Aphrodite, goddess of Eros, who took her to safety on Cyprus, sending a phantasm in her place to Troy.

16. In our analysis of Greek rhetoric, we rely both on the theoretical treatises, especially Aristotle’s Rhetoric, and actual fifth- and fourth-century BCE speeches, mostly by the three earliest, Gorgias, Antiphon, and Lysias. It should be noted, however, that the patterns in the macrostructure of a speech, as well as some of the principles of composition that Aristotle describes, are much more clear-cut and well-defined in the Rhetoric than in actual speeches. This discrepancy does not really affect our overall argument regarding mathematics: since the structural template of mathematical proof we find in Euclid was not really in place before the second half of the fourth century, it makes sense to assume that mathematicians were influenced not just by rhetorical practice but also by the theoretical treatises: it is an accepted fact that Euclid knew his Aristotle and so, it can be assumed, the Rhetoric as well. For the discrepancies between rhetorical theory and practice, see in particular Carey (1994, 1996).

17. Outlining of parts of a story can occur throughout a performance, at various levels of organization. For example, Elizabeth Minchin (1992) describes the generic type shared by many Homeric rebukes as reproach, the problem, generalization, proposal. The problem part is a short narrative, an outline of the situation causing the reproach.

18. Interestingly, the emulation of a similarly stark narrative style has appeared at least two times in the history of twentieth-century literature as a revolutionary advance in style, a breakout from older, more ornate forms of expression: in Hemingway’s prose, and in the experiments with “objective writing” of nouveau roman writers such as Alain Robbe-Grillet.

19. A modern legal writer repeats this same fact in the context of modern judicial practice, pointing out the simplicity of its style: “Trial stories very much resemble those you learned as a youngster, such as ‘Goldilocks”’ (Bergman 1989, 12).

20. Among them Hermogenes and Cicero.

21. Viewing the refutation as a separate part of the proof makes more sense when referring to the speech of the defendant: speaking after the accuser, the defendant has already heard the main points of the accuser’s attack and can address them one by one. Identifying the refutation as a separate part of the speech makes sense particularly in those trials in which each side is allowed more than one speech, and thus a speaker can refute expressly the points made by his opponent.

22. Johansen (1959) dwells at length on the development of the priamel and other similar paratactic forms in lyric poetry and then fifth-century tragedy, associating these with the development of the use of “general reflection,” maxims or gnômai.

23. For differences of this notion in Aristotle’s Rhetoric and actual fifth- and early fourth-century practice, see Carey (1994, 1996).

24. For an extensive discussion of meaning of the notion of pistis, see Kennedy (1980, 68–69).

25. Michael Gagarin (written communication) comments thus on this standard definition of a nonartistic pistis: apart from laws, all other forms of nonartistic pisteis, though nominally “imported” from outside the speech, can actually be as much constructed by the rhetor as the artistic pisteis themselves. Witnesses’ statements under oath, but also slaves’ testimony under torture, were in fact sometimes written in advance by the litigant conducting that particular side of the case. In such cases, then, the nonartistic pisteis are also constructed narratives, written by the logographos to enrich and support his main narration, with the added advantage of the higher truth value awarded them by the jurors because of their status as nonartistic.

26. Modern scholarship, on the whole, does not accept the older view of Solmsen (1931) that Archaic trials were based on nonartistic pisteis alone. Gagarin (1990, 22–32) argues convincingly that some concept of “artistic proof” is present in Greek judicial practice already in Archaic times. Clearly, however, the development of a self-conscious rhetorical art in the fifth century BCE led to a more refined and systematic usage of the artistic pisteis.

27. This concept was first formulated by Vygotsky as “mediated action.” In mediated action, such as rhetorical practice, “any creativity that occurs involves the transformation of an existing pattern of action, a new use for an old tool.” See Wertsch and Tulviste (1996, 69).

28. For good introductions to X/RC in epic, see Notopoulos (1951) and Miller (1982). For RC at the microlevel, see Willcock (1964); for the middle level, see Gaisser (1969) and Reece (1995); for the highest level, see (Beye 1993, 110–11).

29. For the view that X/RC is in some cases unconsciously employed, see in particular the discussions of Minchin (2001) and Nimis (1999) of the extensive Homeric RC analyzed in Stanley (1993).

30. On this, see The Dance of the Muses (David 2006).

31. See Willcock (1964), Notopoulos (1951), and Gaisser (1969).

32. Palamedes was a hero, an Achaean fighter in Troy, falsely accused by Odysseus of having accepted a bribe from Priam, in order to betray his side to the Trojans.

33. C. M. Keller and J. D. Keller (1966) give striking examples of such grounding of higher thought procceses on “mere” craftsmanship, in the practice of blacksmiths.

34. Charles H. Kahn (2003, 149–52) mentions detailed technical descriptions of complex buildings, often drafted as the architect was actually working on the construction, as among the first instances of written documents in Greece.

35. The pointing or deictic function is crucial to early proof. However, this function is less apparent when proofs are transcribed in the more formal style that becomes prevalent with (and after) Euclid. “This here line” in the oral environment becomes “line AB,” or simply “AB,” whereas “this is bigger than that” becomes “ABC is greater than DEF.” The labeling of points, lines, and shapes by letters is a crucial aspect of Greek written mathematics. But it has less to do with its content and more to do with the translation into writing of oral, live interaction. Obviously, this transition also involves the abandonment of actual (manual) deictic communication.

36. For fascinating group pictures of the development of a “school” and a sense of a tradition in Greek mathematics, see Collins (1998) and Netz (2002).

37. The same, incidentally, as we saw used by the painter of the vase shown in figures 10.22, 10.23, and 10.24.

38. It should be noted that this style, as well as the Euclidean original from which it is translated into a first-person narrative, is a style of mathematical presentation: it shows us how a theorem can be proved convincingly, but not how it was originally proved. A narrative describing the process of discovery would of necessity be longer and messier.

39. Of course, we could increase the number of action sentences in this sample, without reducing the others, if we transposed this proof from a Euclidean-type presentation to a live, interactive style of live Greek mathematics, in which many of the state-of-affairs statements can be “proved” at the very moment they are stated, using the compass to measure equality or inequality. So, for example, what is here referred to as a truth proved in proposition 1.20 can be shown by “adding” EB to EF—a simple operation using a compass—and superimposing the “sum” on BF, to show that it is bigger. This would fit our thought experiment much better, but—though it might quite realistically describe the style of a live interaction among early mathematicians—it would not be what we expect from the more formal, Euclidean-style theoretical mathematics.

40. See Netz (1999b). For a discussion of variations, dependent on whether a proposition is a construction or proof, see Doxiadis and Sialaros (2012).

41. The term diorismos for this part of the proof is used by Proclus, whereas Heron calls it prodiorismos. The word diorismos is also used in Greek mathematics as a description of the conditions within which a certain problem is solvable.

42. I am grateful to Michael Gagarin for pointing out that though this clear-cut pattern for the template of the forensic speech is in accord with Aristotle’s formalization of it in the Rhetoric, it only applies partly to existing fifth- and fourth-century BCE forensic speeches. However, as the form of the mathematical proposition acquired its recognizable form after the Rhetoric was written, its determining influence on later practice must be taken into account. It is not a controversial thesis that Euclid read or otherwise knew the work of Aristotle: especially his employment of common notions and postulates has a clear Aristotelian flavor. Thus, it could easily have been the Rhetoric, and not the actual rhetorical speeches, that carried more weight with him. (See also note 16.)

43. Though books 7–9 of the Elements are mainly concerned with questions that would today be classified as number-theoretic, I shall focus on the geometric propositions for reasons of simplicity.

44. Though we know that some of these are the interpolations of later scholiasts, it is usually assumed that some were there in the original form of the Elements.

45. It should be noted that we know from Proclus that at least three earlier mathematicians had written Stoiheia, or Elements, i.e., systematic attempts at the presentation of mathematical knowledge. These are Hippocrates of Chios, Leon, and Theudius of Magnesia.

46. Mentioned by Simplicius in his transcription of Eudemus’s (non-extant today) History of Geometry (ca. 330 BCE) when rendering Hippocrates of Chios’s proof of the squaring of the lunes.

47. The formal completeness of syllogisms, in a text addressed to people with some level of expert knowledge, would be “simply a waste of words, because it states much that is obvious” (my translation).

48. Netz (1999a, 214–16) discusses this process, using the term “necessity” instead of “certainty,” speaking of the “necessity-preserving properties of Greek mathematical proofs.”

49. The tradition of people like Anaximenes and Anaximander, sixth-century BCE architects who were also active in other fields of learning—in effect, “philosophers” in the Greek sense—must also be mentioned. Apart from the fact that, as architects, they undoubtedly dealt in measurements, calculations, and related operations, they were also among the first to record their work in writing, in the form of technical descriptions of their architectural works (Kahn 2003, 149–52).

50. For slight differences in this pattern, depending on whether the theorem is one of construction or proof of a property, see Doxiadis and Sialaros (2012).

51. See (Tuplin 2001) and (Schenkeveld 2002) for arguments that Worthington is finding more X/RC structure than is actually there in the speeches of Dinarchus.

52. This can be seen even more strongly in the Data than in the Elements (see the discussion in section 5.6).

53. The discovery and classification of all types of X/RC, both at the micro- and mesostructure of Greek proofs, will shed more light on the origins and form of early deductive methodology.

54. The numbered items are outlines of the corresponding segments of the original text. The abridgement, identification of the RC structure, formatting, and numbering is from J. R. Ellis (1991). In this important paper, whose appendices offer a very detailed description of the three-tiered RC construction of the first book of the History, Ellis also uses for RC the alternative term annular structure.

55. There are strong spatial analogies to this type of thinking, which also connect it wih cognitive aspects of narrative organization (see Tversky 2004; Doxiadis 2004, 2007). There is a tradition in Greek philosophy, in which the road (hodos) is a prime metaphor for thinking, including the crucial—to our present argument—concept of crossroads (Szabo 1978; Snell 1978). In fact, the Stoic philosopher and logician Chrysippus ascribes the invention of negative arguments, including the reductio ad absurdum, to the imitation, by early thinkers, of the hound’s method of search: when reaching a forking path in search of prey, the hound follows one of the two paths to a certain point and then, if the trail does not continue, he returns to the place of bifurcation and takes the other way (Chrysippus’ fragment 7.26, in Von Arnim 1902).

56. This sensorimotor aspect of mathematical activity is strong to this day: a working mathematician’s office is rarely—still, in this age of the computer—without a blackboard.

57. Euclid’s style is not the style of all Greek mathematics. For variations in later style, see Netz (2007), (2009) as well as Cuomo (2001, 2007).

58. Heraclitus, fragment 93, in Diels, H. and W. Kranz (1966).

59. I have numbered the three statements sequentially, though, as elements of an RC, they might be numbered as 1, 2, and 1*. This is clearly a minimal RC, with “Socrates” as pivot on 1-1*.

60. When there is only a single foil or counterstatement, we call this the reductio ad absurdum.

61. This expansion is a form of complex or tiered RC (see section 5.5.2.5). We shall use the first of the binary Xs of proposition 1.19 as an example of tiering in the next section, in figure 10.44.

62. (Netz 2004) argues that the form in which it has come down to us, i.e., in the record of Simplicius (fifth century CE), of the nonextant account of Eudemus (ca. 330 BCE), the latter written in the ancient (arhaikon) style, and appended by Simplicius with some extra things from Euclid, is close enough to Hippocrates’ original to allow us to speak of it as our earliest evidence for the methodology of fifth-century BCE mathematics.

63. Hippocrates and Antiphon worked in Athens, as did Gorgias, at least as early as 427 BCE.

64. The fact that a proof in the arhaikon ethos is level three, while those in the Elements are level four, may also account for the fact that the alternatives are set out in a more orderly way in Euclidean proofs, such as in 1.19.

65. In a series of works, Worthington (1991, 1992, 1994) describes elaborate X/RC structures used by the fourth-century BCE orator Dinarchus.

66. As mentioned in note 51, Worthington’s analysis has been contested (MacDowell (1994, 270–71), Schenkeveld (2002, 129), and Tuplin (2001, 389)).

67. For a different discussion of the possible spatial origins of X/RC, see note 55.

68. For a good introduction to what is known of its earliest history, as well as the form that the technique took in Greek and Latin oratory, including a survey of the main ancient sources, see the first chapter in Yates’ famous book (1996). For recent evidence that the power of the method can also be explained by the structure of the brain, see Becchetti (2010).

69. This is also the origin of the notion of topos, or locus in rhetoric.

70. There are obvious connections of such hierarchic thinking with concepts in computer science. The branching off into further layers, each with its own self-contained little proofs, is directly reminiscent of the notion of subroutine. Christos Papadimitriou and Constantinos Daskalakis (personal communication) have noted the similarity of RC to the process of stacking, with its last-in-first-out or, equivalently, first-in-last-out structures.

71. Greek poets used such X/RCs to structure this branching as, ever since the time of Homer, they provided—their other uses apart—the perfect way for handling digressions without losing track of the main narrative (Gaissner 1969).

72. This would happen, as the digression would run, “but we know that . . . (the statement of 1.4), because (the proof of (1.4)), ending in the restatement of (1.4).” This is the exact parallel to the RC assimilating paradeigma in Homer (Willcock 1964).

73. Netz correctly remarks on the repetition of the statement of the protasis in the sumperasma is a form of ring-composition (2009, 124). That the repetition of the enunciation at the end is “unavoidable” in any form, poetic or otherwise, where “some thesis is to be argued,” had already been noted by Fowler (1987, 62), who remarks that the end of argument-type structures naturally repeats “the opening statement as the conclusion (QED).” Netz’s other remark on this limited case of RC is that this “ring structure may well be intentional . . . but of course this cannot be proved” (2009, 165). My arguments in this essay, on the prevalence of RC at all levels of Greek theorems, large and small, as well as its essential role in the process of demonstration, go some way toward proving its centrality in Greek mathematics, which also points strongly towards intentionality. Netz’s argument for the minimal form of RC he mentions in Ludic Proof (2009) is very much that, as he phrases it in one of his chapter’s titles, “mathematics turns to literature” in the Hellenistic period mostly for stylistic borrowings that, as a rule, fulfill an aesthetic role. As I discussed at length, I believe this turn occurred much earlier and was crucial to the structure, and not just the aesthetics of deduction. For more on the historical background of the argument, see Doxiadis and Sialaros (2012).

74. I mention the latter case as it is indeed a danger: scholars discovering X/RC constructions where none are, in fact, there. As an example of such scholarly dispute over the existence or not of intricate ring-composition see Nimis (1999) and Minchin (2001), who attack the claims of Stanley (1993) of discovering such patterns in book 18 of the Iliad. See also notes 51 and 65, on similar objections to Worthington’s work.

75. I am grateful to Barry Mazur, for pointing out the deductive uselessness of the RC in the example from Euclid’s Data as demonstrating precisely the fact that RC must have been, by his time, an ingrained habit of Greek mathematicians.

76. As Taisbak (2003, 13) notes, the Givens would be a more correct rendering.

77. For some recent research, see Michalis Sialaros (2011).

78. Another comment which can be made, in the spirit of our previous discussion, is that the proofs in the Data are much closer to level five than those of the Elements.

79. All the theorems in the Data are of the basic form “if x is given, then also y is given.” According to Taisbak’s illuminating formulation, the term “given” roughly means “that if some items are given, some other items are also given, into the bargain so to speak” (2003, 13; italics in original).

80. Bruner (1985), somewhat confusingly, calls this the “paradigmatic mode.”
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CHAPTER 11

Mathematics and Narrative: An Aristotelian Perspective

G. E. R. LLOYD

The idea that mathematics deals with timeless truths is forcefully stated in a famous exchange between Socrates and Glaucon in Plato’s Republic, which makes the further point that the language of geometry, with its talk of manipulating figures, is absurd, since it conflicts with the idea of the timelessness of its objects. Let me quote the passage in full:


SOCRATES: This at least will not be disputed by those who have even the slightest acquaintance with geometry, that the branch of knowledge is in direct contradiction with the language used by its adepts.

GLAUCON: How so?

SOCRATES: Their language is most ludicrous, though it cannot help that, for they speak as if they were doing something and as if all their words were directed towards action. For all their talk is of “squaring” and “extending” and “adding” and the like, whereas the real object of the entire study is pure knowledge.

GLAUCON: That is absolutely true.

SOCRATES: And must we not agree on a further point?

GLAUCON: What?

SOCRATES: That it is the knowledge of what always is, and not of what at some particular time comes into being and passes away.

GLAUCON: That is readily agreed. For geometry is the knowledge of what always is.1



So it is ridiculous to talk of squaring a circle, for instance, when nothing is done to the circle. Plato wishes to recommend mathematics for the education of those who are to rule in his ideal city, and that is because it provides training in abstract thought. That is its essential characteristic, so the philosopher-kings should not be misled by a vocabulary that might seem to suggest they were doing things with figures and numbers. Indeed, Greek mathematics made considerable use of terms that elsewhere were applied to physical, concrete operations, starting with the word for “construction,” kataskeue, itself.

Later Platonists, convinced, no doubt, that they were being loyal to the master’s own thought on the subject, developed the criticism further, suggesting that any talk of moving mathematical figures, or otherwise applying physical or mechanical concepts to them, should be banned. Plutarch is a case in point. Faced with the impressive evidence of Archimedes’ interest in mechanics and of his skill as an engineer and practical whiz kid, Plutarch tried to insist that Archimedes was not really concerned with practical applications at all. In his Life of Marcellus, chapter 14, Plutarch stated that Archimedes did not devote himself to such applications as if that work were worth serious effort. Rather, as he went on to say (chap. 17), “Archimedes possessed such a lofty spirit, so profound a soul, and such a wealth of theoretical insight, that although his inventions had won for him a name and fame for no merely human, but rather some superhuman, intelligence, he was not willing to leave behind him any treatise on that subject. Regarding the work of an engineer [ta mechanika] and of every art that serves the needs of life as ignoble and vulgar, he devoted his ambition only to those studies the beauty and subtlety of which are not affected by the claims of necessity.”2

That is, as is now widely recognized (Netz 1999, 303; Cuomo 2001, chap. 6), a highly tendentious set of comments on Archimedes. But Plutarch purports to quote Plato’s attack on earlier mathematicians who had used mechanical methods in geometry. In one passage3 Plutarch reports that the two mathematicians in Plato’s sights were Archytas and Eudoxus, who had used such methods in their solutions to the problem of the duplication of the cube. Indeed, Eutocius gives Archytas’s solution to that in some detail and further alludes to Eudoxus’s work on it.4 The solution depends on finding two mean proportionals, and to do this Archytas proposed a complex three-dimensional construction determining a certain point as the intersection of three surfaces of revolution, namely (1) a right cone, (2) a cylinder, and (3) a torus with inner diameter zero. Heath comments (1921, 1:246–47) that the intersection of the two latter surfaces yields a certain curve, and “the point required is found as the point in which the cone meets this curve” (figure 11.1)—whereupon Archytas demonstrates how that point enables the two mean proportionals to be found.5
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Figure 11.1. Thomas L. Heath’s demonstration of Archytas’s solution to the problem of the duplication of the cube. See note 5 for details. (From Heath, A History of Greek Mathematics, 1:247.)

These are mechanical procedures only in the sense that Archytas speaks of surfaces and solids in revolution, not that he employs any other physical concepts, such as Archimedes was to do in his “mechanical method,” where it is assumed that mathematical areas can be thought of as having centers of gravity and as being balanced against one another around a fulcrum. Nevertheless, Plutarch has it that Plato “was angry” with Archytas and Eudoxus and “inveighed against them as the destroyers and corrupters of what is good in geometry, which thus ran away from incorporeal and intelligible things and made use of bodies that required much laborious manual work.”6

So we have already in Greek antiquity powerful and influential proponents of the view according to which (1) mathematics deals with what is timeless and (2) the category boundary between it and physics must be strictly observed. Mathematics should make no use of physical devices or even allow itself appeal to mechanical concepts, as is the case when mathematical figures are imagined as being manipulated, for example by being put into motion. Equally, in that view, to suggest any link between mathematics and narrative would be tantamount to confusing categories. One category deals with quantity, the other with time. One sets out timeless truths, the other recounts chronological sequences of actions. A story, such as the plot of a tragedy, as Aristotle famously insisted (Poetics 7.1450b26–27), deals with a whole, and a whole is defined as having a beginning, a middle, and an end. The facts that it sets out are sequential, even though the order in the narrative may not follow the chronological order of the events narrated.

Yet that is not the end of the matter, and again I can cite sources from classical Greek antiquity to make the point. Two types of evidence can be adduced that may be thought substantially to modify the Platonic picture I have so far presented. On the one hand, there are comments from the perspective of a very different philosophy of mathematics from Plato’s, and on the other, there is more to be said about the actual practices of Greek mathematicians.

Aristotle’s philosophy of mathematics differs radically from Plato’s in a number of fundamental respects. First, he did not postulate separate intelligible mathematical objects, such as Plato treated as intermediate between intelligible forms and perceptible particulars.7 For Aristotle, mathematics studied the mathematical properties of physical objects, in abstraction from the physical properties those objects possessed. Of course, Aristotle agreed with Plato that while physical hoops or rings come to be and pass away, circularity does not.8 But while the mathematician can study the circle in the abstract, circularity does not exist as a separate intelligible entity.

However, with respect to our concerns here, the more interesting divergence between Aristotle and Plato relates to comments that Aristotle made about the activity of mathematicians and the actualization of certain potentialities in their work. In the Metaphysics (1051a21–31), Aristotle makes the following remark:


diagrammata too in mathematics are discovered by an actualization [energeia], for it is by a process of dividing up that they [the mathematicians] discover them. If the division had already been performed, they [the diagrammata] would have been manifest: as it is, they are present only potentially. Why does the triangle imply two right angles [i.e., that the angles sum to two right angles]? Because the angles at one point are equal to two right angles. If, therefore, the straight line parallel to the side had been drawn upwards, the reason why would at once [euthus] have been clear. Why is the angle in a semi-circle a right angle, universally? Because if there are three equal straight lines, and the base consists of two of them, while the orthe drawn from the middle point is the third, the truth is at once clear to anyone who knows the aforesaid theorem [i.e., that the angles of a triangle sum to two right angles]. Hence it is manifest that relations subsisting potentially are discovered by being brought into actuality [energeia]: the reason is that the exercise of thought is an actuality [energeia].



Several features of this intriguing passage are problematic. There are no less than three issues of translation of varying degrees of importance, namely, those of the terms orthe, diagramma, and energeia itself, and there are corresponding doubts over (1) the constructions Aristotle has in mind, (2) what he claims becomes clear, once the division is performed, and (3) the intellectual procedure he thinks is involved. Let me begin with the last term, the interpretation of energeia, which we shall return to in order to see the implications of the passage as a whole. This term can cover both the notion of “activity” (what the mathematician does) and that of “actualization” or “bringing into actuality,” specifically of certain properties that come to light thanks to the divisions that the mathematician effects. Translators are accordingly divided in their preferences, and indeed there is some slippage in Aristotle’s usage. The first sense may be uppermost at the end of the text I quoted, where Aristotle speaks of the mathematician’s exercise of thought, but in the immediately preceding phrase we are dealing with the actualization of certain potentialities, namely, the relations that obtain in the mathematical objects studied. Moreover, it should be noted that the main issue in this book of the Metaphysics is the distinction between potentiality and actuality in all its complexity, and this has guided my own preference for “actuality” or “bringing into actualization.”

Next there is the term orthe, which relates to the question of the construction Aristotle has in mind in the proof of the theorem that the angle in a semicircle is right. Several commentators take the term to mean “perpendicular” (for which the more usual term is kathetos) and immediately before, at 1051a24, 25, and 27, the same term is used of a right angle. However, Burnyeat et al. (1984, 148–49) suggest that orthe used of the line in the construction may just mean “straight” (for which the usual term is eutheia). In the first interpretation the proof would not be universal but would relate only to the right-angled isosceles (figure 11.2).9 In that view, as Heath (1949, 73–74) noted, the proof would have to be completed by reference to the theorem that shows that the angles in equal segments of a circle are equal (Euclid, Elements 3.21). For the theorem proving the angle in a semicircle is right, Euclid (Elements 3.31) uses a more complex diagram, with one of the sides of the triangle produced, in order to show not just that the angle in the semicircle is right (in virtue of the fact that the angles at the base of each of the two isosceles triangles formed by a diameter of a circle and any radius drawn in one of the semicircles are equal) but also that the angle in a greater segment is larger than a right angle, while one in a smaller segment is less than a right angle.
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Figure 11.2. One demonstration that the angle in a semi-circle is a right angle. See note 9 for details. (From Heath, Mathematics in Aristotle, 73.)

However, according to the second line of interpretation, taking orthe to mean “straight line” rather than “perpendicular,” the proof is indeed from the start universal, and the construction Aristotle has in mind corresponds to that in Euclid, though without the complication of one side of the triangle being produced (figure 11.3).10

There is a similar question mark over the diagram Aristotle has in mind for the first theorem, that the angles of a triangle sum to two rights, where again we know of alternative proofs. Eudemus reports one in which the key construction is drawing a line parallel to the base of the triangle (figure 11.4).11 The three angles at the apex of the triangle can then be shown to be equal to the three internal angles (by the properties of parallels), and their sum is two right angles since the line is straight. In Euclid (Elements 1.32) and in Aristotle himself, the construction involves drawing a parallel to one side of the triangle and similarly invoking the propositions concerning parallels to get the result. Since Aristotle speaks of the straight line parallel to the side (not the base) being drawn “upward” (anekto, Metaphysics 1051a25), it seems likely that he has the Euclidean diagram in mind (figures 11.5. 11.6).12
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Figure 11.3. The Euclidean demonstration that the angle in a semi-circle is a right angle. See note 10 for details. (From Heath, Mathematics in Aristotle, 72.)

[image: Image]

Figure 11.4. Eudemus’ construction to show that the angles of a triangle sum to two right angles.

But the most important issue relates to the term diagrammata, which I also left untranslated. That term can be used of diagrams in our sense, but more often it means “geometric propositions,” including their “proofs.”13 W. D. Ross (1924) took the word here, in Metaphysics 1051a22, in the former sense,14 but that is surely wrong. When Aristotle says that “if the divisions had been performed, they [the diagrammata] would have been manifest,” it is the proofs that he has in mind, not the constructions, since the “divisions” are in a sense the constructions, and it would be banal to the point of tautology to say that they become clear when the divisions have been made. Rather, Aristotle’s point is that the proofs of the propositions concerned are discovered by the discovery of the constructions. Once the constructions have been made, it is “clear” (delon) that the result follows, although we should remark that for all its obviousness, Euclid still gives a proof in each case. Merely inspecting a diagram is, of course, not enough for Euclidean demonstration.

[image: Image]

Figure 11.5. Euclidean construction to show that the angles of a triangle sum to two right angles.
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Figure 11.6. Alternative view of the Euclidean construction in Elements 1.32.

The nub of the matter relates to the claim that Aristotle here makes in relation to the energeia, “actualization/actuality,” that geometry implies. When Aristotle says that proofs are discovered by an actualization, what does that involve? The term energeia is standardly contrasted with kinesis, movement or change. Aristotle is certainly not committed to some idea that a mathematical proof involves either movement or change. Recall that his view is that the mathematician discusses the mathematical properties of physical objects in abstraction from the physical properties that they possess. What he has in mind in Metaphysics 1051a21ff is the kind of actuality that is brought about by an exercise of thought—as indeed the end of the text I quoted makes explicit. Whereas a kinesis is a process that takes time, an energeia can be complete at every moment. We do not need time to see; any act of vision is complete as the act of vision it is throughout the time the vision takes place. Nevertheless, in the case of mathematical reasoning we can still talk (as Aristotle does) of discovering certain truths by means of the divisions or constructions that the mathematician uses. Given that those constructions relate to abstract entities, those entities are not altered by the construction being performed: yet what the construction does is to actualize what is there in potentiality, but only in potentiality until the construction is carried out.

We have, then, a twofold contrast to pay attention to. On the one hand, any energeia is complete at any moment of time. We must bear in mind the contrast between seeing or thinking, which are complete at any time, and an activity such as walking to Athens, which is complete only when you have reached Athens. On the other hand, scanning a complex visual field, or—more to the point—going through a complex piece of logical or mathematical reasoning, does take time. When the task is specified not just as “seeing” or “thinking” but looking over a complex visual object or going through a sequence of arguments, the seeing or thinking as such are complete at any moment, but that is not true of the task as so specified.

In this, Aristotelian view, then, we have to do justice to two facets of the work of the mathematician. On the one hand, she reveals what is there in potentiality all along. Yet on the other that revelation depends on an actualization, the discovery of what will reveal the truth in question. The proof takes time to set out, to be actualized, in other words, though that does not militate against the timelessness of the truth that it reveals. In many cases the proof would not be possible without the construction. But though the construction is set out in a series of steps, and the proof is not complete until the steps are complete, those steps should be viewed as the actualization of a potentiality, not as a process that involves change.
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Figure 11.7. Proposition 2.5. The diagram Euclid used to prove Elements 2.5. (From Heath, A History of Greek Mathematics, 1:382.)

So, while Plato and the Platonic tradition wanted ideally to purge mathematical reasoning of any vocabulary that might suggest activity or doing of any sort, Aristotle was an influential spokesman for a contrary view according to which the actualization of a potentiality was of the essence of geometric proof. When we turn from philosophical commentators to mathematical practitioners, there is plenty of evidence that tends to bear out Aristotle’s point of view and in particular that points to a realization of the feature I have just remarked on, namely, the complexity of some mathematical demonstrations.

We owe to Proclus (in the fifth century CE) the formal analysis of geometric reasoning in six steps.15 (1) First there is the protasis, or enunciation of the proposition to be proved. (2) Next there is the ekthesis, or setting out. (3) Third is the diorismos, the definition of the goal, sometimes one that specifies the conditions of possibility for achieving it. (4) There then follows, fourth, the kataskeue, the construction of the diagram. (5) Next comes the apodeixis, or proof proper, and finally (6) the sumperasma, or conclusion. Of course, this pattern is not always rigidly adhered to, and how far it was followed self-consciously by earlier mathematicians is a moot point. But it fits a good deal of Euclid pretty well. Thus Netz, in his discussion in The Shaping of Deduction in Greek Mathematics (1999) opens with an illustration of the six steps taken in Euclid, Elements 2.5 (figure 11.7).16 This establishes the complex proposition that as the enunciation has it, “if a straight line is cut into equal and unequal segments, the rectangle contained by the unequal segments of the whole, with the square on the line between the cuts, is equal to the square of the half.” That statement gives us step 1, the enunciation. The ekthesis then states: “for let some line, AB, be cut into equal segments at the point C and at unequal segments at the point D.” The diorismos follows: “I say that the rectangle contained by AD and DB, together with the square on CD, is equal to the square on CB.” Step 4, the construction, describes the squares in play, and adds three lines parallel to given ones. In step 5 the proof shows the equality of certain areas, drawing on propositions proved earlier in the Elements, and that includes the equality of certain areas taken together, leading to the equality sought. Finally, the conclusion (step 6) repeats the enunciation as a statement of what was to be proved, but this time includes the conjunction ara, “therefore,” to indicate that it has indeed been shown.

Two points stand out as fundamental. First, the steps are sequential and the theorem as a whole involves what Aristotle would call an energeia, the actualization of a certain potentiality, and indeed the activity of the mathematical reasoner to bring that about. Second, the proof depends crucially on the construction. Without the appropriate construction the demonstration could not be given. The ekthesis in step 2 presents the reader with the situation to be explored, that of a line cut into equal and unequal segments. But it takes the construction in step 4 to give the diagram that will enable the proof to proceed. Before that construction is effected, the reader will be at a loss as to how the proposition can be shown. Merely inspecting the diagram will not be enough to give the proof, since certain equalities must be established, directly or by appealing to earlier results. But the proof depends on reasoning carried out on the figures as constructed, not on them as originally given in the enunciation.

Euclid, Elements 2.5, is an example of medium complexity. But if we consider both simpler and more complex cases, a similar pattern is common. Take the proof that the base angles of an isosceles triangle are equal (1.5). Already in the ekthesis we are told that the sides of the triangle are to be produced, while in the construction an arbitrary point is taken on each of those lines as produced and joined to the opposite point at the base of the triangle. That gives the diagram to be used in the proof (the diagram is reproduced in figure 11.8), but it is still the case that the proof has to be given, that is, that certain triangles (ABG and ACF, and again BCG and BCF) have to be shown to be similar, and so that certain angles are equal. Even though the proof is obvious to anyone who has been taken through it before, it is not complete until the sequence of its constituent steps has been completed. It takes a sequence of such steps, indeed, to reveal the truth of the theorem to be proved.
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Figure 11.8. The diagram used to prove Elements 1.5.

Similarly, in a more complex case, such as the proof of the Pythagorean theorem in Euclid (Elements 1.47), the ekthesis just identifies a single right-angled triangle, and it is not until the construction that the squares on all three sides are described and the remainder of the “windmill” diagram drawn (figure 11.9). Even so, the proof has to establish both that certain lines are straight (GAC and HAB) and that certain triangles are similar (FBC and ABD, and again BCK and ACE), from which it follows that the two parallelograms into which the square on the hypotenuse has been divided (BMLD and MCEL) are equal to the squares on the two other sides, so that the theorem has been proved.

Then, for an even more complex stretch of reasoning, I may turn back to the solution Archytas gave for the duplication of the cube. This was a problem, not a theorem, insofar as that distinction is conventionally used to distinguish between constructions to be effected and propositions to be proved. Nor does the reasoning, as reported by Eutocius, stick to the pattern set out by Proclus. Yet there could be no more striking example of mathematical reasoning depending on constructions involving surfaces and solids in revolution, the generation of a curve, and the identification of a point by considering the intersection of that curve and the cone.
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Figure 11.9. The construction used in Elements 1.47 to prove Pythagoras’s theorem.

Thus far I have taken cases from Greek geometry. But arithmetic proofs similarly involved sequences of steps. Thus the famous proof of the infinity of primes (Euclid, Elements 9.20) proceeds by a reductio. It is first assumed that prime numbers form a finite set. Euclid assumes that the members of such a set can be multiplied together, and to the number so formed he adds the unit. If that number is prime, then he has shown that the starting assumption is false. But if it is not prime, then by 7.31 it is measured by some number. If that number is itself a prime, he has again disproved the initial assumption. But if it is not, it is divisible by some number, and that again gives a new prime. For if it were in the original set of primes, it would measure both that set and the remainder, the unit added to the product of its members, and that is absurd (atopon).

Finally, both arithmetic and geometry use iterative procedures that in some cases can be continued indefinitely. In the misnamed “method of exhaustion,” applied to determine π, for example, increasingly many-sided regular polygons are inscribed in the circle. As the number of sides of the polygon increases, the difference between its area and that of the circle diminishes (figure 11.10). While the circle is never exhausted (the Greeks did not contemplate an infinite-sided polygon), the difference between the rectilinear area and the circle can be made as small as one wishes.17 But this means that the procedure of increasing the sides of the polygon has to be continued indefinitely.
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Figure 11.10. Inscribed regular polygons used to approximate the area of a circle. (From Heath, A History of Greek Mathematics, 1:221.)

Again, one may cite parallels from elsewhere in Greek mathematics. Fowler (1999) especially has studied anthyphairesis, the reciprocal subtraction algorithm. One application, in Euclid, Elements 10.2, was to establish which magnitudes are and which are not commensurable with one another. “If, when the less of two unequal magnitudes is continually subtracted in turn from the greater, that which is left never measures the one before it, the magnitudes will be incommensurable.” A similar method, using so-called side and diagonal numbers, generally associated with pre-Aristotelian Pythagoreans, was used to get successively closer approximations to the value of irrational square roots, starting with the square root of two. Again, the fundamental point, from the perspective of our concerns here, is that the mathematician proceeds through a sequence of steps, indefinitely prolonged if necessary, to arrive at her results.18

We can thus see both where a stretch of mathematical reasoning resembles and where it differs from a narrative. Narratives, as I have remarked, deal with events that have a chronological sequence, whether or not the narrative itself follows that sequence. In mathematical reasoning, time in the sense of chronology is not relevant, since the truths revealed are indeed timeless. On the other hand, the reasoning does involve a sequence of steps that are essential to reveal, or as Aristotle would say to actualize, the truths that are there in potentiality in the geometric figures or the quantities discussed. In the sense that the proof depends on a construction or procedures that are carried out at some point after the statement of what is to be shown, in that sense the mathematical reasoning shares the sequentiality, if not the temporality, of narrative. An actuality, Aristotle claimed, is prior to a potentiality in definition and in substantiality. It is even prior in time, by which he meant that in biological generation, for example, it is an actually existing pair of animals that produces the new member of the species. But a final remark in Metaphysics (1051a32f) concedes that, even in the case of mathematical thought, the individual actualization (namely, by a particular mathematical reasoner on a particular occasion) is posterior in coming to be to the corresponding potentiality. At this point, rather exceptionally, the lived experience of the reasoner is allowed to enter the picture, for once qualifying the usual claims for the timelessness of the items she reasons about.

But is this just a feature of Greek mathematical reasoning, as discussed by Aristotle, as practiced in, for example, Euclid’s Elements, and as formally analyzed by writers such as Proclus? We have only to consider some of the evidence for Chinese mathematics (for example) to see that the answer to that question must be no. As Chemla and Martzloff, among other scholars, have shown,19 Chinese arithmetic depends crucially on certain procedures carried out on counting boards. To effect a division, for example, certain quantities must first be displayed on the boards, and then they have to be manipulated. The sequentiality of the procedures is precisely analogous to what I have discussed in the construction of Greek geometric diagrams and in the steps involved in their arithmetic reasonings. Notions of proving, or of showing certain statements to be correct, certainly differ in a variety of ways between ancient Greeks and Chinese.20 But mathematical reasoning in both those ancient societies generally exhibits just that aspect that mathematics as a whole shares with narrative. Such at least is the suggestion I wish to propose in this note.

NOTES

1. Plato, Republic 527ab, ed. Paul Shorey, Loeb Classical Library 276 (Cambridge, MA: Harvard University Press, 1935). Translation adapted from this source.

2. Plutarch, Marcellus, chap. 17, in Plutarch’s Lives, ed. Bernadotte Perrin, vol. 5, Loeb Classical Library 87 (Cambridge, MA: Harvard University Press, 1917). Translation based on this edition.

3. Elsewhere (Table-talk 718e, Perrin), Plutarch adds Menaechmus to the list of those whom Plato reproached.

4. Eutocius, Commentary on Archimedes On The Sphere and Cylinder, II:3.84.13–88.2, Heiberg-Stamatis.

5. In figure 11.1, from Heath (1921, 1:247), AC and AB are the two straight lines between which two mean proportionals are to be found. AC is the diameter of a circle and AB a chord in it. Draw a semicircle with AC as diameter, but in a plane at right angles to the plane of the circle ABC. Imagine this semicircle to revolve about a straight line through A perpendicular to the plane of ABC, thus describing half a torus with inner diameter zero. Next draw a right half-cylinder on the semicircle ABC as base: this will cut the half-torus in a certain curve. Finally, let CD, the tangent of the circle ABC at point C, meet AB produced at D, and suppose the triangle ADC to revolve about AC as axis. This will generate the surface of a right circular cone. The point B will describe a semicircle BQE at right angles to ABC with its diameter at right angles to AC, and the surface of the cone will meet, at some point P, the curve that is the intersection of the half-cylinder and the half-torus.

6. Plutarch, Marcellus, chap. 14. The last remark concerning “bodies” and “laborious manual work” (phortike banausourgia) certainly does not apply to the mathematical proof reported by Eutocius but would have some relevance if Archytas attempted the difficult task of making a scale model of his construction.

7. For Plato, mathematical intermediates share intelligibility with the forms, but unlike them (but like perceptible particulars) they are plural, not singular.

8. Several passages in Aristotle state that mathematical objects are not, in themselves, subject to change: On the Movement of Animals 698a25–26, Physics 193b34, Metaphysics 989b32–33 (where he is dealing with Pythagorean ideas).

9. In figure 11.2, from Heath (1949, 73), DB is the orthe drawn at right angles to the diameter AC. Euclid (Elements 3.21) supplies the theorem to show that angle ADC and angle AEC are equal; in other words, both are right angles.

10. Figure 11.3, from Heath (1949, 72), gives the diagram used in Euclid (Elements 3.31). On the second interpretation, the orthe drawn from the center of the circle would be any radius, as here AE.

11. Our evidence for this comes from Proclus, Commentary on Euclid Elements Book I 379.2–16. The line drawn parallel to the base of the triangle is AC, as in figure 11.4.

12. As in figure 11.5. Burnyeat et al. (1984, 150–51), however, point out that a shift in the depiction of the triangle, as in figure 11.6, could meet that objection.

13. See Heath (1949, 216), who cites Categories 14a39 and Metaphysics 1014a36 for this sense, though neither text is unambiguous.

14. He did, however, go on to observe that “to make the construction intelligently . . . is to see the proof, and Aristotle at once passes to this” (Ross 1924, 2:268).

15. See his Commentary on Euclid Elements Book I 203.1–15.

16. I have somewhat simplified Netz’s presentation which scrupulously indicates terms that have to be understood in Euclid according to normal Greek mathematical terminology. Figure 11.7, from Heath (1921, 1:382), sets out the diagram that Euclid used for the proof.

17. Objections to any idea that such procedures terminate are common. Antiphon in the fifth century BCE is reported to have claimed to have squared the circle on the grounds that the side of the inscribed polygon will at some point coincide with the circumference, an assumption that was held to be in breach of the continuum assumption (see Knorr 1986, 25–27, citing Simplicius, Commentary on Aristotle’s Physics 54.20ff.). Similarly, when in the Collection III Pappus reports the method used by an anonymous geometer to obtain two mean proportionals, he objects that the iterative procedure adopted does not yield the result claimed, even though successive approximations get closer and closer to it. See Cuomo (2000, 130ff.).

18. Fowler ((Fowler 1999), chap. 9) sets out the subsequent history of continued fractions; see also Knorr (Knorr (1975), chap. 8, Knorr (1986), chap. 5).

19. See, for example, Chemla and Guo (2004, 15–20) and Martzloff (1997, chaps. 13, 14).

20. The varieties of proof procedures used in different mathematical traditions are the subject of Chemla (forthcoming).
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CHAPTER 12

Adventures of the Diagonal: Non-Euclidean Mathematics and Narrative

ARKADY PLOTNITSKY

1. Introduction: Epistemology and Narrative, Euclidean and Non-Euclidean

Mathematics has been and still is commonly viewed as independent, at least essentially or constitutively independent, of narrative or other purportedly literary or rhetorical elements, such as metaphor.1 Indeed, this independence has been deemed to be especially characteristic of mathematics as against other sciences or philosophy, which also aspire and claim to be able, sometimes on the model of mathematics, to dispense with the constitutive role of such elements. Their auxiliary, such as pedagogical, role has always been acknowledged and, more recently, investigated in historical and sociological studies of mathematics and science, for example, in considering how narrative is used pedagogically or how it shapes different conceptions and images mathematicians and mathematics have of themselves or use in presenting themselves to culture and society.2 Thus, one would easily acknowledge that we might need narratives, metaphors, and so forth to convey a particular mathematical concept or that stories about mathematicians can be helpful in conveying various aspects of mathematics. By contrast, one would be reluctant to admit that a mathematical definition or functioning of this concept irreducibly depends on such elements.3 This view of mathematics has persisted for so long and has been so pervasive that it is still surprising to see the great variety of ways in which mathematics and narrative are essentially, constitutively connected, even to those of us who do not subscribe to this view and have seen it effectively challenged in recent decades.4

My aim in this essay is to explore a particular form of mathematics which I shall call “non-Euclidean,” and a certain cluster of narratives accompanying it. Both, this mathematics and these narratives, are linked, first, to the question of the potentially uncircumventable limits of thought and knowledge, and hence to a radical form of the incompleteness of both in this mathematics. Second, they are linked to the question of a certain heterogeneous and yet interactive multiplicity of concepts, even those having the same designation, such as “number” or “space,” and of different fields—algebra, analysis, geometry, topology, and so forth. Indeed, it is this disciplinary interactive multiplicity that is primarily responsible for the multiplicity and dissemination of concepts in non-Euclidean mathematics. For example, as will be seen, the concept of space becomes multiple when some forms of geometry acquire an algebraic character from roughly the mid-nineteenth century on. I shall, then, call mathematics, or other forms of thought and knowledge where these epistemological limits are reached and where this multiplicity is found, “non-Euclidean.” The term derives from non-Euclidean geometry (which was an important juncture in the history of non-Euclidean mathematics) but is thus given a broader meaning. By contrast, Euclidean mathematics may be defined epistemologically by the assumption that the completeness of conceptualization and knowledge within the proper limits of a given field, such as geometry, or mathematics is possible, at least in principle; and it may be defined both epistemologically and mathematically by the assumptions that it is possible, again, at least in principle, to contain and control the heterogeneous multiplicity of mathematical practice within this mathematics. Euclidean mathematics is largely modeled on Euclidean geometry and its apparent aspirations, although even there one encounters complexities of the non-Euclidian type, and it is therefore difficult to be entirely certain of these aspirations in the ancient Greek mathematics.

The significance of the epistemological problematic to be considered here extends beyond mathematics, and in part comes to mathematics from elsewhere. Thus, Euclidean thinking defines Pythagorean arithmetic and Euclid’s Elements, or Aristotle’s physics or modern classical (but not necessarily quantum) physics. Although this thinking was refined by and given a new form in mathematics and physics, even in ancient Greece it came to both from other fields, in particular from philosophy, beginning with the pre-Socratics, and poetry, beginning with Homer, although ancient Greek tragedy, including in its narrative aspects, was arguably most significant in this regard. Both poetry and philosophy have continued to shape Euclidean mathematical and scientific thinking throughout their history. In their early modern history, Galileo’s writings, which contain abundant references to philosophy and literature (or art), offer the arguably most dramatic example of this impact. The reverse or reciprocal impact of Euclidean mathematics and science on philosophy and literature, or other human endeavors and culture at large, is equally significant. Euclidean geometry and classical physics fundamentally shaped the philosophy, literature, and culture of modernity. Descartes, Locke, Leibniz, Spinoza, and Kant are only the best-known names on a much longer list of philosophical figures exemplifying this impact, and the fact that both Descartes and Leibniz were also mathematicians and physicists amplifies this point. These connections and sometimes, as for example in Romantic poetry, confrontational encounters defined by them are just as significant (even if often mediated by philosophy) in literature.5 The very emergence of the novel as the dominant (narrative) genre of modernity may be argued to be significantly connected to classical physics and reciprocally, to have had an impact on the history of physics. One could consider, for example, the role of causality and chance from Cervantes’s Don Quixote to Tolstoy’s and Dostoevsky’s novels. The latter indeed offer a near non-Euclidean view of causality and chance, in part, it is true, with Darwin’s evolutionary theory equally in the background.

The same type of mutual traffic is found in the case of non-Euclidean thinking, as will be illustrated throughout this essay. Suffice it to say for the moment that the modernist (not the same as modern!) literature and art of, among others, Joyce, the cubists, and Schoenberg, which can be seen in epistemologically non-Euclidean terms, and non-Euclidean mathematics and physics, from Riemannian geometry and abstract algebra to quantum mechanics and Gödel’s incompleteness theorems, are almost inconceivable apart from this reciprocal traffic.6 Shaped by multiple non-Euclidean influences from both sides of “the two cultures,” the epistemology of my narrative(s) of non-Euclidean mathematics and the narratives associated with it may well be non-Euclidean, including when dealing with Euclidean mathematics, although any such narrative must have Euclidean components and indeed is, as a narrative, Euclidean.

This narrative situation arises from the following more general cognitive situation. It may be argued that, as against non-Euclidean theoretical thinking (and, as I shall explain presently, this thinking can only be theoretical), the Euclidean one reflects the essential workings of our neurological machinery born in our evolutionary emergence as human animals and in part enabling our survival. In other words, our thinking in general, as the product of this machinery, is Euclidean. This is true even in non-Euclidean situations because that which is beyond the uncircumventable limits of thought and knowledge, defining non-Euclidean epistemology, is beyond the capacity of our thought. It is literally unthinkable, and if a given non-Euclidean situation becomes eventually reconfigured so as the (previously) unthinkable becomes available to thought or knowledge, it would no longer qualify as non-Euclidean but would become Euclidean instead. We are compelled to infer the existence of this unthinkable from certain configurations of its effects on what we can think and know, in part, inevitably, through Euclidean theoretical thinking. This inference is, accordingly, always theoretical. Thus, non-Euclidean theoretical thinking is reached via a Euclidean one, since the non-Euclidean underpinnings of a given situation make their existence apparent in certain Euclidean features of this configuration as effects of these non-Euclidean underpinnings. The particular character of these effects defies the possibility of a Euclidean understanding of their emergence and compels us to think of this emergence in non-Euclidean terms. One can also give this situation a narrative dimension by saying that there is no story to be told of how these effects are possible. But one can, at least in some cases, tell a story about the impossibility of telling such a story. This allows me to offer a definition of “non-Euclidean narrative”: a non-Euclidean narrative is a Euclidean narrative, a possible story, that contains and entails, first, the irreducible non-narrative residue of narrative (i.e., other than narrative representational elements), and second, the irreducible nonrepresentational, unthinkable, residue of the account offered by this story.

Given this evolutionary origin of Euclidean theoretical thinking, it is hardly surprising that it was so pervasive in mathematics, science, philosophy, literature, or narrative, and in our Western culture at large, that it has become a form of ideology, and that, accordingly, much (most?) of this culture itself may be seen as Euclidean. Other terms, such as Cartesian or Newtonian, or classical, or modern, for this type of ideology and culture, or conversely for the non-Euclidean ones (such as postmodern and nonclassical), have been used, including by this author on previous occasions. In the present context, however, the language of “Euclidean” appears to be especially fitting and, as I hope to show, justified. From now on by Euclidean or non-Euclidean thinking I shall mean the corresponding theoretical thinking.

My starting point is the discovery by the Pythagoreans of (in our Latinized terms) the irrational or, as they were conceived by the ancient Greeks, incommensurable magnitudes (i.e., those than cannot be defined as fractions of two natural numbers), specifically the diagonal and the side of the square, and a narrative, a legend, associated with this discovery and reported in Book X of Euclid’s Elements. According to the legend, the discoverer of the incommensurability of the diagonal of the square perished in a shipwreck. By virtue of its inaccessibility to Pythagorean arithmetic thinking, this incommensurability contains certain non-Euclidean or proto-non-Euclidean features, possibly for the first time in mathematics, to which the ancient Greek mathematics and culture responded, in part by giving geometry and no longer arithmetic the dominant role in both. The case is singularly significant for the history of non-Euclidean thought in all of its aspects—epistemological, narrative, and cultural.

Epistemologically, this significance arises because it is possible to establish the existence of objects that are beyond the reach of a given mathematical theory, here Pythagorean arithmetic, and moreover to do so by a rigorous proof and, hence, from within this theory, analogously to the case of Gödel’s theorems in the case of modern arithmetic. It is, as just explained, this type of situation that grounds non-Euclidean epistemology and the theoretical thinking defined by it. This epistemology can take a more radical form, whereby no theory could offer either mathematical definition or a phenomenally realizable conception, including that of object itself, of the corresponding “objects,” not only at the time of their discovery but also potentially ever. By contrast, Euclidean thought is defined by the assumption of the possibility of establishing, at least in principle, a phenomenological or representational access of this type, at least, again, in principle, to all objects considered by a given theory or framework. In the case of the incommensurable magnitudes discovered by the ancient Greeks, geometry was able to resolve the situation at the time and to give arithmetically incommensurable entities their proper Euclidean place in terms of line segments, and thus to restore the possibility of this assumption. It is curious that it was arithmetic representation that was a problem. In modern non-Euclidean mathematics, which emerged around 1800 and extends to our own time, one more often confronts the difficulties of geometric representation of non-Euclidean objects, even in geometry. The process of the algebraic resolution of the problem of incommensurable magnitudes took hundreds of years and involved the creation of the new mathematical disciplines of algebra and analysis, and this resolution revealed new and greater complexities.

Before the discovery of incommensurable magnitudes, both the ancient Greek arithmetic and geometry were Euclidean theories in the present sense. In confronting the question of the diagonal and the side of the square, Pythagorean arithmetic encountered an epistemological limit of the non-Euclidean type, which it could not handle. It was, by and large (if not altogether), abandoned by ancient Greek mathematics as a result. By contrast, the contemporary geometry could handle the relationships between the incommensurable magnitudes in epistemologically Euclidean terms. This epistemologically Euclidean science, now known as Euclidean geometry, has remained in place in essentially the same form ever since. It is a far more complex question to what degree Euclidean geometry could mathematically resolve the problem of incommensurability, beginning with the mathematical meaning of the concept. One might argue that the tension between arithmetic and geometry in their, as it were, diagonal relation to each other remained in place in Euclidean geometry.7 This tension, along with other factors, triggered the development of a science of numbers that could properly address this question. This science has continued to develop ever since, eventually leading to what is now known as number theory, a complex intersection of arithmetic, algebra, analysis, topology, and geometry. It still does, in contrast to Euclidean geometry, but not geometry in general. The latter has had a similar history to that of the mathematics of numbers and by now is defined by the same type of interaction between different mathematical fields.

The tension between geometry and algebra remains, however, part of our mathematics. Number theory led us to the mathematics of irrational numbers, which led to real and complex numbers, which led to nonstandard numbers and John Conway’s “surreal numbers,” which led to . . . one is not sure where this science will eventually take our thinking about numbers. In the late nineteenth century, Gottlob Frege complained that “it is really scandalous that science [Wissenschaft] has not yet clarified the nature of number. It is completely in the dark.”8 This is still true, and it does not appear that a single concept of number is possible or necessary, a view already entertained, as part of the emerging mathematical modernism, at the time of Frege as well. Nor has our science, in this case, physics, as yet clarified the nature of space or time, and, as will be seen, mathematical modernism tells us that one can hardly expect a single, all-encompassing (a spatial metaphor itself) concept of space, any more than a single concept of number. The dissemination of the concept of space is in part defined by the algebraization of the concept. As a result, some of such algebraic concepts of space can apply to or be established in relation to numerical multiplicities (those connected with algebraic equations, for example) that are not associated with conventional spatial objects in the way, say, that real numbers are with the straight line.

The discovery or construction of the inconceivable, unconstructable, mathematical entities (if they are even “entities” in any given sense) implies a certain narrative of the corresponding mathematical process, which may also be collective, the narrative of the process leading to this discovery or construction at some point of this process. Both “discovery” and “construction” are narrative conceptions, although each can lead to different narratives (e.g., discovering something already in existence vs. bringing something into existence by construction). While such processes are difficult to reconstruct in their specificity, their potential representation may be referred to the narrative of non-Euclidean thinking, defined by the event of a discovery/construction of the unthinkable. I shall henceforth refer to this narrative as narrative 1. Such a narrative may be epistemologically non-Euclidean, which is not the same as a narrative of thinking leading to non-Euclidean epistemological situations, since a narrative of this thinking may also be Euclidean. By this statement I mean (given that, as explained above, any narrative qua narrative is Euclidean) the following. A given narrative of a non-Euclidean event may be either irreducibly incomplete by virtue of containing something that cannot be told, either as a story or otherwise, or even thought of, or it may be more complete or, in principle, allow for completing the account of such an event.

Beginning with the case of the diagonal, non-Euclidean situations or events have been accompanied by yet another type of narratives, which are primarily psychological, ideological, and cultural (and sometimes political), rather than epistemological, narratives of the consequences of this type of discovery. Narrative of this kind, to be designated here as narrative 2, reflect the relationships, usually adversarial, between Euclidean and non-Euclidean thinking and culture. These adversarial relationships and this type of narrative have persisted throughout Western history and continue to be dominant, although in our own culture they are to some degree counterbalanced by less antagonistic attitudes toward non-Euclidean thinking and practices. Such attitudes were not absent throughout this history, including in ancient Greece, where, however, they were more likely to be found in poetry, for example in tragedy, and in certain non-Socratic forms of philosophy, as in some of the pre-Socratics, which in turn contained ingredients of non-Euclidean thought itself. These attitudes and ways of thinking were part of the tragic culture of the Greeks, as Friedrich Nietzsche defined it, as against Socratic culture and the Socratic “despotism” of logic that replaced the tragic sense of life and played a key role in reshaping Greek culture accordingly (Nietzsche 1967, 86–96). One might say that cultural non-Euclideanism aims to give non-Euclidean thinking and its narrative, narrative 1, a different place in our culture and a different narrative. In this view, the presence of the unknowable in knowledge and the unthinkable in thinking need not be seen as harmful to mathematics and science, or culture, but instead as playing a productive role in them. I shall refer to the corresponding narrative as narrative 3.

Let me stress that, by advocating non-Euclidean attitudes defining narrative 3, I am not suggesting that Euclidean thinking should be abandoned. This would be impossible in any event since, as I explained, Euclidean thinking appears to arise from our biological and neurological nature. Equally important, however, it retains its positive significance in non-Euclidean thinking, since it often and in some respects always arises from Euclidean configurations of knowledge. It is not a matter of a philosophical, aesthetic, or other preference or a simple choice between Euclidean and non-Euclidean thinking but of the necessity of using either one or the other, or different combinations of both, in different circumstances. Euclideanism aims to exclude non-Euclideanism. Non-Euclideanism embraces and deploys Euclideanism, both within its proper Euclidean limits and in non-Euclidean domains.

2. The Disaster of the Diagonal: From Arithmetic to Geometry

The discovery of the incommensurability of the side and the diagonal of the square was an extraordinary and at the time scandalous discovery of ancient Greek mathematics, at least in one narrative of this discovery. This incommensurability was described by such Greek terms as alogon (that which is outside logos) and areton (that which is beyond all comprehension). Arguably the most shocking part of the discovery was that the mathematical incommensurability of these two magnitudes was demonstrated mathematically. It was a kind of “Gödel’s theorem” of the Pythagorean arithmetic, which was thrown back to sea by it, a metaphor and a narrative used to come to terms with the discovery. Areton also designated one of the Greeks’ conceptions of chaos: the disaster of the diagonal plunged the ancient Greek theory of numbers into chaos, which thus served as a correlative metaphor. The discovery undermined the Pythagorean belief that the harmony of the world, its cosmos, could be expressed in terms of numbers and their commensurable ratios. It took literally thousands of years to restore the possibility of such a vision, at least in mathematics itself, with the emergence of algebraic number theory, by which time, of course, our conceptions of number had expanded immeasurably beyond that of the Pythagoreans. As Barry Mazur’s essay, “Visions, Dreams, and Mathematics,” in this volume shows, algebraic number theory is a continuation of the long history, and a story, of square roots, ultimately, I would argue, as a part of non-Euclidean or modernist mathematics.

The discovery of the incommensurable magnitudes was primarily responsible for a crucial shift from arithmetic to geometric thinking in ancient Greek mathematics and philosophy. For, while the diagonal of the square (relative to its side) was outside the limits of arithmetic representation, as the Greeks conceived of the latter, it was self-evidently within the limits of geometric representation. This fact allowed Greek thought to establish geometry as a proper theory of proportions of both such commensurable and incommensurable magnitudes, and as a model for philosophical thought and discourse grounded in the idea of proportionality. As noted at the outset, non-Euclidean thinking appears to inevitably lead to mathematical disciplinary pluralism, characterized by a simultaneous deployment of different mathematical approaches and fields—algebra, geometry, analysis, topology, and so on. The ancient Greeks might have made an error when they divorced or (since this may not be possible) tried to divorce arithmetic and geometry, rather than trying to bring them together in the way, say, Descartes did along Euclidean lines, or the way modern mathematics did along non-Euclidean ones. It may be, however, that the Greeks needed more algebra to do so. Algebra, a marvelous invention of Arab medieval mathematics, eventually helped in both cases—that of irrational numbers and that of properly handling Euclidean and then non-Euclidean geometric objects.9

The discovery of the irrational by rational means, of alogon in logos, of areton or chaos in cosmos, and the narrative of this discovery, narrative 1, were accompanied by a narrative, a legend, of the fate of its discoverer, narrative 2. The account is given in the first scholium of Book X of Euclid’s Elements, which discusses the discovery of the incommensurables. According to Thomas Heath’s commentary:


The scholium quotes . . . the legend according to which “the first of the Pythagoreans who made public the investigation of these matters perished in a shipwreck,” conjecturing that the authors of this story “perhaps spoke allegorically, hinting that everything irrational and formless is properly concealed, and, if any soul should rashly invade this region of life and lay it open, it would be carried away into the sea of becoming and be overwhelmed by its unresting current.” There would be a reason also for keeping the discovery of irrationals secret for the time in the fact that it rendered unstable so much of the groundwork of geometry as the Pythagoreans had based it upon the imperfect theory of proportions which applied only to numbers. . . . [T]he discovery of incommensurability must have necessitated a great recasting of the whole fabric of elementary geometry, pending the discovery of the general theory of proportion applicable to incommensurable as well as to commensurable magnitudes (Elements 3:1).



Thus, the case involves both narrative 1 and narrative 2. Blanchot suggests that narrative 2 appears to reflect the ancient Greeks’ sense (“as we reconstitute it”) of the “scandalousness of the irrational”:


The Greek experience, as we reconstitute it, accords special value to the “limit” and reemphasizes the long-recognized scandalousness of the irrational: the indecency of that which, in measurement, is immeasurable. (He who first discovered the incommensurability of the diagonal of the square perished; he drowned in a shipwreck, for he had met with a strange and utterly foreign death, in the nonplace bounded by absent frontiers.) (Blanchot 1986, 103)



This elaboration gives a subtler twist to and deepens the meaning of the legend by making the two narratives involved mirror each other. As a result, both also acquire non-Euclidean ingredients, which inscribe into the second narrative a certain “nonplace” of chaos and thus relate this narrative to the unrepresentable, unthinkable—non-place. It is the place of the irrational or the irrational place (non-place), just as the irrational number was a non-number at the time. Both, the non-number discovered and the place of the death of the discoverer, are also seen as manifestations of chaos as areton (and, in the case of this non-number, also alogon). Thus, the situation involves two interrelated aspects, epistemological and narrative. The epistemological aspect is defined by the surprising capacity of mathematics to discover the irrational and to do so rationally, by means of a rigorous procedure established within and by mathematics itself. The narrative aspect is defined by the structure of the creative process within which these encounters with the irrational take place; that is, it is defined by narrative 1. The irrational in question may be temporary, and it is often hoped it is: we no longer see irrational numbers as conceptually irrational, although this understanding took a while to achieve. It may also be permanent, as it might, for example, prove to be the case in quantum theory, although there is no way to be certain that the present situation there will remain in place permanently. The ancient Greeks appear to have given up on numbers or at least on arithmetic as far as possible in favor of incommensurable geometric magnitudes and geometry. By so doing they avoided confronting the irrationality of non-numbers amid numbers and only had to deal with the incommensurable magnitudes, whose nature was uniform with the commensurable one. The deeper questions concerning the nature of incommensurability were suppressed or in any event not pursued. Blanchot’s second narrative follows narrative 2, that of confronting such a discovery. Elsewhere, Blanchot links the non-Euclidean epistemology operative in science, in this case modern cosmology, to the uncertain prospects of what I call narrative 3, that of a more hospitable attitude toward non-Euclidean thinking. He invokes the idea of an “unfigurable Universe,” which is also the universe of the unfigurable, of the unthinkable:


an unfigurable Universe (a term [“Universe”] henceforth deceptive); a Universe escaping every optical exigency and also escaping consideration of the whole—essentially non-finite, dis-unified, discontinuous. What about such a Universe? . . . But will [man] ever be ready to receive such a thought, a thought that, freeing him from fascination with unity, for the first time risks summoning him to take the measure of an exteriority that is not divine, of a space entirely in question, and even excluding the possibility of an answer, since every response would necessarily fall anew under the jurisdiction of the figure of figures? This amounts perhaps to asking ourselves: is man capable of a radical interrogation? (Blanchot 1993, 350; translation slightly modified)



This possibility would imply making the irreducibly unthinkable an essential part of our thought, and the suspension of unity or wholeness is part of this decision. Blanchot expresses this transformation of the nature of our thought and knowledge here by “summon[ing]” us “to take the measure of an exteriority that is not divine, of a space entirely in question, and even excluding the possibility of an answer, since every response would necessarily fall anew under the jurisdiction of the figure of figures.” It is, again, not a matter of provisional intermediate points of difficulty found in Euclidean regimes but of undertaking a theoretical interrogation under the ineluctable conditions of the irreducible unknowability or unthinkability of certain entities that we consider (including even as “entities”), which conditions make this interrogation radical, or in the present terms, non-Euclidean. Even if one allows or hopes that a way to conceive of such entities may eventually be found, this difference is decisive in shaping the architecture of our thinking and knowledge, since this interrogation must suspend this hope as part of itself. In other words, an interrogation of this type assumes or rather (necessarily) infers from the available phenomena the existence of entities that define these phenomena and thus the field of the interrogation but that cannot, in principle, be interrogated or, again, even conceived of. It follows that such an interrogation, if possible (and I argue here it is), could proceed even if the way of conceiving these entities, however approximately or partially, can never be found.

Thus, non-Euclidean thinking suggests a very different answer to the question, what kind of mathematical thinking, knowledge, and practice is suitable for a model of rigorous thinking, knowledge, and practice in philosophy or elsewhere? For Plato, once “freed” from (proto-) non-Euclidean arithmetic illogicality (alogon) and incomprehensibility (areton) and made by geometry part of the proper logos (now geometric in turn), the diagonal of the square, as a mathematical object and as a conceptual figure, can be part of philosophy. The subject is discussed by Plato in several dialogues, such as Meno, Theaetetus, and Statesman, and in various contexts, most especially that of our capacity to access the ideal realm of ideas, of education in its ultimate sense. Plato’s model of the ultimate architecture of the world was mathematical and Euclidean, although it would be equally appropriate to see Euclidean mathematics, certainly Euclidean geometry, as Platonist.

One might, however, want to distinguish Plato’s thought from the mathematical Platonism as defined in the contemporary philosophy of mathematics, essentially the twentieth-century (modernist) mathematical concept. According to Gray, the term itself “the mathematical Platonism” was apparently coined by Paul Bernays in 1935 (Gray 2008, 444). For one thing, Plato’s argument concerning the ultimate nature of reality is subtler. While he saw the ultimate architecture of the ideal world (the world of thought) as mathematical, he thought that only philosophy, and specifically dialectic, as developed by Parmenides and Zeno, could achieve the maximally close proximity to this architecture, and expressed doubts that mathematics as a technical discipline, or at least mathematicians, could do so.10 Plato did not think it was possible for the human mind to ever reach this architecture and the truth, but he thought philosophy could bring us close to it. At the same time, one might argue that for Plato, the mathematical ideality always belongs to thought, and is approached through the movement of thought, rather than is postulated, as in the modern mathematical Platonism, as existing by itself and in itself, outside human thought and independent of it. (Where, then, does it exist?) Plato might have had his non-Euclidean moments and doubts, too, as several dialogues, in particular Theaetetus, suggest, and the ambiguous status of the diagonal must have troubled him at such moments. Could his works be read along more non-Euclidean lines? Such a reading of Plato is not inconceivable. Even with this reading in hand, however, it would be difficult to disregard that Plato’s works have been persistently used to justify and solidify the Euclidean grounding of mathematics and philosophy, and, it follows, have been read or misread accordingly.

The forces of opposition to non-Euclidean thinking in mathematics, science, and philosophy have been persistent and effective, and they are still dominant in our culture, as exemplified perhaps most famously by Einstein and his opposition to quantum mechanics. Einstein appears to have won this part of the debate, at least as concerns the prevailing hope among physicists and philosophers. Most are reluctant to accept that, in Bohr’s words, in quantum mechanics “we are not dealing with an arbitrary renunciation of a more detailed analysis of [certain] phenomena, but with a recognition that such an analysis is in principle excluded” (Bohr 1987, 2:62). Einstein, to whom this comment is expressly addressed, rejected this view outright as “contrary to [his] scientific instinct,” although he admitted this view to be “logically possible without contradiction” (62). Is this situation unavoidable in quantum theory, or elsewhere? Could our future return us to more Euclidean ways of thought? It is difficult to be certain. Nature and thought might show themselves to be less mysterious at the next stage of our, it appears, interminable and interminably inconclusive encounter with them, or they might confront us with something more mysterious than we can imagine now.

3. Quantum Mechanics: From Non-Euclidean Physics to Non-Euclidean Mathematics

I would like to introduce non-Euclidean mathematics by way of quantum theory, where epistemological questions leading to non-Euclidean epistemology expressly took center stage for the first time in the history of mathematics and science, although, as I argue here, the non-Euclidean problematic itself was de facto introduced into mathematics and philosophy earlier. These questions also received at the time and have continued to receive a greater attention in quantum theory than in mathematics. The development of the set-theoretically based foundations of mathematics and mathematical logic does offer a parallel case, but only to some degree. For, although part of mathematical modernism, it had a lesser internal or external impact than quantum theory had, in part because the Bohr-Einstein debate concerning quantum epistemology, which Bohr saw in radically non-Euclidean terms, had a major impact on the history of quantum theory and its interpretation. Indeed, it does not appear to me that this problematic has been addressed outside the fields of foundations of mathematics and mathematical logic, and, along the non-Euclidean lines considered in this article, even there, again, in contrast to quantum theory. Not unexpectedly, the non-Euclidean aspects of quantum theory have been and remain mostly a cause for concern (narrative 2) rather than a promise of new possibilities (narrative 3). Some of the founders of quantum mechanics did view it as such a promise, in particular Heisenberg, who discovered the theory (Schrödinger introduced a different but mathematically equivalent version of it a bit later), and Bohr, who was the first to offer a consistent interpretation of it. Schrödinger developed his version of quantum mechanics with a hope for a more classical-like (realist and causal) theory of quantum phenomena, and, like Einstein, he never accepted Heisenberg’s and Bohr’s epistemology of quantum mechanics.

It took Bohr a while to arrive at a fully non-Euclidean form of his interpretation, which crystallized roughly in the late 1930s. In this version, quantum objects and their behavior are not only unobservable (which is an experimental fact) but also in principle unavailable to our phenomenal intuition, and are possibly beyond any conception we can form, a view that is more radical than Kant’s conception of things-in-themselves that, while unknowable, are at least thinkable (Kant 1997, 115). Bohr, accordingly, distinguished quantum objects from quantum phenomena, which he defined in terms of the effects of the interactions between quantum objects and measuring instruments on the latter. Quantum phenomena are directly observable and, hence, are available to our conscious phenomenal perception. As such, they can be described and treated by classical physics, which cannot, however, predict the character of these phenomena, that is, the data that define them.

This relatively seamless (at least vis-à-vis quantum theory) transition from the phenomenology of perception or thought to physics in classical physics and its mathematical formalism is an important point here. As both Bohr and Heisenberg argue, unlike quantum mechanics and (with certain qualifications) relativity, classical physics may be seen as a suitably mathematized refinement of our representations and descriptions of the experiences of daily life. In other words, at least from Galileo on, modern classical physics mathematically idealizes certain features of objects and motions phenomenally perceived by us and disregards those features of both that are not thus mathematically idealized. Euclidean geometry was, arguably, the first science of this kind, the science of space and spatial measurements (geo-metry), which allows for and may even be seen as defined by the possibility, at least in principle, of visualization or phenomenalization of its objects (points, lines, figures, and solids). Indeed, classical mechanics may be seen as a subset of Euclidean geometry supplemented by the concept and, one might add, narrative of motion in kinematics and by certain dynamical concepts, such as mass, force, or energy. As discussed above, however, Euclidean geometry also acquired, well before Euclid, more Pythagorean and then Platonist dimensions and was, as a result, abstracted from the physical world. Throughout the history of modernity, before the rise of “modernist mathematics,” more abstract in nature, in the second half of the nineteenth century (just in time for quantum mechanics), mathematics was closely connected to classical physics, especially as a descriptive theory of nature. As in ancient Greece, however, and in part following the ancient Greek thought, abstract (Platonist) and, hence, at least proto-modernist aspects, found in geometry and algebra alike, were part of this history as well, and gave modernist mathematics its continuity with the preceding history of mathematics. This is not to say that the break in question was not important, including for physics; quite the contrary, for the following reasons.

Both mathematics and classical physics may, again, be seen as representing a scientific refinement of our general perception, thinking, and language, developed to accommodate the experiences of everyday life, which may be seen as proto-geometric (spatial) and proto-physical (related to motion) and which may be linked to our neurological constitution.11 This refinement is supplemented by suitable technical and mathematical means in order, in Bohr’s words, “to represent relations for which ordinary verbal expression is imprecise or cumbersome” (Bohr 1987, 2:68). However, in contrast to classical physics and even relativity, but, crucially, not quantum mechanics, this refinement can lead and, by the nineteenth century had led, to a nearly complete break between mathematical concepts and our phenomenal or, again, interactively, physical intuition, a break that, as Gray argues in Plato’s Ghost, is one of the defining feature of mathematical modernism. This break is crucial to non-Euclidean mathematics, which, as will be seen presently, gives it a more radical meaning, by making mathematics break even with itself, as it were. As Hermann Weyl, one of the great practitioners of modernist mathematics (who deeply thought about its foundational aspects), argued in discussing the idea of continuum, “the conceptual world of mathematics is so foreign to what the intuitive continuum presents to us that the demand for coincidence between the two must be dismissed as absurd.” He also added, however: “Nevertheless, those abstract schemata supplied us by mathematics must underlie the exact sciences of domains of objects in which continua play a role” (Weyl 1918, 108).

Weyl’s point concerning the conceptual world of mathematics vis-à-vis our general phenomenal intuition obviously exceeds the question of continuity, crucial though this point is there, and his qualification received a new meaning with quantum mechanics. For the reasons just outlined, classical physics or even relativity (ever on Weyl’s mind) can disregard certain deeper mathematical complexities that Weyl refers to here (for example, those introduced by Georg Cantor’s set theory into the problematic of the continuum), and by doing so they can bring our phenomenal intuition and mathematics together. The situation proved to be different in quantum theory, and quantum mechanics responded to this situation in an entirely new way, and was indeed fortunate to be able to do so. According to Heisenberg:


It is not surprising that our language [or conceptuality] should be incapable of describing processes occurring within atoms, for . . . it was invented to describe the experiences of daily life, and these consist only of processes involving exceedingly large numbers of atoms. Furthermore, it is very difficult to modify our language so that it will be able to describe these atomic processes, for words can only describe things of which we can form mental pictures, and this ability, too, is a result of daily experience. Fortunately, mathematics is not subject to this limitation, and it has been possible to invent a mathematical scheme—[quantum mechanics]—which seems entirely adequate for the treatment of atomic processes. (Heisenberg 1930, 11)



As I argue here, mathematics’ freedom from this limitation (which also constrains classical physics and the mathematics used there) and Heisenberg’s invention of quantum mechanics, which took advantage of this freedom, had an epistemological consequence and, for many a cost, essentially amounting to a non-Euclidean epistemology of quantum phenomena and quantum mechanics. For, in this type of interpretation, the mathematical formalism of quantum mechanics, in contrast to that of classical mechanics or relativity, no longer offers a description of quantum objects and processes themselves, however idealized such a description may be. It only enables correct predictions of the outcomes of quantum experiments, defined by the interactions between quantum objects and measuring instruments. Moreover, as against those of classical mechanics, these predictions are in general probabilistic. However, they properly correspond to what is observed in quantum experiments, since identically prepared experiments in general lead to different outcomes. As a result, as Bohr noted in the wake of Heisenberg’s introduction of quantum mechanics in 1925, an entirely new type of relationship between mathematics and physics (vis-à-vis that found in classical physics, and specifically classical mechanics) is established (Bohr 1987, 1:51). Indeed, both, and correlatively, mathematics and physics are different. Classical mechanics, which uses essentially finite-dimensional real-number formalism, provides direct links to both the description of the systems considered and, indeed as a result, the measurements performed. Quantum mechanics uses both the finite- and infinite-dimensional formalism of Hilbert spaces over complex numbers, hardly suitable (on both counts, their high dimensionality and complex numbers) for describing physical processes in space and time for that reason alone, since this description is based on real geometry. Moreover, the link to the outcome of measurements is provided by artificial ad hoc rules, such as Born’s rule, which convert complex quantities involved into real numbers between zero and one, and thus to probabilities, established by experiments.

The outcomes of quantum measurement are, again, observed strictly in measuring instruments, under the impact of quantum objects. Nobody has even observed quantum objects themselves, as opposed to their effects on measuring instruments. This is, of course, not to say that quantum objects do not exist: it is their existence in nature that is responsible for the epistemological situation arising in quantum physics, and as will be seen, this fact plays a significant role in distinguishing quantum physics from non-Euclidean mathematics, specifically that (e.g., the Hilbert-space formalism) used in quantum mechanics. It is just that it does not appear possible, and in the non-Euclidean view is rigorously impossible, to describe or adequately conceive of how they exist or what they are. Attempts to do so and debates concerning the subject have continued throughout the history of quantum theory and are still as persistent as ever. Indeed, it would be difficult to see non-Euclidean epistemology as more than a possible or likely interpretive feature of quantum theory (and I make no greater claim here), and it is, again, certainly far from universally accepted, especially as the final word on the matter. At the very least, however, it offers a consistent interpretation of both quantum phenomena and quantum mechanics, and as a result testifies that non-Euclidean epistemology itself is possible and viable in physics (which is the claim I do make).

Bohr’s concept of quantum objects and his distinction between “object” and “phenomenon” is Kantian. As indicated above, however, Bohr’s epistemology is more radical insofar as quantum objects are not only unobservable or unknowable but also unthinkable, as against Kant’s noumenal objects or things-in-themselves that, while unknowable, are still thinkable (Kant 1997, 115). Accordingly, terms such as object, process, or quantum, or any other terms, could only apply to quantum objects and processes provisionally and are ultimately inadequate. Bohr’s concept of “visualizable” follows the German “anschaulich,” as that which is more or less available to our immediate spatial intuition or picturable, or as “thinkable” in representations, images, pictures, and so forth. “Phenomenalizable” might be more accurate. As will be seen, the term Anschaulichkeit was also used along similar lines and, it appears, following Kant as well, by Gauss in considering complex numbers. As just indicated, the role of complex numbers in quantum theory deprives this formalism of being able to offer a description of physical processes in space and time, which is based on real geometry. According to Bohr, “owing to the very character of such mathematical abstractions, the formalism [of quantum mechanics] does not allow pictorial interpretation on accustomed lines” (Bohr 1937, 2:71). Indeed, as I discuss in the next section, complex numbers themselves may not allow pictorial interpretation on accustomed lines (using the Argand plane).

4. Non-Euclidean Mathematics: From Geometry to Algebra

A paradigmatic or even the paradigmatic form of Euclidean mathematics, Euclidean geometry, allows for and may even be seen as defined by the possibility, at least in principle, of visualization or phenomenalization of both such objects themselves and of their geometric (and some topologic) properties. Geometric properties of non-Euclidean geometries, even two-dimensional ones, pose considerable difficulties as concerns this type of visualization, beyond their local (Euclidean) subspaces. It is, for example, not possible to construct a global Euclidean representation of the (two-dimensional) non-Euclidean geometry of negative curvature as a surface in three-dimensional real Euclidean space, although local non-Euclidean properties can be visualized (as embedded in the Euclidean space) and although there are diagrammatically visualizable models of hyperbolic geometry.12 Ultimately, however, these models are algebraic in nature, for the reasons explained below.

For the moment, its algebraic aspects made non-Euclidean geometry fit well in, and in part provided an impetus for, the new trend in geometry, which, beginning with projective geometry, gradually moved the field toward grounding geometry in abstract relational and thus, in essence, algebraic properties (shared with those of Euclidean geometry), rather than in terms of intuitively visualizable objects. Gray (rightly) associates this algebraization of geometry, which also came to include the mathematical discipline of algebraic geometry, with the rise of mathematical modernism (Gray 2008, 113–28).13

Indeed, this transformation of geometry was parallel to, and interactive with, the rise of both (in turn in interaction with each other) abstract algebra and algebraic number theory, which also extensively used and contributed to complex analysis. A number of major figures, Gauss, Riemann, and Poincaré among them, made important contributions to most of these developments and to the interactions between them, which have continued throughout the twentieth century and are still ongoing, as for example in the so-called arithmetic algebraic geometry, which was germane to Andrew Wiles’s proof of Fermat’s last theorem. It is not possible to follow this complex history here except by noting that they reflect the emergence of both modernist and non-Euclidean mathematics and the complex relationships between them. The creative use of the connections between geometry, algebra, analysis, and topology, and, in part correlatively, of the multiple nature of the key concepts involved, such as space or number, in the work of the figures just mentioned, reflects the interactively heterogeneous nature of non-Euclidean mathematics. At the same time, and again correlatively, the non-Euclidean epistemology of the irreducibly unthinkable enters the field of this practice as well, as I shall now try to illustrate by considering the concept of complex numbers, which played important roles in several of the developments just mentioned, especially in algebraic number theory.14

Once again, it was the square root that led mathematics into trouble. If a number is positive, there is no problem. We can always define its square root and calculate it to any degree of approximation in the domain of real numbers (whose proper definition had to wait until the nineteenth century, too). The problem is that, in the domain of real numbers, the square root can only be unambiguously defined for positive numbers, for a very simple reason: whether you square a positive or a negative number, the result is always positive. Thus, 2 by 2 is 4, and −2 by −2 is also 4, and the same is true for 1 and −1—the square of both is 1. In this sense, square roots of negative numbers do not appear to exist, at least in the way real numbers do. This is why, when introduced, such roots were called “imaginary” and sometimes “impossible” numbers. And yet, from early on it appeared (correctly) that one could operate with square roots of negative numbers as with any other numbers—add them, subtract them, multiply them, divide them, and so forth. Moreover, at least since early modernity, the “impossible” square roots of negative numbers appeared as formal solutions of simple algebraic equations, such as x2 + 1 = 0.15

It took nearly two centuries to resolve the problem and give such entities their mathematical legitimacy. The resolution required a protracted effort and the best mathematical minds available, and a kind of attitude, boldness even, of seeing a problem as in fact a solution, which also entails redefining the field in which the problem is formulated. This type of boldness led to some of the greatest discoveries in mathematics or elsewhere, for example the discovery of non-Euclidean geometry. The impossibility of proving Euclid’s fifth postulate was not a problem, it was a solution. In the case of imaginary magnitudes the solution was achieved by a seemingly simple but at the time highly nontrivial stratagem: by formally adjoining the square root of −1 to real numbers. This solution amounted to the introduction of a new kind of numbers, eventually called complex numbers, which are slightly more complicated mathematical entities than imaginary numbers but have been known for just as long. Complex numbers are written in the form a + bi, where a and b are real numbers. In the case of imaginary numbers, a = 0. As real (or rational) numbers do, complex numbers form a “field”—a multiplicity with whose elements one can perform standard arithmetic operations (except dividing by zero) with the outcome being again an element of the same multiplicity. Moreover, unlike the field of real or irrational numbers, the field of complex numbers is “algebraically closed” owing to the so-called “fundamental theorem of algebra,” first proved by Gauss. This theorem tells us that every polynomial equation axn + bxn−1 + . . . = 0 has exactly as many solutions in complex numbers as the (highest) degree of the polynomial. Unlike in the case of real numbers, the solution of any polynomial equation, such as x2 + 1 = 0, does not take us outside the field of complex numbers.

Complex numbers can also be represented on the real two-dimensional plane. In this representation, the line representing real numbers serves as the horizontal axis, while the line representing imaginary numbers serves as the vertical axis in the Cartesian-like (it is, I argue, not simply Cartesian) mapping of the plane. The square root of −1 or i is plotted at the length equal to 1 above zero on the vertical axis. This geometric representation is called the Argand plane, or the Gauss-Argand plane, because of Gauss’s extensive use of it, including in his efforts to give legitimacy to complex numbers. While widely accepted as a true geometric representation, the “picture” is, however, not without complications. In particular, I would argue that, while forming a topologically two-dimensional manifold, complex numbers and the algebraic operations involving them may be geometrically “represented” and “visualized” via the two-dimensional (real) plane only as a kind of diagram, the Argand plane—a schematic illustration—but not in themselves. In other words, the Argand plane may not be sufficient to visualize complex numbers as mathematical objects with their actual mathematical properties. Far more diverse and complex means appear to be necessary to approach complex numbers topologically and geometrically. Indeed, it appears that, in themselves, they may ultimately not be spatially or otherwise visualizable (if it is possible to visualize otherwise than spatially). Descartes was perhaps the first to realize this difficulty (there was, of course, no Argand plane then), as he was also one of the first to give serious consideration to the nature of imaginary numbers, and indeed the first to use the very term “imaginary,” which is not the same as imaginable. “One is quite unable,” he said, “to visualize imaginary quantities.”16 The reasons for my contention are as follows.

The real two-dimensional plane is mathematically not the same object as the field of complex numbers. They are not isomorphic, insofar as one can assign, and one can, an algebraic structure to the real plane. The main reason for this is that the two-dimensional real plane can only be given the algebraic structure of the so-called vector space rather than that of a field, as complex numbers or real numbers are. A point on the two-dimensional real plane with Cartesian coordinates is a vector, usually “pictured” as an arrow extending from the zero point to a given coordinate point. For vectors, addition and subtraction are defined, as well as multiplication (or division) by numbers over which a given vector space is defined, here real numbers. New vectors are produced by means of such operations, and new points on the two-dimensional plane can be located accordingly. There is, however, no multiplication or division between vectors themselves that would result in a vector in the same vector space.17 It is this absence that defines the difference between the algebra of vector spaces, such as that of the real plane, and the algebra of fields, such as that of complex or real (or rational) numbers. Thus the point (1, 0) of the real plane can be multiplied by any given number, say, a, giving us the point (a, 0), but it cannot be multiplied or divided by another point of the plane, say, the point (0, 1). This can only be done for the elements of the field of complex numbers, which are diagrammatically represented by such coordinate points on the Argand plane but are, for this reason, fundamentally different mathematical objects. They are the elements of an algebraic structure that is not isomorphic to the two-dimensional real plane, considered as a vector space, and that is, accordingly, not geometrically or topologically captured by the Argand plane. A peculiar (algebraic) structure of the vertical axis, with i placed at (0, 1), on a real plane reflects this situation, and it was a more ingenious and deeper invention than it appears now, since we have got so much used to it.

Thus, the field of complex number carries two nonisomorphic algebraic structures: (1) that of an algebraic (and algebraically closed) field of complex numbers and (2) that of a two-dimensional real vector space (not a field!) over real numbers. The latter is, by definition, isomorphic to the real two-dimensional plane, whose vector-space structure is, I argue, available to our geometric intuition; it is visualizable, but visualizable only as the two-dimensional real plane. The only way to give the real plane, considered strictly topologically, the structure of an algebraic field is to endow it with the structure of the field of complex numbers, and thus deprive it of being a real plane. In particular, unlike real numbers or vectors, complex numbers as such cannot be assigned lengths or be ordered, and hence, as I said, they cannot be used in measurements, which is correlative to visualization. The algebraic, geometric, and topologic structure of the field of complex numbers may thus be unvisualizable geometrically or topologically, although as a mathematical object it can be given a topologic and geometric, or analytic, structure of a complex manifold. This structure is, however, different from that of a real differential manifold and can only be defined algebraically in terms of coordinates, formulas, and so forth. Indeed, for reasons discussed below, the architecture of complex numbers may ultimately be beyond any conception we can form, even an algebraic one.18

The ambivalence concerning the geometric representation of complex numbers has lingered for a while—for Augustine L. Cauchy, for example, and even for Gauss, whose dissertation of 1799 featured the Argand plane as a way to give mathematical legitimacy to complex numbers. Fifty years later, however, in 1849, Gauss offered the following commentary:


The wording of the proof [of the fundamental theorem of algebra] is taken from the geometry of position, for in this way it gains the greatest intuitive representability [Anschaulichkeit] and simplicity. Strictly speaking [in Grunde], the proper content of the whole argumentation belongs to a higher, space-independent [von Raumlichem unabhändingen] domain of the general abstract study of magnitudes [Grössenlehre] that investigates combinations of manifold of magnitudes held together by continuity. At present, this domain is poorly developed, and one cannot move in it without the use of language borrowed from spatial pictures [Bilder]. (Gauss 1863; emphasis added)19



The passage shows Gauss’s profound awareness of the significance of topologic rather than only geometric aspects in this situation (Gauss uses Leibniz’s term, “analysis situs”). The main point at the moment is both mathematical and epistemological considerations concerning complex numbers that complicate the nature of their geometric representation by a two-dimensional real plane. This statement appears to indicate that for Gauss, too, the Argand plane might have ultimately been only a diagram, rather than a rigorous geometric representation of complex numbers, which appear to have been seen by Gauss as a very different geometric and topologic object from the one that the standard view of the Argand plane might suggest. Especially remarkable is Gauss’s invocation of “a higher, space-independent [von Raumlichem unabhändingen] domain of the general abstract study of magnitudes [Grössenlehre] that investigates combinations of magnitudes held together by continuity” (emphasis added). The statement anticipates both his student Riemann’s idea of manifold (only a few years away) and Cantor’s understanding of the mathematical continuum. It might well be that the dominance of the conception of manifold (Mannigfaltigkeit) in Riemann’s view of space was due to the same type of considerations.20 Before I address the question of spatiality, I would like to close my discussion of complex numbers with Leibniz’s (proto-non-Euclidean) appreciation of them. “Imaginary roots,” Leibniz said, “is a subtle and wonderful resort of the divine spirit, a kind of hermaphrodite between existence and nonexistence (inter Ens and non Ens Amphibio).”21 At least it is a wonderful resort of the human spirit.

Gauss’s and Riemann’s insights just given direct us to significant questions concerning the application of spatial terms and concepts to mathematical objects that we are accustomed to call spaces but that can only be rigorously defined algebraically, albeit on the model of algebraic properties of conventional spatial objects, such as the three-dimensional Euclidean space. Indeed, even in this case there are significant difficulties, insofar as our phenomenal spatial intuitions tell us little about the mathematical properties of the three-dimensional space, and the history of Poincaré’s conjecture in the three-dimensional case and its proof by Grigori Perelman (a remarkable story in its own right) could tell us. In introducing his concept of manifold and his geometry, Riemann was careful to distinguish three-dimensional manifolds from physical space. The latter, he argued (following Leibniz and anticipating Einstein), would be defined by material forces operative in it, and as such might not be Euclidean or, at least by implication, that of our general phenomenal intuition (Riemann 2004, 267–70). Indeed, as indicated earlier, the history of geometry and then topology from roughly the mid-nineteenth century on, from non-Euclidean geometry and projective geometry, may be seen as that of divorcing the mathematical idea of space from our phenomenal intuition and from physics. However, relativity theory, based in Riemann’s mathematics of manifolds, led to a new marriage of the mathematics and physics of space. By so doing it also suggested that, conversely, our phenomenal intuition may mislead us concerning the ultimate nature of space, that is, of that in nature to which our phenomenal conception of spatiality responds. This is, of course, an old philosophical problem, one that was most prominently addressed by Kant (a significant philosophical influence on Gauss, Riemann, and Einstein, who both followed and departed from Kant’s view of space). Kant was famously compelled to restrict spatiality, or temporality, to the phenomenal domain, to our way of constructing the world that we perceive (that we think we perceive), without any guarantee that space, or time, is an attribute of nature itself.22

Modern mathematics rigorously defines space, or rather, since it may no longer be possible to speak of a single mathematical concept of space, spaces, algebraically, on the model of algebraic properties of Euclidean space, the paradigmatic spatial model that is in accord with and refines our phenomenal intuition of spatiality. To the degree we can “visualize” such algebraic spaces, we visualize at most only three- and mostly two-dimensional spatial objects, and supplement such visualizations by algebraic considerations and intuitions. From this point of view, one might say that most modern geometry is algebraic geometry. As noted earlier, the field so designated is itself one of the primary examples of this situation. Alexandre Grothendieck’s topos theory is in many ways the culmination of the development of algebraic geometry, a field radically reshaped by Grothendieck’s ideas, via algebraic topology, on the one hand, and category theory on the other, although Grothendieck had important precursors, such as Riemann, Oscar Zariski, and André Weil. His concept of topos is arguably the furthest currently available extension of this algebra of spatiality. The theory adopts certain algebraic properties pertaining to topologic spaces (hence the term “topos”), in particular those defining the relationships between them or between such spaces and certain algebraic objects, and generalizes these properties to objects other than (conventionally) spatial ones. These connections place certain specific restrictions on those multiplicities (categories in the mathematical sense of the term) that form topoi. What both types of objects, topologic spaces in the usual sense and topoi, now share is their organization or architecture: the possibility of topoi associated with them as analogously defined algebraic structures.23

These considerations suggest why non-Euclidean mathematical thinking may be more readily associated with “algebra” rather than “geometry” in their conventional sense, although, as follows from the preceding discussion, the conventional sense of geometry as the science of phenomenal spatiality has been mathematically and even philosophically obsolete for a long time now. Both algebra and geometry (now in their rigorous mathematical sense) may be used in mathematics (or physics) in either a Euclidean or non-Euclidean way. However, beyond Euclidean geometry (and then at most of three dimensions), geometric representations, from that of complex numbers to infinite-dimensional Hilbert spaces, can be rigorously seen only in algebraic terms. As Kronecker surmised, algebra need not rely as much on having the ultimate (in the present terms, Euclidean) representational conceptions or, as will be discussed presently, perhaps even existence of the objects it involves; their rigorously definable properties suffice.24 Analogously to the way the predictive machinery, itself essentially algebraic, of quantum theory works in the absence of any description or even conception of quantum objects, algebra works well under non-Euclidean epistemological conditions in mathematics (although we are not dealing with predictions and probabilities, hence my emphasis on “analogously”). It does so by allowing us to rigorously “calculate” in the broadest sense of the term, that of a rigorous manipulation of algebraic entities. As discussed above, beyond at most three-dimensional Euclidean geometry and two-dimensional non-Euclidean geometry (and even there), very little in geometry is mathematically rigorous geometrically, although much could be extraordinarily productive intuitively. The ultimate constitution of the objects themselves, whether defined geometrically or algebraically (including as modern geometric objects), considered by most modern mathematics or by mathematical modernism, may be in principle unknowable or inconceivable, and again, they may not even exist as objects, in any given sense of “object” or “existence,” which makes some of this mathematics epistemologically non-Euclidean.

That we may be confronting objects that, apart from specifying their algebraic properties, are inconceivable and hence unapproachable, except by tentative and ultimately inadequate metaphors, may be less surprising in dealing with such more esoteric objects as infinite-dimensional spaces or Grothendieck’s topoi. My argument here is more radical insofar as it suggests that this (non-Euclidean) epistemology would apply to more familiar objects, such as complex numbers, or real and possibly even natural numbers. In geometry or topology, this is the case by virtue of the fact that our phenomenal intuition, Anschaulichkeit, does not extend further than three-dimensional and primarily even two-dimensional spatial configurations. Even then it does not capture many mathematical properties of such objects, which are, I argue here, essentially algebraic, broadly conceived so as to include also arithmetic, analytic, and set-theoretic properties. Consider again Perelman’s proof of Poincaré’s conjecture for the three-dimensional sphere. It appears to be a relativity simple object, but its ultimate properties are certainly beyond our capacity to spell them out even partially, let alone exhaustively, even algebraically. The geometry or topology (assuming, again, that these terms mean anything beyond algebra in considering the ultimate nature of the three-dimensional space) of the three-dimensional sphere is altogether beyond our spatial intuition. In the case of algebra or analysis, we encounter almost equally insurmountable difficulties. Similarly, the fact that Wiles’s proof of Fermat’s last theorem, so easily formulated (no three positive integers can be solutions of the equation xn + yn = zn for n greater than 2), belongs at the deepest and most complex level of the present-day arithmetic algebraic geometry, reflects this situation. In addition, as already indicated earlier, via Weyl’s arguments, we confront extraordinary difficulties in accessing the properties of especially higher infinities, beginning with the continuum, in logical-mathematical, such as set-theoretic or categorical-theoretic, terms (which terms are ultimately algebraic). Suffice it to cite here a comment by Paul J. Cohen, who proved the undecidability of the continuum hypothesis but eventually came to see it as false, even “obviously false”:


A point of view which the author feels may eventually come to be accepted is that CH is obviously false. The main reason one accepts the axiom of infinity is probably that we feel it absurd to think that the process of adding only one set at a time can exhaust the entire universe. Similarly with the higher axioms of infinity. Now ℵ1 is the cardinality of the set of countable ordinals, and this is merely a special and the simplest way of generating a higher cardinal. The set C [the continuum] is, in contrast, generated by a totally new and more powerful principle, namely the power set axiom. It is unreasonable to expect that any description of a larger cardinal which attempts to build up that cardinal from ideas deriving from the replacement axiom can ever reach C. Thus C is greater than ℵnℵωℵa, where a = ℵω, etc. This point of view regards C as an incredibly rich set given to us by one bold new axiom, which can never be approached by any piecemeal process of construction. Perhaps later generations will see the problem more clearly and express themselves more eloquently. (Cohen 2008, 151)25



Perhaps! Cohen, however, is right to be careful and not to say that later generations will resolve this problem, which appears to be unlikely.

In sum, the non-Euclidean epistemological component may ultimately be irreducible in most currently available mathematics. This circumstance, however, by no means inhibits mathematics, although it changes our conception of how thought and knowledge work. Indeed, as in the case of quantum theory, these conditions more often than not enable rather than disable our capacities to do mathematics, in particular by bringing into play the multifarious arrays of different fields, as in the case of the mathematics of complex numbers, which multiplicity, again, appears to be coextensive with non-Euclidean epistemology. This mathematics, I argue here, compels one to combine their different properties and their arithmetic, algebra, analysis, topology, and geometry, since these differently involve, and are differently involved in, the constitution of various properties of complex numbers, as Mazur’s essay makes apparent in the case of Kronecker’s Jugendtraum.26 The benefits of this interactiveness are immense, since it enables us to obtain information concerning mathematical objects that was previously unavailable and that does not appear to be possible to obtain otherwise. The relationships between Euler-Riemann’s ζ-function, defined for the complex numbers, and prime numbers or more generally analytic number theory are among the early examples of these gains, and Wiles’s proof of Fermat’s last theorem is the most famous recent one, which exhibits especially dramatically the extraordinary richness of such interconnections.27 At the same time, it does not appear possible, either in practice (as many would admit) or, conceivably, in principle (a possibility that only few appear to be willing to accept), to unify these fields, or, again, perhaps even to bring together various properties of complex numbers within a single conceptual field.28 One can see this kind of mathematics brilliantly used (by manipulating various aspects of complex numbers and functions, and various means of analyzing them), beginning with Gauss, Cauchy, Eisenstein, Kronecker, and Riemann, and extending to our own time.

5. Conclusion: A Void beyond the Infinite

I would like, in closing, to comment from the perspective just outlined on Robert Langlands’s argument concerning the so-called Langlands program. According to Langlands:


The introduction of infinite-dimensional representations entailed an abrupt transition in the level of the discourse, from explicit examples to notions that were only described metaphorically, but at both levels we are dealing with a tissue of conjectures that cannot be attacked frontally.

The aesthetic tension between the immediate appeal of concrete facts and problems on the one hand, and, on the other, their function as the vehicle to express and reveal not so much universal laws as an entity of a different kind, of which these laws are the very mode of being, is perhaps more widely acknowledged in physics, where it has long been accepted that the notions needed to understand perceived reality may bear little resemblance to it, than in mathematics, where oddly enough, especially among number theorists, conceptual novelty has frequently been deprecated as a reluctance to face the concrete and a flight from it. Developments of the last half-century have matured us, as an examination of Gerd Falting’s proof of the Mordell conjecture makes clear, . . . but there is a further stage to reach.

It may be that we are hampered by the absence of a central unresolved difficulty and by the extremely large number of currently inaccessible conjectures, at whose extent we have hardly hinted. Some are thoroughly tested; others are in doubt, but they form a coherent whole. What we do in the face of them, whether we search for specific or general theorems, will be determined by our temperament or mood. For those who thrive on the interplay of the abstract and the concrete, the principle of functoriality for the field of rational numbers and other fields of numbers has been particularly successful in suggesting problems that are difficult, that deepen our understanding, and yet before which we are not completely helpless. (Langlands 1990, 209–10)



One would, of course, need a proper discussion of the mathematical theories involved to make apparent the mathematical and philosophical profundity, complexity, and beauty of what is at stake in this passage, and such a discussion is beyond my scope here. A more general philosophical argument and the narrative that transpire in this passage are, however, sufficient to make an assessment of the case from the perspective of this essay. The program and the narrative of pursuing it harmonize with this perspective, especially the point “that the notions needed to understand perceived reality may bear little resemblance to it” and the multiplicity of mathematical means involved. The argument offered in the present essay, on the model of the epistemology of quantum theory (clearly on Langlands’s mind here), is more radical epistemologically. First of all, I am, again, not sure about the existence of “the whole” in this case, even though Langlands’s program itself has reached a firmer level of definition and cohesion since this statement was made (in 1990). Rather we again deal with a heterogeneous and yet interactive engagement of theories and concepts, including heterogeneously and yet interactively defined concepts, sometimes, again, those having the same name, such as space or number. On the other hand, the impossibility of applying any concept of object, or of quantum, to “quantum objects,” and of considering even this view as an idealization of “nature,” brings quantum theory and the mathematics in question in Langlands’s argument even closer.

The differences between the two types of “objects”—material in physics, mental in mathematics—remain important. In particular, that the quantum mechanics formalism makes statistical (and statistically remarkably accurate) predictions concerning the outcome of quantum experiments remains a unique and uniquely enigmatic feature of quantum mechanics. This circumstance has to do with nature and not with our mind or our mathematics except insofar as the latter are given to us by nature, which both enables and limits their capacity in this way in quantum theory. In this respect, even though we cannot apply any concept (that of object or quantum, or existence included) to quantum objects, there still “exists” something in nature that is responsible for quantum phenomena and for the way they are handled, experimentally and theoretically, in quantum physics. By contrast, it is not clear in what sense the mathematical objects in an epistemologically analogous position under discussion at the moment exist or whether they exist at all, which is to say, whether most mathematical objects exist. This problem is one of the great and as yet unresolved (and likely irresolvable) foundational problems in mathematics, from Plato on, and especially in modernist foundational discussions and debates, in particular following Cantor’s work. It is not possible to properly address the subject here beyond registering the question as such. What may be said is that it is remarkable and fortunate that mathematics can work and work so effectively under these conditions. In other words, mathematics works even if we assume some among such objects do not in fact exist at all anywhere, beyond certain properties of these nonexistent objects that can have material (such as written marks or pictures on paper) or mental existence—mental images similar to these marks or pictures, or concepts that we can form. Once again, however, apart from relatively simple conceptual formations (such as those found, say, in Boolean algebra), such concepts by no means exhaustively or even partially map the corresponding object. Does an infinite-dimensional Hilbert space, some of whose properties are used in quantum mechanics, exist as an object, even though it can be defined mathematically formally up to isomorphism? In other words, we can perfectly well formally define a Hilbert space or ascertain that certain multiplicities (say, those of certain types of functions) satisfy this definition. This, however, tells us little of what such an object in all its properties is or could be, assuming, again, that this object could exist somewhere.

In quantum physics, there is at least a weak form of ontology, insofar as, while quantum objects may not be assigned any attributes of existence, in accordance with any concept of existence we can form, there “exists” something in nature that compels us to infer this existence and use the concept of quantum objects to deal with this something. In the case of mathematical epistemology just outlined, there is no ontology at all: well-defined entities that we are presumably working with do not exist at all. Our definitions define a void beyond the infinite. This mathematics still works, however, and works remarkably well, including in physics. It also follows that in quantum mechanics, one can approach its “inconceivable” objects only by means of mathematical “objects” of the same “inconceivable” and even more radical nature, since such “objects” may not exist as such at all. Nevertheless, nature and mind, can, again, be linked and work together, with the help of experimental technology, under these conditions. This is one of the most radical implications, and applications, of non-Euclidean epistemology, which, thus, also brings together nature, mind, and technology.

One can also think of analogues or, again, yet more radical forms of this situation in mathematics itself, when one needs to rely on properties of one inaccessible and possibly nonexistent mathematical object, or one type of such objects, in order to understand the properties of another object, or another type of objects, which is also inaccessible and possibly nonexistent. I now mean by “understanding” in terms of establishing rigorous connections (similar to those between mathematical formalism and quantum objects in quantum mechanics), rather than in terms of analogies or metaphors. These connections become possible if both types of objects can be linked in a particular way, as happens, for example, in the case of Langlands’s program. Riemann’s work with the function of complex variables by means of certain properties of these functions (such as their singularities), rather than by means of defining them by explicit formulas, is a remarkable early example of this kind of situation. Non-Euclidean mathematics operates in this epistemological field (whether, again, the practitioners subscribe to this view or not), or at least, as in the case of quantum mechanics, this type of interpretation of this mathematics is possible. This mathematics depends on and benefits from working in this epistemological regime by using the properties in question, even though no objects possessing such properties exist, and hence, that which is responsible for these properties is also beyond any conception available to us. Luckily for us, however, this mathematical technology works, and it often works where Euclidean or even modernist mathematics cannot help us. In this respect, while modernist mathematics may indeed by defined, following Gray, by its divorce from physics and the (nonmathematical) world, non-Euclidean mathematics, which is often the same mathematics technically, may be defined by its divorce from itself. As such, it may in fact reconnect itself with the world, as it does via modernist physics, as in relativity and quantum theory, as Gray in fact acknowledges, via Einstein in the case of relativity (Gray 2008, 324–28), but he misses the role of the non-Euclidean thinking of quantum theory.

Non-Euclidean thought does, however, retain something, perhaps the most important thing, from Plato—from the spirit of Plato, rather than the ghost of Plato (the difference between two words is both infinitesimal and infinite). It retains the essential, shaping role of the movement of thought, a movement that drives this non-Euclidean technology. Even though, unlike in Plato (perhaps!), such mathematical objects do not exist, we still invent them and give them the dimension of truth, not absolute, to be sure, but perhaps all the more powerful and important for that. This view may also require a new narrative or rather a new multiplicity of narratives (which will include some older ones), beginning with a rethinking of the story of the diagonal, the discovery of the incommensurables. This discovery was certainly a product of a remarkable movement of thought in its vertiginous oscillations between arithmetic and geometry, and as such is part of a great adventure of thought that still continues and that will hopefully go on.

NOTES

1. By “narrative” I refer to narrative features (such as events, plots, and so forth) found in any given discourse, rather than only in literature. Our understanding of the role of narrative in mathematics is indebted to narrative theory, which emerged in literary studies but has extended to a more general study of narrative. See David Herman’s essay (chap. 13) on a broad narratological definition of narrative, and other narratological essays in this volume.

2. See Amir Alexander’s (chap. 1) and Peter Galison’s (chap. 2) contributions to this volume.

3. See Apostolos Doxiadis’s (chap. 10) and Michael Harris’s (chap. 5) essays in this volume on the essential, constitutive function of narrative in the structure of mathematical proofs.

4. These challenges come from several fields, most especially in “constructivist” trends in the history, sociology, and philosophy of science, following, in particular, the work of Thomas Kuhn, Imre Lakatos, and Paul Feyerabend, trends also productively shaping several contributions to this volume. The work of such philosophers as Friedrich Nietzsche, Michel Foucault, Gilles Deleuze, Jacques Derrida, and Jean-François Lyotard has also been important in this context.

5. I have discussed these connections, too extensive to be addressed here, in my 2001 essay, “Chaosmic Orders: Nonclassical Physics, Allegory, and the Epistemology of Blake’s Minute Particulars.”

6. “Modernity” is usually seen as a broad cultural category referring to the period of Western history extending roughly from the sixteenth through the twentieth century, with the Enlightenment sometimes given the central role. Modernity may also be associated with the particular form of narrative thought, defined by Lyotard in The Postmodern Condition (1979) in terms of “grand narratives” (such as those of emancipation and progress, especially enabled by science), aimed to unify and guide the society and culture as a whole (31–37). By contrast, “modernism” is primarily an aesthetic category referring to literature and art initiated by the early twentieth-century developments mentioned here (in part as a reaction to preceding trends, in particular realism) and extending roughly through the 1960s. In his recent Plato’s Ghost: The Modernist Transformation of Mathematics, Jeremy Gray (2008) speaks of mathematical modernism in parallel with modernist literature and art, although he also uses the term “modern mathematics” in the same context throughout the book. The reason for this use appears to be that the term “modern mathematics” has already been in circulation in designating modernist trends in mathematics. I shall, accordingly, use it here as well. (It may be added that “modern physics” usually refers to all mathematical, vs. Aristotelian, physics, from classical physics to relativity and quantum physics.) The parallel with modernist art serves Gray to address most essentially only one aspect of modernism, “defined as an autonomous body of ideas, having little or no outward reference, placing considerable emphasis on formal aspects of the work and maintaining a complicated—indeed, anxious—rather than a naïve [representational] relationship with the day-to-day world” (1). This is a valid, although overly restricted, view of artistic or mathematical modernism. In particular, Gray bypasses and appears to miss the non-Euclidean dimensions of both forms of modernism and on both counts, multiplicity and, especially, epistemology. As will be seen later, much of mathematics exemplifying mathematical modernism is not only defined by its break with the world but by, as it were, its break from itself, insofar as it could not conceive some, indeed most, of the objects it considers as mathematical objects. By contrast, closer to the present view, Lyotard sees more radical trends in modernism in art or the twentieth-century mathematics and science along non-Euclidean lines (1979, 71–82). He associates these trends with postmodernist epistemological thinking. He also, and correlatively, defines the latter and postmodern culture by its skepticism toward the grand narratives of the Enlightenment and modernity (37–41). Indeed, as part of this analysis, Lyotard was among the first to philosophically relate mathematical or scientific knowledge to narrative (7, 31–41). For a historical analysis of the rise of “modern mathematics” parallel to that of Gray but offered from a different, one might say more Romantic perspective, and extending to earlier figures, see again Alexander’s essay in this volume (chap. 1) and his recent Duel at Dawn (2010).

7. I am grateful to Barry Mazur for suggesting to me that one could, and perhaps must, think of the problem of the diagonal in terms of tension or “friction” (his language) between geometry and algebra. This view helps one to sharpen the question of Euclidean versus (proto-) non-Euclidean aspects of arithmetic and geometric thinking in ancient Greek mathematics.

8. Cited in Friedrich Waismann, Introduction to Mathematical Thinking (1951), 107.

9. Some of the key ideas are also found in the work of such Greek figures as Diophantus (third century AD), who shares the honor of “the father of algebra” with Muhammad ibn Mûsâ al-Khwârizmî (eighth to ninth century).

10. See G. E. R. Lloyd’s contribution to this volume (chap. 11).

11. Arguments linking our neurological functioning to motion and classical physics have been offered by Rodolfo Llinás and Alain Berthoz, respectively, in I of the Vortex (2002) and in The Brain’s Sense of Movement (2000). See also Bernard Teissier’s essay (chap. 8) in this volume.

12. One can of course more easily visualize two-dimensional non-Euclidean geometries of positive curvature, such as spherical geometry.

13. Algebraic geometry was developed as the study of geometric objects defined by polynomial equations (thus extending both Descartes’s analytic geometry and projective geometry), but it was vastly generalized in the twentieth century, especially in Alexandre Grothendieck’s work.

14. I have discussed the subject in greater detail in The Knowable and the Unknowable (2002, 109–40). The present discussion is, however, self-contained and in several key respects significantly deviates from this earlier treatment.

15. See Federica La Nave’s essay (chap. 3) in this volume, which addresses the relationships between the algebraic and geometric significance of the roots of negative numbers in Rafael Bombelli’s work, an important juncture in the history of complex numbers.

16. The statement occurs in “La géométrie,” published in 1637, and is cited by Reinhold Remmert Remmert (1990).

17. One can define two operations of multiplication in vector spaces, the scalar and the vector multiplication. The first, however, always gives us numbers, not vectors; the second does give us vectors, which, however, no longer belong to the original vector space. The vector product of two plane vectors is a vector in the ambient three-dimensional space.

18. Given the algebraic or, to begin with, the set-theoretic architecture (which is ultimately algebraic as well) of the continuum of real numbers, there are further complexities involved in the geometric representation of real numbers as the straight line as well, at least, again, insofar as this representation is connected to our general phenomenal intuition.

19. The passage is cited by Detlef Laugwitz in Bernhard Riemann (1990, 225–26). I am indebted to this study for bringing my attention to this passage. I would argue, however, that Laugwitz’s own commentary misses its main import. The passage presents considerable interpretive difficulties, which complicate the translation as well, and I modify Abe Shenitzer’s translation.

20. Roughly, a manifold is a conglomerate of local (infinitesimally) Euclidean spaces, small neighborhoods around each point, without demanding this space as a whole to be Euclidean. Euclidean (flat) spaces are merely particular cases of manifolds.

21. Leibniz, Mathematische Schriften (1990), 5:357, cited by Remmert Remmert (1990).

22. From this viewpoint, and contrary to a common claim, Kant’s argument concerning the Euclidean nature of the phenomenal world and, which is crucial, again, only of the phenomenal world is not disproved merely by virtue of the discovery of non-Euclidean geometries. One would need to mount a far more complex argument, if one is to refute his view.

23. For an illuminating narrative analysis of a mathematical argument concerning such objects, see Michael Harris’s essay, “Do Androids Prove Theorems in Their Sleep?,” in this volume.

24. By invoking Kronecker here, I do not mean to takes sides in his famous debates with Dedekind and Cantor but merely to note the proximity of his view with the present view of quantum mechanics. Indeed, one could argue that from the present perspective the type of objects considered by Dedekind and Cantor could and in effect do perform the work of calculation in mathematics, just as Hilbert spaces do in quantum mechanics.

25. The statement of the hypothesis admits a number of different formulations, and the mathematical or philosophical equivalence of these formulations is, in turn, a complex matter. For the present purposes, the hypothesis concerns the set of real numbers as an infinite cardinal (a concept of number introduced by Cantor to compare the number of elements of different sets, especially different infinite sets). The question is whether there exists a set whose power (a number of elements) is less than that of the set of real numbers but larger than the power of the set of natural numbers. The answer is complex, although the problem is generally considered to be solved in mathematics. Cantor’s statement is viewed as “undecidable”—that is, unprovable to be either true or false within certain systems of axioms. Kurt Gödel, who introduced the idea of undecidable propositions, also contributed to the solution of the continuum problem, finally reached by Cohen in 1963.

26. See also André Weil’s discussion of Kronecker in his Elliptic Functions According to Eisenstein and Kronecker (1976), in particular pages 87–88. As the preceding comment on Kronecker’s philosophical view suggests, this program may, especially with Mazur’s analysis in hand, be explored in the non-Euclidean contexts, similarly to the Langlands program, discussed below.

27. This point is eloquently made by Mazur in his commentary in the PBS documentary, Proof (1997), and it is an important part of the story and narrative of Wiles’s proof.

28. This disunity sometimes leads to ideological conflicts within mathematics, as Colin McLarty’s essay (chap. 4) in this volume shows, admittedly, in a different set (category?) of contexts.
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CHAPTER 13

Formal Models in Narrative Analysis

DAVID HERMAN

The quest for an ideal language is probably futile. The problem of formalization is rather to construct suitable artificial languages to meet individual problems.

—Hao Wang, “On Formalization”

1. Introduction: Modeling Stories/Stories of Modeling

In a discussion of the writing practices in mathematics and science versus the humanities, Brian Rotman (2000, 60) remarks that


diagrams of any kind are so rare in the texts produced by historians, philosophers, and literary theorists, among others, than any instance sticks out like a store thumb. . . . Would not their embrace be stigmatized as scientism? Indeed, isn’t the refusal to use figures, arrows, vectors, and so forth, as modes of explication part of the very basis on which the humanities define themselves as different from the technosciences?



Recent scholarship on narrative, however, is noteworthy for its reliance on symbolic as well as iconic modeling practices that involve abstraction, idealization, and systematization.1. This research, and in particular work attempting to develop formal models of narrative structure, uses representational procedures that are also found in mathematical (and more broadly “technoscientific”’) writing. Accordingly, examining models proposed by a range of narrative analysts, this chapter engages with ideas about models and modeling as a kind of hinge between humanistic and technoscientific discourse. The chapter draws more specifically on metamathematical and other accounts of the concept of model to engage in metatheoretical reflection—that is, reflection on what kind of theory the theory of narrative purports to be (or might aspire to be). Focusing on symbolic as well iconic representations of narrative structure (see Frey 1961), I suggest that ideas stemming from a range of fields, from the philosophy of mathematics, mathematical logic, and the philosophy of science to applied mathematics, learning theory, and literary studies, can throw light on the functions, possibilities, and limits of modeling practices in narratological research. At the same time, an interdisciplinary approach to narratological models and modeling helps situate research on stories within the overall architecture of inquiry.

Although the modes of formalization practiced by narrative analysts must be distinguished from the drive toward axiomatization in mathematics, and although the early history of narratology is marked by the scientism that characterized structuralism during its heyday in the 1950s and 1960s (Dosse 1996), the use of formal models in narrative theory cannot be reduced to scientistic display—to a mere reflex of science envy. True, insofar as symbolic and iconic models are part of the disciplinary conventions of narratological writing, their use carries legitimizing effects; put simply, one can score points by using such models in the discourse of the field, particularly in the interdisciplinary strands of narrative theory that seek to connect the study of stories with work in areas such as linguistics, cognitive science, and computer-mediated communication. But story analysts also use formal models—various kinds of representations of narrative structure—for heuristic, theory-building purposes and also to telegraph assumptions and arguments in the context of ongoing debates. Thus, by putting narratological models into dialogue with research on modeling in mathematics (and in fields informed by mathematics), I explore commonalities and contrasts among modeling practices in these domains.

Indeed, a survey of modeling strategies used by narrative analysts suggests the need to articulate methods and goals for a new area of inquiry, namely, metanarratology. By analogy with fields such as metamathematics and metaphilosophy (see Rescher 2001), metanarratology in general seeks to identify and explicate the principles undergirding research on stories. My own metanarratological concern is with how attempts to construct formal models relate to the larger history and current state of scholarship on stories. Thus, in what follows, I begin by considering what efforts to build story models suggest about the nature of narrative inquiry itself (section 2).2. I then examine the modeling of narrative in light of research on what models in general are and how they work (sections 3—5). I conclude my chapter with a case study in narrative modeling, focusing on models of narrative perspective, or focalization (section 6). Here I engage in a cross comparison of models to explore metanarratological issues. The comparison allows me to point up the more or less tacit assumptions and criteria that guide ongoing debates about how stories encode vantage points on situations and events in narrated worlds, or storyworlds.

2. Diachronic versus Synchronic Approaches

Broadly speaking, there are two main strategies for investigating the role of formal models in narrative analysis, one diachronic or genealogical and the other synchronic and diagnostic. The genealogical approach entails examining historical affiliations between concepts from mathematics (and related fields), on the one hand, and models that have been influential in narrative study, on the other hand. For example, the genealogist might explore the synergistic relationship between the theory of groups, especially as formalized by Bourbaki, and the structuralist-linguistic paradigm adapted by the early narratologists (Holenstein 1976, 31; Aczel 2006, 129–59). Indeed, decades before Claude Lévi-Strauss collaborated with André Weil to develop a group-theoretical account of the structures of kinship—an account that likewise informs Lévi-Strauss’s ([1955] 1963) description of myths as permutations of mythemes, or the smallest meaningful units of mythic discourse—Vladimir Propp participated in what Lubomír Doležel (1990) has characterized as the replacement of a mechanistic by an organic model for understanding structures, that is, a shift from anatomy to morphology. Instead of merely separating and identifying parts of the corpus of narratives that it analyzes, Propp’s 1928 Morphology of the Folktale is premised on the fundamental assumption of morphology, namely, that diverse parts make up a higher-order, structured whole, whereby the task of the analyst is to provide an account of the formation and functioning of complex structures from individual parts (see Doležel 1990, 56).3. From this perspective, a large-scale shift in Weltanschauungen might be characterized as underpinning both the Francophone narratologists’ and Bourbaki’s concern with structure as such, resulting in broadly parallel research projects.

Turning to a different subdomain of narrative inquiry, the genealogical approach might also focus on synergies between theories of generative grammar, grounded in mathematical research on recursive functions, and early work on story grammars. This synergy is evident in the rule system proposed by Gerald Prince (Prince 1982), for example, which is based on the assumption that “[j]ust as a grammar can be built to account for the structure or all and only English sentences, a grammar can be built to account for the structure of all and only kernel narratives” (83). In sketching out the grammar, which he defined in early-generative-grammatical terms as a set of symbols interrelated by an ordered set of (recursively applicable) rewrite rules (see Mandler and Johnson 1977; Thorndyke 1977), Prince argues that the grammar must be enriched with transformational rules to account for nonkernel narratives produced through further recursive operations of conjunction, embedding, or alternation (88–89). As was the case with the convergent concerns of structuralist narratology and Bourbaki, story grammarians’ interest in modeling recursive properties of narrative structure can be explained in part by the power exerted by linguistics as a general paradigm for research. This power manifested itself not just in the structuralists’ conception of linguistics as a “pilot-science” for literary and cultural study but also in the importation of generative-grammatical models into cognitive-psychological work on text processing. Indeed, because of the specific linguistic models that they treated as paradigmatic, both the structuralists and the story grammarians neglected the problem of scalability, that is, the question of whether models developed for the analysis of sentence-level constituents can simply be scaled up to account for discourse-level phenomena (Pavel 1989; Herman 2002).

These last comments point to the second main strategy for studying the role of formal models in narrative analysis—specifically, the synchronic, diagnostic approach that will be my primary focus in what follows. Rather than tracing out the history of particular approaches to the study of stories, this approach entails juxtaposing a range of models developed by narrative scholars to provide a kind of snapshot of how the models are embedded in larger conceptual frameworks, and also how they reflect research practices in the field. These frameworks and practices, bound up with assumptions about what stories are and how best to analyze them, determine which elements of narrative are included in a given model, as well as the larger goals of modeling process itself. My next section turns to foundational work on models and model building to prepare the ground for the cross comparison of narratological models, which I then go on to outline in sections 4, 5, and, especially, 6.

3. Foundational Concepts: Definitions and Approaches

3.1. Model/Modeling

As should already be evident from my discussion thus far, I am working with a broader conception of model than that originating in the work of Tarski (1954–55), among others, and that informs the tradition of what has come to be called model theory (Hodges 2005). Working in this tradition, Suppes (1960) distinguishes between theories and models. As Suppes puts it, “a theory is a linguistic entity consisting of a set of sentences and models are non-linguistic entities in which the theory is satisfied” (290)—such that a possible realization of the theory of groups, for example, “is any ordered couple whose finite member is a set and whose second member is a binary operation on this set” (290). Hodges (2005, sec. 1, para. 2) articulates the basic premises of this approach as follows:


Sometimes we write or speak a sentence S that expresses nothing either true or false, because some crucial information is missing about what the words mean. If we go on to add this information, so that S comes to express a true or false statement, we are said to interpret S, and the added information is called an interpretation of S. If the interpretation I happens to make S state something true, we say that I is a model of S, or that I satisfies S. . . . Another way of saying that I is a model of S is to say that S is true in I, and so we have the notion of model-theoretic truth, which is truth in a particular interpretation.



As Hodges goes on to note, however, there is another sense of model relevant in the context of theory construction. In this usage, “To model a phenomenon is to construct a formal theory that describes and explains it. In a closely related sense, you model a system or structure that you plan to build, by writing a description of it” (sec. 5, para. 44). Likewise, the Oxford English Dictionary defines model not only as “[a] set of entities that satisfies all the formulae of a given formal or axiomatic system” (definition 8b) but also as “[a] simplified or idealized description or conception of a particular system, situation, or process, often in mathematical terms, that is put forward as a basis for theoretical or empirical understanding, or for calculations, predictions, etc.; a conceptual or mental representation of something” (definition 8a).4. My analysis appeals particularly to this second, broader sense of model and modeling to explore the status of descriptions or representations of narrative structure—and the role of these representations in theoretical or empirical research on stories. (Section 5 of this chapter examines the link between modeling and theorization in more detail.)

Before moving on to the concept of formalization, I should note that my analysis of modeling strategies is broader in scope than Ryan’s (2003, 2007) project of narrative cartography and Stjernfelt’s (2007) related study of diagrammatology. The concept of model encompasses more than just maps, whether those maps involve “graphic descriptions of narrative features . . . [or] verbal description of the visual dimensions of narrative” (Ryan 2003, 335). Maps are of course one type of model, but not all models are maps; hence, whereas maps typically feature iconic representations supplemented by symbolic information contained in legends (Ryan 2007, 14), the category of model is more general and encompasses both wholly symbolic and wholly iconic representations (Frey 1961)—that is, ideograms as well as diagrams in Rotman’s 2000 terms (see section 4 below). Likewise, models cannot be reduced to diagrams. That said, diagrams commonly feature in the process of conceiving, disseminating, and evaluating more global explanatory models, aspects of which the diagrams are designed to represent.5. Hence, although the sections that follow do include a number of diagrams associated with various models of narrative structure, and although in section 4 I explore the relationship between ideogrammatic and diagrammatic modeling strategies in narrative inquiry, by and large I treat diagrams more as pointers to methods of model construction than as autonomous, standalone semiotic artifacts.

3.2. Formal/Formalization

In characterizing models and model-building activities in narrative analysis as “formal,” I am drawing on Hao Wang’s (1955) account of formalization as spanning a continuum that ranges from strict axiomatization, on one end, to processes of abstraction and systematization that serve heuristic functions without being amenable to arrangement into an axiom system on the other end. An open question—and a key concern of the remainder of this chapter—is where along this spectrum various models of narrative structure might be placed.

As Wang notes, formalization in logic and mathematics facilitates a particularly rigorous kind of systematization: “We are led to believe that there is a fairly simple axiom system from which it is possible to derive almost all mathematical theorems and truths mechanically” (1955, 226). The four steps in Hilbert’s theory of proof, as characterized by Johann von Neumann ([1931] 1964), exemplify a formalization procedure based on this process of axiomatization, though step 4 of course turned out to be more problematic than Hilbert assumed (Shapiro 2000, 165–68):

1. Enumerate all the (primitive) symbols used in mathematics and logic.

2. Characterize “unambiguously all the combinations of these symbols which represent statements classified as ‘meaningful’ in classical mathematics. These combinations are called ‘formulas.” ’

3. Supply “a construction procedure which enables us to construct successively all the formulas which correspond to the ‘provable’ statements of classical mathematics. This procedure, accordingly, is called ‘proving.”’

4. Show “(in a finitary combinatorial way) that those formulas which correspond to statements of classical mathematics which can be checked by finitary arithmetical methods can be proved (i.e., constructed) by the process described in (3) if and only if the check of the corresponding statement shows it to be true.” (von Neumann [1931] 1964, 63).

To my knowledge, no theorist has attempted to create an axiom system of this sort for the study of narrative structure. But the question remains: what is the best way to characterize the processes of abstraction, idealization, and systematization that result in the models that have in fact been proposed? Wang notes that certain modes of nonformal systematization are afforded by a tacit or intuitive grasp of a domain of study or practice—such as an expert chess player’s knowledge of the game (1955, 226; see Dreyfus 1992 and section 6.3 below). Likewise, research on situated learning (Beach 1993) suggests that people use heuristic principles coupled with material artifacts to systematize their understanding of domains of everyday life, as when bartenders group different kinds of glasses in a particular order to be able to remember a complicated drink order from multiple patrons. Models of narrative structure clearly serve heuristic functions of this kind, helping those engaged in the study of stories to systematize their understanding of such complex concepts as “plot” and “perspective.” My next two sections draw on descriptive and functional classifications of types of models to probe this issue more fully—more specifically, to explore how narratological models afford a basis for theory-building or theory-extending activities in their own right.
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Figure 13.1. Species of mathematical writing. (From Rotman, Mathematics as Sign: Writing, Imagining, Counting, 54.)

4. Descriptive Classifications of Models

In his account of mathematical writing, Rotman (2000) sets up a first divide between alphabetic and numeric scripts, and then a second split, within numeric writing, between ideograms and diagrams (figure 13.1).
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Figure 13.2. Ryan’s diagram of the plot structure of narratives of epic adventure. (From Ryan, Narrative as Virtual Reality: Immersion and Interactivity in Literature and Electronic Media, 254.)

In Peircean terms, ideograms are symbolic and depend for their meaning on conventionalized relationships between mathematical signifiers and the concepts that they evoke. Diagrams, by contrast, are iconic; they signify on the basis of their visual resemblance to the concepts they represent. Thus, equation 13.1 presents Propp’s ([1928] 1968) ideogrammatic representation of all the functions (= character actions defined in terms of their sequential position within an unfolding plot) contained in one of the tales in his corpus of fairy tales: namely, the tale of “The Magic Swan-Geese.” Figure 13.2, meanwhile, is Marie-Laure Ryan’s (2001) diagrammatic representation of the plot structure of narratives based on the principle of epic adventure.
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As Rotman notes, and as Ryan’s plot map demonstrates, the divide between ideogram and diagram is not as clear-cut as Rotman’s own diagram might imply: “not only are ideograms often enmeshed in iconic sign use at the level of algebraic schemata but, more crucially, diagrams, although iconic, are also, less obviously, indexical to varying degrees. Indeed, the very fact of their being physically experienced shapes, of their having an operative meaning inseparable from an embodied and therefore situated gesture, will ensure that this is the case” (Rotman 2000, 59). It should be pointed out here that Rotman’s taxonomy is embedded in a larger, twofold critique—on the one hand, of the tendency of humanists to withdraw from “the gram” and thus achieve “the closure of a false completeness, a self-sufficiency” motivated in part by a fear of mathematical signs (62); on the other hand, of a tendency among some mathematicians to exclude diagrams and thus “occlude materiality, embodiment, and corporeality,” since diagrams are anchored in bodily experience and thus “quasi-kinematic” (68).
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Figure 13.3. Labov’s model of narrative structure. (From Labov, “The Transformation of Experience in Narrative Syntax,” 369.)

In this context, narrative might be appealed to not just as a target of iconic representations but as way of accounting for the source of their connection to the kinematic domain of embodied experience. Thus, in Labov’s (1972) model of narrative structure (figure 13.3), the baseball-diamond shape of the iconic representation makes evaluation (= signaling the point of a narrative, or why it is worth telling in a particular communicative context) the home base of storytelling. But more than this, the representation is itself anchored in a domain of actions and events mediated—structured—by stories about baseball.

Contrast figure 13.4, Werth’s (1999) diagrammatic legend of the notation used for his text-world theory of narrative processing—his theory that readers of verbal narratives use textual cues to build representations of hierarchically layered and dynamically structured text-worlds or storyworlds. Here the anchorage in the kinematic domain is much looser and devoid of the narrative-supporting element (the image of the baseball diamond) that mediates Labov’s model.
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Figure 13.4. Notation used in Werth’s text-world theory. (From Werth, Text Worlds: Representing Conceptual Space in Discourse, xvi.)

In his account of the evolution of algebraic notation, Dantzig ([1930] 2005) suggests that the inner logic of mathematical representation carries it in the direction of ever more abstract symbolization, that is, noniconic modes of scripting or representation. Noting that algebra can be defined broadly in terms of operations on symbolic forms (and also more narrowly as the theory of equations), Dantzig traces three stages in the development of algebra: rhetorical, syncopated, and symbolic. As Dantzig ([1930] 2005, 80, 82) puts it,
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Figure 13.5. Genette’s model of duration in narrative contexts. (From Genette, Narrative Discourse: An Essay in Method, 95.)


Rhetorical algebra is characterized by the complete absence of any symbols, except, of course, that the words themselves are being used in their symbolic sense. . . . Syncopated algebra, of which the Egyptian is a typical example, is a further development of the rhetorical. Certain words of frequent use are gradually abbreviated. Eventually these abbreviations become contracted to the point where their origin has been forgotten, so that the symbols have no obvious connection with the operation which they represent. The syncopation has become a symbol.



From this perspective, the drive toward axiomatization or strict formalization is grounded in an ongoing evolutionary trend toward the “separation of purely mathematical concepts, such as number and correspondence and aggregate, from intuitional ideas, which mathematics had acquired from long association with geometry and mechanics” (99).6.

It would be hard to discern a parallel evolutionary trajectory in the field of narrative analysis, where theorists typically rely on a combination of rhetorical, syncopated, and symbolic modeling techniques in characterizing various dimensions of narrative structure. Thus, in Dantzig’s terms, figure 13.5 can be described as a symbolic representation of the temporal relationship that Genette ([1972] 1980) characterized as duration; at issue is the proportion between how long it takes for an event to transpire in a storyworld (i.e., story time or “ST”) and how much textual space is devoted to its recounting (i.e., narrative time or “NT”).

This same idea is presented in the “rhetorical” mode in the following more or less equivalent statement: “Duration can be computed as a ratio between how long events take to unfold in the world of the story and how much text is devoted to their narration, with speeds ranging from descriptive pause to scene to summary to ellipsis” (Herman 2010, 550). The coexistence of alternative modeling strategies in narrative analysis, however, does not mean that they are interchangeable. What discourse environments promote or inhibit the use of rhetorical or verbal as opposed to syncopated and purely symbolic representational techniques? Given that the strategies for formal modeling in narrative study do not lend themselves to axiomatization, what metric can be used to assess their relative systematicity and efficacy in a given instance? What is lost (or gained) by the translation of a rhetorical model into a symbolic one, or vice versa? Is the distribution of these techniques wholly determined by the generic conventions operating in particular sectors of the field, for example particular journals or types of conferences? Or do other factors bear on the use of particular modeling strategies in a given context—factors inherent in the processes of theory building that define narrative analysis as a domain of inquiry?

My next section draws on functional classifications of types of models to explore some of the factors that might be relevant in this context.

5. Functional Classifications of Models

Functional classifications of models seek to sort them into kinds based on the functions they serve in a given context for inquiry. As Leo Apostel (1961, 16) notes, a general assumption adopted by theorists of modeling processes is that “the model should not be richer than the system it is a model of, but poorer.” Given this general constraint, the questions posed at the end of the previous section can be reformulated as follows: what sorts of functional relationships obtain between modeling practices and the situations, events, or objects they are used to model, and do those same sorts of relationships apply in the case of models developed by scholars of narrative?

5.1. Models Sorted by Types of Theory-Building Activity

Apostel (1961, 1–3) outlines some of the relevant functions of models (in the broader acceptance of that term on which my own discussion is based). Models may come into play in the following scenarios (among others):

1. If there is no theory for a particular domain, researchers may use the theory of another domain as a model (for example, early research in cognitive science that used understandings of the computer as models of the mind [Gardner 1985]; see Margolin 2000, 174–79, and section 6.2 below).

2. If the theory for a given domain is too complex to yield tractable solutions, a simplified version of the theory can be used as a model (for example, in medical research, specific bodily processes, peripheral to the main focus of the research, can be simplified so that the focused-upon processes can be targeted in more detail).

3. If a theory is needed to account for an object that is very big or very small or too dangerous to be observed or experimented on, models can be constructed for this purpose (such as using a wind tunnel to model the behavior of large-scale atmospheric processes).

One might point to parallel functions of the models developed for narrative research. Thus, the first case, where the theory of domain x is used to model the structure of domain y, is exemplified by early uses of linguistics as a “pilot-science” for narrative analysis (see section 2 above). Given that stories can be conveyed in nonverbal as well as verbal media, however, there is a risk of hyperextending linguistic models in narrative study. In turn, analysts may fail to capture the distinctive features of visual or for that matter multimodal narratives, where multiple information tracks (say, words and images, or spoken utterances and manual gestures) operate simultaneously.

Meanwhile, the structuralist narratologists’ appropriation of Propp’s functional analysis of story motifs in folktales could be put forward as a parallel for the second case, where a simplified theory is used for modeling purposes. Here again, though, the structuralists can be charged with overhastily extrapolating from Propp’s approach to the analysis of more complex narratives. Greimas ([1966] 1983), for example, derived from Propp’s study of a corpus of fairy tales a taxonomy of just six basic roles to which (he argued) the diverse characters in the world’s narrative traditions could be reduced. Greimas’s attempt to generalize Propp’s model is at odds with the corpus-specific approach from which the model itself emerged. As for the third case, where a model is used to develop a theory about an object or structure that is beyond the scope of current experimental capabilities, one might point to the constructed narratives used by empirical researchers such as Gerrig and Egidi (2003) to develop hypotheses about the role of memory in the comprehension of full-scale, naturally occurring narrative texts.

5.2. Perspectives on Mathematical Modeling

Research on mathematical modeling, some of it conducted in the fields of applied mathematics and mathematics education, provides additional context for studying the functions of narratological models. In Lesh and Doerr’s (2003) account of problem solving via mathematical modeling, a four-step cycle is involved: “(a) description that establishes a mapping to the model world from the real (or imagined) world, (b) manipulation of the model in order to generate predictions or actions related to the original problem-solving situation, (c) translation (or prediction) carrying relevant results back into the real (or imagined) world, and (d) verification concerning the usefulness of actions and predictions” (17; see also Adams 2003, xvi). Kehle and Lester’s (2003, 99) diagram, reproduced in figure 13.6, provides a visual representation of the first three phases of this cycle.

Can models of narrative structure, whether they involve iconic or symbolic representations, be inserted into a similar modeling cycle? Figure 13.7, for example, is part of Labov’s (1972) analysis of displacement sets, definable as textual spans over which clauses in a narrative can be moved without affecting the underlying semantic interpretation of the story. For Labov, narrative clauses such as q, r, s, and t cannot be moved at all without affecting meaning (compare He stole money and got in trouble with his parents vs. He got in trouble with his parents and stole money), whereas free clauses such as cc can be shifted to any point in the discourse, and restricted clauses (the remaining clauses in the narrative represented in figure 13.7) have limited displacements sets. To derive displacement sets for the clauses in a narrative, the analyst must take the first step in the modeling process described by Lesh and Doerr (2003); the question is how the remaining three steps might come into play. To begin cycling through these additional steps, theorists would need to verify experimentally whether the hypothesized displacement sets accurately predict interpretive behaviors of narrative recipients—for example, by measuring reading times in contexts where clauses are moved beyond the hypothesized boundary of a displacement set as opposed to contexts in which those boundaries are observed. Some strands of research in the field (see Bortolussi and Dixon 2003; van Peer and Chatman 2001) have indeed begun to move from model construction to model testing of this kind, that is, to the principled assessment of the extent to which hypothesized text features correlate with text effects. In the field as a whole, however, analysts have not converged on strategies for moving from the stage of description, in Lesh and Doerr’s (2003) terms, to the stages of manipulation, translation, and verification. Or, to use Black’s (1962) terminology, reviewed in my next section, narrative scholars have not yet established agreed-upon conventions for when a model approximating dimensions of narrative structure can be deemed a bona fide theoretical model.
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Figure 13.6. Problem solving via mathematical modeling. (From Kehle and Lester, “A Semiotic Look at Modeling Behavior,” 99.)
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Figure 13.7. Labov’s representation of displacement sets in a sample narrative. (From Labov, “The Transformation of Experience in Narrative Syntax,” 375.)

5.3. Black’s (1962) Taxonomy

In Apostel’s (1961) usage, and in conformity with the definitions presented in section 3 above, models remain distinct from theories, though as my previous two subsections suggest they can be used for theory-building purposes (see Margolin 2000; Frigg and Hartmann 2006, sec. 1; Ryan 2007; Stjernfelt 2007). Black (1962), for his part, outlines a taxonomy in which theoretical models (that is, models specifically exploited for purposes of theory construction) can be distinguished from what he terms scale models, analogue models, and archetypes. To synopsize Black’s account:


Scale models: “This label will cover all likenesses of material objects, systems, or processes, whether real or imaginary, that preserve relative proportions” (220). Compare a professional-grade model airplane or car.

Analogue models: “An analogue model is some material object, system, or process designed to reproduce as faithfully as possible in some new medium the structure or web of relationships in an original” (222). Compare hydraulic models of economic processes, or cinematic adaptations of print narratives. For Black, mathematical models of physical processes are a subtype of the analogue model (224–25).

Theoretical models: Models of this sort can be used either realistically or heuristically, that is, either as reflections of the structure of the world or in the manner of heuristic, as-if tools or constructions. Such models come into play when “[a] need is felt, either for explaining the given facts and regularities, or for understanding the basic terms applying to the original domain, or for extending the original corpus of knowledge and conjecture, or for connecting it with hitherto disparate bodies of knowledge” (230). Theoretical models differ from both scale and analogue models in one crucial respect: whereas the first two kinds of models must actually be put together, “theoretical models (whether treated as real or fictitious) are not literally constructed: the heart of the method consists in talking in a certain way” (229; see also Frigg and Hartmann 2006, sec. 5.1).

Archetypes: Archetypes are implicit or submerged models operating within a given discourse (239). Thus, by “archetype I mean a systematic repertoire of ideas by means of which a given thinker describes, by analogical extension, some domain to which those ideas do not immediately and literally apply” (241).



At first blush, building scale models would seem irrelevant to problems in narrative analysis; but story-generation systems (Lönneker 2005) might be viewed as scale models of the capacities and competencies that enable human beings to produce and understand narratives. For that matter, such systems could also be seen as part of a research strategy for moving from analogue models to theoretical models. In developing story-generation systems, analysts seek to progress from modeling the relationships among elements of a story to building models that can explain and predict, by capturing algorithmically, the process by which story elements are actually configured into narratives. Archetypes are also relevant here, since one way of assessing the merits of charges of scientism in narratology would be to look for pertinent concepts, figures of speech, and other features of the discourse of narrative theorists.7. Conversely, it can be argued that narrative itself constitutes an archetype in the discourses of mathematics and science. Practitioners in those fields regularly extend the term story to cover derivational procedures or physical processes that are not, strictly speaking, narratively structured.

In narratology, setting different formal models against one another constitutes a basic argumentational strategy. This practice suggests that scholars of narrative are not simply multiplying descriptive nomenclatures, creating various analogical approximations of the structure of stories, but rather working to draw invidious comparisons between favored and unfavored explanatory schemes. However, in part because of the many disciplines contributing to the enterprise of narrative inquiry and the different analytic goals associated with those disciplines, one would be hard-pressed to find an agreed-upon metric for determining how much theoretical (explanatory and predictive) power attaches to a given model. Instead, theorists operate with more or less tacit criteria for assessing the goodness-of-fit between narratological models and narrative phenomena, explanans and explanandum. Spelling out the relevant criteria is a task for metanarratology, conceived of as an explication of the principles that underlie the study of narrative. To give a sense of what explication of this sort might look, my next section focuses on a case study in narratological model building. Specifically, I focus on modeling practices that have been brought to bear on focalization, or the way stories encode perspectives on the situations and events being narrated.8.

6. Models in Contest: A Case Study in Metanarratology

6.1. Nonconvergent Perspectives on Narrative Perspective

In the narratological literature, the concept of focalization, originally proposed by Genette as a way to distinguish between who sees and who speaks in a narrative, has generated considerable debate. In the Genettean tradition, focalization is a way of talking about perceptual and conceptual frames, more or less inclusive or restricted, through which participants, situations, and events are presented in a narrative (Herman 2002, 301–30; Prince 2003, 31–32). Thus, in what Genette ([1972] 1980) calls internal focalization, the viewpoint is restricted to a particular observer or “reflector,” whereas in what he calls zero focalization (which Bal [1997] and Rimmon-Kenan [(1983) 2002] term external focalization), the viewpoint is not anchored in a localized position. For its part, internal focalization can be fixed, variable, or multiple.

Passages from stories in Dubliners, James Joyce’s 1914 (1967) collection, can be used to exemplify these concepts. I focus here on three stories. “Araby” is told retrospectively by a homodiegetic narrator—that is, an older “narrating I”—revisiting his thwarted attempt (in his role as younger “experiencing I”) to buy at a local bazaar a gift for a girl with whom he had become infatuated. “Ivy Day in the Committee Room,” which takes place on election day as well as on the anniversary of the death of the Irish political leader Charles Stewart Parnell, is told almost exclusively through dialogue and set in a meeting room where a group of men canvassing for the local candidates discusses the issues of the day. Finally, “The Dead” is told in the third person but refracted through the vantage point of Gabriel Conroy, who undergoes an adventure of consciousness and a rethinking of his own attitudes and values when he learns about a former lover of his wife who (at least in Gretta Conroy’s interpretation of events) died for her sake.

The focalization in the passages from “Araby” (a) and “The Dead” (b) is, in Genette’s terms, internal: in a, the younger experiencing I is the focalizer in “Araby” whereas in b Gabriel Conroy provides the vantage point on situations and events in the storyworld.

a. I watched my master’s face pass from amiability to sternness; he hoped I was not beginning to idle. (“Araby,” 32)

b. The piano was playing a waltz tune and he [Gabriel Conroy] could hear the skirts sweeping against the drawing-room door. People, perhaps, were standing in the snow on the quay outside, gazing up at the lighted windows and listening to the waltz music. The air was pure there. In the distance lay the park where the trees were weighted with snow. (“The Dead,” 202)

Meanwhile, passage (c), from “Ivy Day in the Committee Room,” relies mainly on externalized views of the group of election workers commemorating Parnell’s death.

c. Mr Hynes sat down again on the table. When he had finished his recitation [of “The Death of Parnell”] there was a silence and then a burst of clapping: even Mr Lyons clapped. The applause continued for a little time. When it had ceased all the auditors drank from their bottles in silence. (“Ivy Day,” 135)

In other words, whereas the focalization is internal in “Araby” and “The Dead,” “Ivy Day” uses what Genette (as opposed to Bal and Rimmon-Kenan) would term external focalization, in which “what is presented [is] limited to the characters’ external behavior (words and actions but not thoughts or feelings), their appearance, and the setting against which they come to the fore” (Prince 2003, 32). There is, however, a departure from this dominant code of focalization when the narration dips briefly into the contents of Mr Crofton’s mind and reveals that he refrains from speaking because “he considered his companions beneath him” (“Ivy Day,” 142).

Genette’s structuralist approach to focalization yields important insights into the contrasts and commonalities among texts like Joyce’s—and, in principle, among all texts categorizable as narratives. Yet the classical picture of narrative perspective is complicated both by tensions between different approaches within the Genettean framework and by a separate tradition of research stemming from the work of F. K. Stanzel ([1979] 1984) on “narrative situations,” a tradition inconsistent with or at the very least orthogonal to Genette’s approach. In the first place, Shlomith ([1983] 2002) and Mieke Bal (1997) are among the narratologists who argue that processes of focalization involve both a focalizer, or agent doing the focalizing, and focalized objects (which can in turn be focalized both from without and from within). But Genette ([1983] 1988) himself disputes these elaborations of his original account. Invoking Occam’s razor, he maintains that only the gestalt concept of focalization is needed to describe how perspectives can be encoded in stories.9.

Stanzel for his part assimilates narrative perspective to the more general process of narratorial mediation, which he characterizes in terms of three clines or continua: internal versus external perspective on events, identity versus nonidentity between narrator and narrated world, and narrating agent (or teller) versus perceptual agent (or reflector) (figure 13.8). As Herman and Vervaeck (2005, 33–39) point out in their synopsis of this model, the primary characteristic of the authorial narrative situation (as exemplified in passage c from “Ivy Day”) is the way the authorial narrator stands outside the storyworld—with secondary characteristics being the narrator’s nonidentity with the character who is the subject of the narrative and also the presence of a teller (or narrator) in favor of a reflector, or experiencing consciousness. By contrast, in figural narration (= third-person narration in which a particular character’s consciousness serves as the vantage point through which events are presented, as in passage b from “The Dead”), the narrator is backgrounded in favor of a reflector, with the result that the perspective is internal. By definition, further, the mode of narration in the figural narrative situation is third person, meaning nonidentity between the narrator and the character who is the subject of the narrative. And so on and so forth.
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Figure 13.8. Stanzel’s narrative situations. (From Herman and Vervaeck, Handbook of Narrative Analysis, 34.)

More generally, whereas Genette and those influenced by him strictly demarcate who speaks and who sees, voice and vision, narration and focalization, the Stanzelian model suggests that the voice and vision aspects of narratorial mediation cluster together in different ways to compose the different narrative situations. Furthermore, for Stanzel, these aspects are matters of degree rather than binarized features. As the gradable contrast between the authorial and figural narrative situations suggests, the agent responsible for the narration can in some instances, and to a greater or lesser degree, fuse with the agent responsible for perception—yielding not an absolute gap but a variable, manipulable distance between the roles of teller and reflector, vocalizer and visualizer. Contrast Kate Chopin’s The Awakening, which shuttles back and forth between the authorial and figural modes in order to draw out general truths from internal views of Edna Pontellier’s situation, with Franz Kafka’s The Trial, which suggests the impossibility of any such process of generalization by remaining scrupulously close to Josef K’s position as reflector.
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Figure 13.9. Jahn’s mental model of vision. (From Jahn, “More Aspects of Focalization: Refinements and Applications,” 87.)

6.2. Adapting Models from Other Domains

The lack of consensus or even convergence among researchers influenced by Genette, together with the incommensurability of the Genettean and Stanzelian paradigms, has led some analysts to adapt models from other fields in an effort to rethink the foundational terms and concepts of focalization theory. Manfred Jahn (1999), for example, has developed a model based on folk understandings of the structure of vision as well as the cognitive science of seeing. Figure 13.9 reproduces what Jahn characterizes as a mental model of vision (Jahn 1999, 87; see also Jahn 1996, 242)—a model grounded in how we think we see things, as opposed to a precise mapping of the physiology of vision. In this model, focus-1 corresponds to the “burning point of an eye’s lens” (Jahn 1999, 87) and also suggests an origo or vantage point on perceived scenes within a larger storyworld: “a point at which all perceptual stimuli come together, a zero point from which all spatio-temporal and experiential coordinates start” (Jahn 1996, 243). Focus-2, meanwhile, corresponds to the focused-upon object or scene within a field of vision that is in turn nested within the surrounding environment or world.
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Figure 13.10. A scale of focalization possibilities. (From Jahn, “More Aspects of Focalization: Refinements and Applications,” 96)

Jahn (1999) builds on this basic model to suggest a scale of focalization possibilities, ranging from zero focalization (where no particularized center of consciousness filters the focused-upon events) to strict focalization of the sort found in first-person narration or figural narration such as that used by Kafka. Figure 13.10 reproduces the scale at issue. Passages a, b, and c from Joyce’s Dubliners, discussed in section 6.1 above, would occupy different positions along this scale. Passage a would be located at the rightmost position on the scale, it being strictly focalized through the vantage point of the experiencing I of “Araby.” Here focus-2, the schoolmaster’s face, “is perceived from (or by [focus-1, the experiencing I]) under conditions of precise and restricted spatio-temporal coordinates” (Jahn 1999, 97). By contrast, passage b from “The Dead” can be located at a position on the scale to the left of passage a, since in addition to Gabriel Conroy’s perceptions, the imagined perceptions of outside observers serve briefly as a deictic center or vantage point on the scene. Passage c, finally, would need to be positioned to the left of passage b on the scale, somewhere in the vicinity of weak focalization, where all focalizing agents, “and with them all spatio-temporal ties, disappear,” leaving only a focused-upon object (Jahn 1999, 97).

Herman (2009) draws on ideas from cognitive linguistics to suggest another strategy for model building in this context—a strategy likewise motivated by the “dilemma of conflicting approaches” to focalization theory (Jahn 1996, 241). Building on studies by Langacker (1987) and Talmy (2000), among others, I suggest how narrative analysts can move from classical theories of narrative perspective toward a unified account of construal or conceptualization processes and their reflexes in narrative. Such construal operations, which underlie the organization of narrative discourse, are shaped not just by factors bearing on perspective or viewpoint but also by temporal, spatial, affective, and other factors associated with embodied human experience (compare Jahn 1999, 88–89).

The basic idea behind conceptualization or construal is that one and the same situation or event can be linguistically encoded in different ways, by means of locutions that are truth-conditionally equivalent despite more or less noticeably different formats (for a more detailed overview, see Croft and Cruse 2004, 40–73). Langacker (1987) suggests that a range of cognitive abilities, including comparison, the deployment of imagery, the transformation of one construal into another or others, and focal adjustment, support the processes of conceptualization that surface as dimensions of semantic structure. In other words, these cognitive abilities are also design parameters for language. A subset of the parameters at issue—namely, those associated specifically with focal adjustment—derives from the enabling and constraining condition of having an embodied, spatiotemporally situated perspective on events.

By shifting from theories of focalization to an account of the processes and subprocesses involved in construal, analysts can explore how narratives may represent relatively statically (synoptically) or dynamically (sequentially) scanned scenes (or event-structures). These will have a relatively wide or narrow scope, focal participants and backgrounded elements, varying degrees of granularity, an orientation within a horizontal or vertical dimensional grid, and a more or less objective profile (encompassing the ground of predication to a greater or lesser extent). Scenes are also “sighted” from particular temporal and spatial directions, and viewpoints on scenes can be distal, medial, or proximal. Each such distance increment, further, may carry a default expectation about the level of granularity of the construal.

Passage c from “Ivy Day,” for example, can be redescribed as an instance of narrative discourse in which the conceptual perspective point is static rather than dynamic and situated at a medial distance from the regarded scene, yielding a medium-scope construal of the characters and their environment. Yet despite the constant distance between the vantage point on the scene and the scene itself, there is a shift in the level of granularity of the representation: over the course of the passage, the focal participants move from particularized individuals (Mr Hynes, Mr Lyons) to the characters viewed as a group (“all the auditors”). Conversely, passage b is remarkable for the way fluctuations in perspectival distance do not affect the degree of detail provided. Gabriel is at a proximal distance from the drawing room, but as the sentential adverb perhaps indicates, his vantage point is distally located vis-à-vis the scenes he imagines to be outside: namely, the quay and, still farther away, the park. Yet there is no appreciable difference in the granularity, or degree of detail, of the construals positioned at various places along this continuum of vantage points. Working against default expectations about how much granularity is available from what perspectival distance, Joyce’s text evokes the power of the imagination to transcend the constraints of space and time—both here and again at the end of story, when Gabriel imagines how the snow is general all over Ireland. The conceptualization processes portrayed in the story thus emulate the workings of Joyce’s own fictional discourse; the concern in both contexts is the process by which one set of space-time parameters can be “laminated” within another, to use Goffman’s (1974) term. In other words, the scene outside the party becomes proximate to Gabriel’s mind’s eye through the same process of transposition that allows readers to relocate, or deictically shift (Zubin and Hewitt 1995), to the spatial and temporal coordinates occupied by Gabriel in the world of the narrative.

In passage a, meanwhile, what is noteworthy are the cross-cutting directions of temporal sighting: the older, narrating I looks back on the younger, experiencing I, whose observation of the increasingly dissatisfied expression on his schoolmaster’s face is in turn forward oriented. This bidirectional temporal sighting, the signature of first-person retrospective narratives (whether fictional or nonfictional), also combines synoptic and sequential scanning. In other words, the passage represents the master’s face as undergoing change over time, but this construal itself is summative, compressing into a single clause an alteration that one can assume unfolded over a more or less extended duration.

Table 13.1. A Matrix for Perspective-taking in “Roman Fever”.
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By contrast, Herman (2003) seeks to correlate shifts in perspective with narrative dynamics—that is, an interpreter’s evolving experience of a narrative as it unfolds in time. As suggested by table 13.1, the model draws on the classical, Genettean vocabulary of internal versus external focalization. But it also recontextualizes these terms by inserting them into a larger matrix of possible perspectives on events (in this case, events in Edith Wharton’s 1937 short story, “Roman Fever”). Read vertically, the matrix shown in table 13.1 shows how possible and actual perspectives are distributed at given moment in the unfolding of the storyworld. Read horizontally, the matrix shows how, over time, the vantage points selected are in turn distributed among the various agents of perceptual activity. Read both by column and by row, the model suggests how vantage points structurally possible but not selected nonetheless contribute to the functioning of the narrative system—in this case, Grace Ansley’s never adopted perspective on her and Alida Slade’s unfolding interchange. The ghostly presence throughout the story of this unregistered perspective contributes to the impact of the surprise ending, where Grace reveals that Alida Slade’s deceased husband was the father of her own (Grace’s) daughter (see Herman 2003, 313–16, for a fuller discussion).

6.3. Models and Their Motivations, or Narratological Know-How

Models developed in the service of focalization theory point to a number of assumptions and criteria guiding research in this area. These assumptions and criteria can also be described as principles according to which analysts adjudicate between competing models of narrative phenomena. Hence the importance of metanarratology: as both a history and an ethnography of the practices used by scholars of narrative, its chief target is not the propositional knowledge or knowledge-that found in particular accounts of what narrative is or how it operates, but rather the knowledge-how on which analysts draw in favoring one account over another. In other words, metanarratology studies the forms of know-how required to engage in debates about the best way to study stories. In this final section of my chapter, my specific concern has been with the know-how needed to construct and evaluate models of narrative perspective. Focalization theory, taken as a case study, reveals broad principles that tacitly guide the creation and assessment of story models. I conclude with a bare list of some of the relevant principles, my hope being that the list will stimulate further metanarratological debate, further inquiry into the nature and functions of formal models in narrative analysis.


1. When modeling aspects of narrative structure, adopt initially a principle of charity toward a variety of modeling strategies. Wait until a critical mass of incompatibilities among the models emerges; these incompatibilities may themselves afford a basis for theory building. Case in point: model-building efforts triggered by the nonconvergence of Genette’s and Stanzel’s models of narrative perspective.

2. When one does encounter a “dilemma of conflicting approaches” (Jahn 1996, 241)—that is, an impasse between received traditions and their associated modeling strategies—look to other domains as a source of new models that might generate new research questions or new ways of addressing existing questions. Case in point: the use of ideas from the umbrella field of cognitive science to rethink the Genettean as well as Stanzelian approaches to focalization or perspective.

3. In building models of narrative, allow for gradable and probabilistic as well as binary and deterministic types of patterning. Case in point: Jahn’s (1996, 1999) substitution of a scale of focalization possibilities for Genette’s binary division between internal and external focalization.

4. When modeling narrative, prioritize inferential processes over achieved interpretations. Case in point: Herman’s (2003) effort to create a model that captures the moment-by-moment effect of focalization choices on the reading process.

5. In narrative inquiry, theorists should reflexively consider the kinds of texts on which their modeling strategies are based, remaining mindful of both the limits and the possibilities of those strategies for a given analytic purpose. Case in point: whereas Genette’s model of focalization is geared specifically toward verbal narratives, Jahn’s and Herman’s models, which are anchored in the constraints and affordances of embodied human perception/conception, can be extended to nonverbal as well as multimodal narratives.



NOTES

I am grateful to Apostolos Doxiadis and Barry Mazur for detailed comments on and criticisms of earlier versions of this essay; their remarks helped me avoid numerous errors and sharpen my argument. I am also grateful to Arkady Plotnitsky for recommending a number of helpful sources on formalization in mathematics.

1. Another counterexample in this context would be afforded by linguistics, which is often positioned between the sciences and the humanities. Complex iconic and symbolic representations are common currency within syntactic theory, for example, as well as cognitive linguistics as practiced by theorists such as Langacker (1987).

2. For an important precedent for my discussion, see Margolin’s (2000) overview of models for, of, and in literary narrative, as well as his discussion of how literary narratives can in turn serve a modeling function. Models for narrative encompass works that serve as paradigms for later writers, as the Iliad did for the Aeneid; models of narrative encompass analytic frameworks, whether internal to the field of narratology or adapted from other domains, designed to capture core properties of narrative; and models in narrative include, for example, allegorical uses of spatial regions to represent moral or religious values. Reciprocally, fictional narratives themselves can model aspects of the actual world, including social roles, sources of conflict between groups, problems with political institutions, and so on.

3. Compare Propp’s own language in this context: “For the sake of comparison we shall separate the component parts of fairy tales by special methods; and then, we shall make a comparison of tales according to their components. The result will be a morphology (i.e., a description of the tale according to its component parts and the relationship of these components to each other and to the whole)” ([1928] 1968, 19).

4. Hodges (2005, sec. 5, para. 45) observes that the English word model derives from the late Latin modellus, which denotes a measuring device. Over time, this term generated three English words: mould, module, and model. Meanwhile, the OED lists definitions ranging from “[a] summary, epitome, abstract; the argument of a literary work,” through “[a]n object or figure made in clay, wax, etc., as an aid to the execution of the final form of a sculpture or other work of art; a maquette,” to “[a] person or thing eminently worthy of imitation; a perfect exemplar of some excellence.”

5. In contrast to Margolin (2000), who characterizes diagrams as “optional byproducts of the theory which show everything but tell us nothing” (173), both Ryan (2007) and Stjernfelt (2007) stress how diagrams can serve theory-building and not just theory-illustrating purposes. Hence Stjernfelt’s remarks about the role of diagrams in “facilitating reasoning possibilities” (2007, ix; see also 89–116).

6. See Coleman (1988) for counterarguments. Coleman disputes what he terms dispensability and replacement conceptions of mathematical notation—conceptions that he associates with “the logico-formalist hegemony”—and argues instead for an extension conception. According to this conception, four subsystems of mathematical writing, namely, words, diagrams, notation, and paragraphy, play mutually irreducible roles in mathematical inquiry.

7. In this last connection, see Veivo and Knuuttila (2005) on how tacit assumptions about the nature of interpretation surface in the discourse of literary theorists who draw on research in cognitive linguistics.

8. My discussion of the modeling practices at issue draws on the account of focalization theory presented in Herman (2009).

9. Broman (2004) notes a further division among researchers working within the Genettean tradition, namely, between those who follow Genette himself in developing a global, typological-classificatory approach, whereby differences among modes of focalizations provide a basis for categorizing novels and short stories, and those who follow Bal in developing “the minute analysis of shifts in points of view between text passages and sentences, and in certain cases even within the same sentence” (71).
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CHAPTER 14

Mathematics and Narrative: A Narratological Perspective

URI MARGOLIN

The systematic study of the manifold relations between narrative (especially fictional) and mathematics (including formal logic) is in its infancy. From my point of view as a student of literary fictional narrative, it would be most useful to map out for further work the areas of interrelations between these two kinds of symbolic discourse. Needless to say, the list of areas I discuss is neither exclusive nor exhaustive but rather a tentative staking out of the terrain, to be modified and improved by further work. I should also mention that my command of literature and literary theory is far superior to my knowledge of mathematics, so at least some of the claims I make about mathematical discourses and activities may need to be revised in light of comments by specialists in the field. Some comments already produced are in the notes to this chapter.

For the moment, I can identify six areas of significant contact or meaningful comparison between the two activities, and my essay consists of their enumeration and a somewhat detailed discussion of one of them (see section 5). I will proceed from the most obvious and superficial area to the deeper and more complex ones.

1. The Portrayal in a Literary Narrative of the Destiny of an Actual or Fictional Mathematician as a Function of His Intellectual Endeavors

The story line here would revolve around a mathematician’s struggles with a difficult mathematical problem or his innovations, the twists and turns of his attempts to construct a new formal system or solve a recalcitrant problem (such as Goldbach’s conjecture). Both personal and interpersonal aspects of the character’s life are decisively influenced by his creative struggle and its results, and the character himself is invariably an exceptional individual portrayed, depending on the period, as a misunderstood genius and visionary, a beacon of reason and a great help to society, an obsessive personality, an eccentric, near mad, and so forth. Now, in the case of an actual person, one could indeed get a lot of information from such a fictionalized narrative because even if the math is abstruse and difficult, the human aspects could be greatly illuminated, interpreted, worked out through such a narrative. It is doubtful, though, that such narratives could always serve as an introduction to or popularization of the actual mathematical system involved, since in many such stories (unlike the scholarly vie et oeuvre, such as Anita Burdman Feferman and Solomon Feferman’s recent biography of Alfred Tarski [2008], or even journalistic “factional” biographies, such as Sylvia Nasar’s A Beautiful Mind [2001]) it is the human psychological and social aspects that are front and center. The emphasis is not on the math but on an artistic perception of its creator and of the creative process. And this is why, if the character is fictional, the mathematical specifics could often be replaced by different ones, or by any other intellectual content—scientific, philosophical, technological, or even artistic (music, visual art, architecture)—without a major change to the story line.

2. The Use of a Mathematical Element (Code, Riddle, Formula, Geometric Pattern) as a Key Element in the Development and Action of the Story

Of wide distribution, yet of limited theoretical interest, is the utilization in story worlds of mathematical elements as factors that influence the destinies of one or more characters and the course of the plot as a whole. Books have been written on such elements in Lewis Carroll’s writings, for example. Elements in this class include mathematical riddles or problems to be solved, codes to be cracked, puzzles to be solved, chess moves to be performed, and geometric patterns to be spotted, traced, and followed or completed. They may also involve, as in Carroll’s works, logical issues and paradoxes (for example, of self-reference or set theory). The intended solver of the riddle may be a character in the story (who cannot get to the treasure until he or she deciphers an encoded message, say), or it may be the actual reader (as in Nabokov’s chess problems in his novels), who will discover this way the logic (underlying regularity) of given plot moves. In a simpler form, such mathematical problems occur in children’s books, where they are introduced to make the young readers aware of and engaged in mathematical thinking through their imaginary identification with characters and their situations.

3. The Use of Numerical or Geometrical Formulas, Procedures, or Patterns to Determine the Composition or Architecture of a Narrative, and Their Occasional Predominance over Mimetic or Thematic Factors

Almost all compositional or architectonic patterns governing the organization or progression or ordering of a narrative can be defined in logical, numerical, or geometric terms, or in terms of formal games governed by such rules. The simplest examples are triple gradation in folk tales (three attempts, three brothers), positive and negative parallelism, the symmetric distribution of agents into sets (such as hero, helper vs. villain, spoiler), or exhaustive combinatorics of characters’ encounters (Racine, Phèdre, acts 1 and 2). In principle, one could distinguish two kinds of architectonics. In the first, a static, global, overall configuration of story elements of some kind is defined from the outset and maintained throughout the text. The prime example is Dante’s law of three governing the composition of the Divine Comedy on all levels. This includes the division into three books, 33 × 3 + 1 = 100 cantos, terza rima rhyme and stanza pattern, the grouping of characters into threes (three virtuous women, three evil beasts), events that occur three times (Dante’s fainting), and concluding all three books with the same word, stelle. The other kind begins with an initial configuration that is successively transformed according to some mathematical operation, such as an exhaustive set of permutations or combinations (Oulipo), or the selected moves of a formal game such as chess. Following Oulipo, any actual text need not spell out all possible combinations: it is enough to specify the initial elements and the rules of production. The text can thus become an open process, such as defining all integers from 0 + Successor: 0, 0 + S, (O + S) + S, and so on.

In both cases the flow of the content elements, such as themes, events, or the psychology of agents, is subordinated to the dominant, purely formal principle. In Dante’s case the formal constructive principle is richly motivated by the work’s thematic and mimetic ones, while the work’s thematics in turn are reflected in and reinforced by the formal pattern. In other cases, however, the formal regularity is imposed on the content from the outset, irrespective of its particular nature, and thus made even more prominent and artifice-like. Looked at from a slightly different angle, one could say that a set of rules, constraints, or procedures at the expressive level, or the level of signifiers, is established from the outset, and the issue is whether a meaningful and coherent selection and combination of both small- and large-scale content or signified elements can be devised that would satisfy these constraints. In extreme cases the content sequence (the work’s macrosemantics) may be reduced to near non-sense, as when the basic principles of thematic coherence and relevance, logical and causal order, cannot or would not be satisfied under the given formal dominant. Using a grammatical analogy, one could say that we end up in such cases with a syntactically well-formed formula devoid of any global coherent semantic interpretation.

The predominance or primacy of a formal compositional pattern turns the narrative into a “systematic artifice” or formal game whose point of departure is a premeditated formal design. This practice became an ideological tenet with the Oulipo group (Perec, Queneau, Calvino, and numerous mathematicians), who advocated that the writer start with a set of formal abstract constraints. “A set, armed with a given structure, is interpreted in a text. The elements of the set become the data of the text and the structures existing in the set are converted into procedures for composing the text. One example would be Perec’s La vie mode d’emploi, based on a Latin bi-square” (Motte 1986, 94). For Oulipo, literature is a ludic and combinatory process. It is a building or deliberate construction in which the writer is the artisan and the text a machine. The novel in its turn is a series of moves corresponding to a code, a perfectly ordered plan. The artistry of the novelist consists accordingly not in the invention of the semantic content but in the finding of new modes of organization or structures. As an antithesis to this totally rigid, regulated, and predictable pattern, William Burroughs advocated the aleatory or random sequence, a “cut-up” text generated by cutting a page of prose according to a predetermined mathematical section, such as the golden section, removing a predetermined percentage of this page, and gluing the leftovers of various pages together, once again following a predetermined formula. Randomizing is also the basic compositional principle of the shuffle novel, such as Marc Saporta’s Composition Number 1, where the reader is provided with a box containing the text of the novel as loose leafs without pagination and is urged to sequence them in any way she wishes, leading to an astronomical number of possible permutations and combinations.

Nash (1987), Hutchinson (1983), Gascoine (2006), and Motte (both 1986 and 1995) provide a rich fare of examples from contemporary narratives whose composition is defined by the principles mentioned before (formal logic, numbers, geometry, rules of an existing game). Let me mention just a few.

• Arithmetic and combinatorial: This principle is at work in Italo Calvino’s If on a Winter’s Night: the opening of each chapter consists of a supposed quotation from a different book, yet the openings, when read in sequence, provide a coherent plot summary of yet another, purely potential novel.

To take other examples, in J. L. Baudry’s novel Personnes each section is dominated by a different pronoun combination, and all of them are represented at the end of the book in a synoptic table. Philippe Sollers’s Nombres is governed by a cyclical pattern of 4 and has 100 passages, while his Drame consists of 64 sections—that is, a chessboard. In all, a predetermined distribution of tense, person, motifs, or images is the global law of organization of the arithmetic or combinatorial progression.

• Geometry: The moves and destiny of the detective in Jorge Luis Borges’s “Death and the Compass” are determined by four letters (the tetragrammaton) and a rhomboid formed on the map of Buenos Aires by connecting the locations of three murders and the expected location of the fourth, which turns out to be the detective’s death trap. The relations between the characters in Perec’s La vie mode d’emploi depend on their relative spatial location (which apartment and floor they live on). In Calvino’s Castle of Crossed Destinies such relations are defined by the seating plan around a table. The characters in many postmodern novels follow a route that describes a circle, a figure-8 (which is also, of course, the symbol of infinity), a triangle, or a cross, and the direction of their movement is defined by angles, rotations, and reversals of left and right, up and down, back and front.

• Finally, games. The sequence of moves of a character can be determined by a graph, the movement of a particular piece of chess (Shklovsky’s Khod konja, or The Knight’s Move), the moves of a children’s game (Cortazar’s Hopscotch), or a deck of cards, such as Calvino’s tarot pack. In Calvino’s Castle of Crossed Destinies, the pack of tarots becomes a combinatorial machine or matrix for providing stories, as the grid of cards defines in advance the filling in by the specific stories. The result is a collection of stories told via the configuration of these cards. A given crossword puzzle pattern can also serve as the fil conducteur in the organization of a narrative. Finally, a narrative may consist of stories within stories within stories represented graphically and spatially by a series of matrioshka dolls and mathematically by the operation of embedding or nesting up to some level. We shall return to this last issue when we discuss levels and hierarchies.

4. The Use of Mathematical Notions (Infinity, Infinite Regression, Branching Time) as the Key Thematic Element or Basic Initial Situation of a Narrative

Certain basic notions of pure mathematics such as infinity and its various kinds or branching futures in model-theoretic representations of possible worlds have exercised a fascination, almost a spell, over several twentieth-century writers, among them Borges and Calvino. They thus posit as the point of departure or basic situation of their narratives a world that embodies or represents in a concrete visual form, open to direct experience, the mathematical notion in question. Calvino, for example, in a story titled t0, portrays Zeno’s paradox of the continuum (the infinite divisibility of time and space) by presenting a situation in which a lion and the arrow shot at it are both frozen for eternity. Borges yearns, in William Blake’s words, “To see the world in a grain of sand / And a heaven in a wild flower; / Hold infinity in the palm of your hand / And eternity in an hour.” In “El Aleph” a mysterious metallic object, in which all thinkable possibilities coexist and made visible, is found by a character. In “The Library of Babylon” a book exists consisting of a set of formulas (propositions) that contains all possible books, hence an infinity of possibilities. Infinite space is visualized by the library itself: a structure whose center is any one of its hexagons and whose circumference is inaccessible. All possible alternative courses of events (branches or successive bifurcations) emerging from a common root, only some of which can obviously be actualized over time, coexist as alternative routes or paths in the spatial “Garden of Forking Paths”. A man, giving rise to his successor through enormous mental effort, realizes with a start that he himself may have been begotten in the same way and so on backward ad infinitum (“The Circular Ruins”). Another man, Funes the memorialist, in a story of the same name, is a supernominalist in whose mind there is no room for general categories or for classes defined intensionally through a common property shared by all their members. For him, only individual unique objects, features, and experiences can exist. Mathematical or Newtonian time is “proved” not to exist by Borges’s character Herbert Quain. Time’s inexorable uniform progression is accelerated by miracle for one individual, so that a whole year is compressed for him into what is for the others one hour, enabling him to finish in his mind his book (“The Secret Miracle”). No doubt there are numerous other narratives, including the mini-stories of thought experiments, in which many other mathematical notions are concretized or dramatized in a similar manner.

Other narratives play with geometric dimensionality and projection. Edwin A. Abbott’s Flatland (1884) describes a situation in which humans live in a 2D world of points and lines, so that all 3D objects exist for them as 2D projections only, a moving sphere, for example, as a series of circles, and so on. Alain Robbe-Grillet’s La jalousie reduces the 3D objects constructed by our minds back to their 2D retinal images or to images recorded by a camera: a mere alteration of dark and light patches. Möbius strips and Klein bottles—with their counterintuitive, seemingly paradoxical, yet mathematically well-defined properties—underlie the structure of some surfaces and objects portrayed in several postmodern narratives, and the two terms have also been used, more or less metaphorically, to describes the twists and turns of the plot or the compositional pattern of numerous experimental narratives.

5. Fundamental Concepts or Conceptual Issues of the Same, Similar, or Analogous Nature Occurring in Both Narrative and Mathematics and Occupying Central Positions in Both

In this area, our task would be to identify such concepts or issues; describe their specific nature in each discourse; define the similarities as well as differences of their nature in each discourse; and, when possible, account for such differences. Since basic concepts are involved, the discussion would naturally draw heavily on the philosophy of literature and of mathematics. I provide a brief account of six such conceptual issues, starting in each case with the common or similar aspects.

5.1. Freedom of Invention and Inherent Constraints

Both mathematical systems and literary narratives as symbolic systems belong in the realm of stipulation or free creation, free from the constraints of the empirical and material. Of both it can be said that they involve the creation of imaginary worlds, conjured into intersubjective being through signs (words, mathematical notation). Truth by correspondence to the actual world is not excluded, but is not criterial in either. Poincaré, for example, tells us that mathematical creation is the activity in which the human mind seems to take the least from the outside world, acting, or seeming to act, only of itself and on itself. Cantor observed that the essence of mathematics is the freedom to construct, to make assumptions; Bolyai, in the most extreme formulation, claimed that mathematics creates a universe from nothing. On the most basic level, one can set up an analogy between the creation of worlds in literature and the construction of sets in math. Both start with the performative speech act, “Let there be.” In the first case, a world W0 containing individuals a, b, c, and subworlds or domains W1, W2, W3, . . . , is constructed. In the second case a set S0 containing elements a, b, c, and optionally subsets S1, S2, S3, . . . , is constructed. In the history of literature there have indeed been periods when literary narratives were expected to conform to the general regularities of the world, physical or social, as those were conceived of by their contemporaries, but the freedom to invent individual figures, events, and settings has never been denied. In the modern period this conformity has been radically challenged, stressing unrestricted inventiveness as the core of story making. Wrote Gertrude Stein: “The world has already been created. One of the darn things is enough.” There is no fact of the matter to be accounted for in math per se (as distinct from its applications to actuality, or the construction of mathematical procedures expressly to represent or solve some issues in actuality) or in literary creation. Both are exploratory: let us see where and how far a given assumption or basic situation can lead us: what kinds of theorems can be formulated and proven in a system Sn, what kinds of particular situations and characters can be created within a given plot schema or kind of world. Even more radically, one can ask oneself what different kinds of mathematical systems or story worlds can be imagined at all. In this respect both discourses are play, in a sense to be specified next.

Following Johan Huizinga and Roger Caillois, we can understand play in this context as a free or optional activity of world creation, one that is disinterested (true of pure math only, since applied math is developed to handle actual world issues), and orderly or rule-governed, where voluntary restrictions are formulated and accepted, and which yields resultant worlds of the mind’s making. (So too are scientific theories, but unlike math and literature they need ultimately to be tested for correspondence to actuality and for predictive power with respect to it, since they are created for this purpose to begin with.) Specific worlds of the literary imagination are sometimes constructed as a reaction or alternative to the standard world models of the literature of their time (such as Romanticism vs. Enlightenment). In mathematics, too, some new systems, such as non-Euclidean geometry, 3- and many valued logics, and paraconsistent logics, were constructed in defiance of the prevalent orthodoxy. In the case of non-Euclidean geometry this defiance extended to the dominant (Kantian) philosophical view of the way the mind works and can conceive of reality to begin with.

The origin of new ways of doing things may often be a disciplinary crisis. The definition of such a crisis provided by Barry Mazur in Mykonos (2005) applies equally well to literary creation. “[A crisis occurs] when some established overarching framework, theoretical vocabulary or procedure of thought is perceived as inadequate in an essential way, or not meaning what we think it means.” It may well be that the model of paradigm change established by Thomas Kuhn to describe the dynamics of crisis and profound reorientation in the natural sciences may also be applicable to math and creative writing, even though failure to provide an account of empirical data, phenomena, or experimental findings cannot be an issue or catalyst to change in either field. One might add that the formation of a new system may equally well be motivated by a perceived restrictiveness of the current dominant system (Euclidean geometry, realistic narrative) or, conversely, by its perceived excessive laxity (Hilbert’s demand for formalization, realism’s censure of the excesses of Romantic imagination). But the pure creative-innovative desire to invent a different game, to try to do things in a different and presumably more effective way, may also play a role here. For more specific claims, case studies are needed. Finally, as discursive systems, both math and literary narrative are in principle autopoietic or self-creating, and also self-critiquing, self-referring, and self-regulating. But since literary narrative is by its very nature fully interpreted, intensional and situationally/contextually embedded (see Paulos 1998), external pressures are often exerted on it to be or to change in a particular way.

Creative freedom is counterbalanced in both domains by self-imposed restrictions or rules of procedure. In Goethe’s words, “In der Beschraenkung zeigt sich erst der Meister / Und das Gesetz nur kann uns Freiheit geben” (It’s in restraint that the master shows himself / And only rules can give us freedom). The mathematician thus says, “Let there be a domain D, and let there be in it entities a, b, c, and let there be the following axioms and operations, or rules of inference or derivation.” Similarly, in literary narrative we have definite kinds of worlds (genres), each defined by its own specific range of entities, rules as to what is possible or impossible in it, what kinds of behavior characters may, should, or should not undertake and so on. (But this is not all. Even if a mathematical or logical system is freely invented, and even if one spelled out explicitly from the outset all its assumptions, major unexpected and unalterable consequences, limitations or constraints may emerge, which are apparently inherent to the system. Apparently, another of Goethe’s sayings is applicable here: “Beim ersten bist Du frei,” “only the first step is completely free.” Famous examples are Cantor’s paradoxes of set theory and Turing’s discovery at the very beginning of computing science of the inherent constraints on all computability. Hermann Weyl thus stated that mathematics stands at the crossroads of freedom and constraint. In a similar although more metaphorical vein, authors have often claimed that they begin a poem or a story freely, yet at some point the meter or plot or characters take over, so to speak, acquire a life of their own, and dictate to the author how to proceed further.)

Looked at from a slightly different angle, both narrative and math and logic each create a whole range of alternative systems of the same type: a range of logical systems (formal calculi) differing from one another in one or more of their basic assumptions or rules of derivation, and a range of kinds of story worlds governed by different ontological, epistemological, deontic, and axiological postulates, laws, rules (see Dolezel 1998).

Aesthetic considerations play a major role in evaluating both mathematical and literary-narrative products. Proofs and story lines can both be enjoyed for their own sake, and elegance, simplicity, clarity, brevity, powerfulness, coherence, inventiveness, originality, and insightfulness are laudatory terms in both contexts, with their opposites naturally acting as derogatory terms. John von Neumann went so far as to say that “the mathematical criteria of success are almost entirely aesthetic.” But in the case of math and logic, theorems and propositions need to be shown to be formally valid (properly inferred or derived, deducible and, one hopes, provable) before the aesthetic criteria can be applied. And in the case of modernist literature, new and opposite criteria of value have been promoted, such as fragmentariness, ambiguity, and opaqueness, loose structure and denial of fixed meaning—all of which are totally unacceptable in any kind of mathematical or logical system.1

Some major differences between the two kinds of discourse are obvious. The most obvious one has been elaborated upon by Paulos (1998): Math is formal and extensional. Mathematical entities and claims can be endowed with a semantic dimension via an interpretation in a model, or with respect to actuality, but this is optional. All literary narratives, on the other hand, are semantically interpreted, dealing with the particular: an individual personal perspective, specific situation or context, specific psychological and social detail.2

As in arithmetic, in literary studies, too, one can have formulas: sentential patterns with variables to be replaced by individual constants, but even these variables are at least semi-interpreted roles: agent and patient, sender and receiver. One could claim an analogy between mathematical propositions and narrative propositions in story grammars, but here too the variables designate from the very beginning some event, action, or state, often of a specific kind, while math variables could stand for anything until interpreted or applied. Furthermore, the basic relations between narrative propositions are temporal and causal. These two pillars of narrative are irrelevant to math systems, where the relations are of a logical nature (consequence, implication, presupposition, inclusion) and are simultaneous, eternal, and indifferent to time, space, and cause.3

All individual stories, being interpreted structures, are necessarily about something or other literally (event, theme, character) and often also metaphorically, symbolically, allegorically, and so forth. Singular terms occurring in stories normally refer at least within the make-believe imaginary world projected by the text (“Holmes” picks out an individual in the Conan Doyle stories). Mathematical and logical systems, at least in pure math, need not be about anything in particular, and mathematical expressions do not carry with them any inherent meaning or reference and so can refer to the most diverse objects in the universe, including other mathematical objects, depending on the interpretation given to them in a specific context.

It is well known that stories are usually told in an at least partially scrambled chronological order (no isomorphy between the orders of the told and the telling). This puts added cognitive requirements on the reader, but since this has been the practice at least since Homer, readers are quite adept at reconstructing the underlying “natural” causal and temporal order. It is a basic convention of storytelling that the same course of events can be represented in many different sequential orders, that the order of presentation is independent of that of the events, and that chronological scrambling does not impact the nature of the told. The relation between order of telling and order of told is obviously many to one. In any mathematical proof or line of argumentation the basic relation between successive claims is inferential, if . . . then (or therefore), and there is no independent domain behind or underlying the succession of formulas or propositions, a domain that could be variously presented. Any system of propositions is defined by the logical order of its presentation, and this order is inherent to it. If we were to be presented with a scrambled proof, we would consider it defective and would want to rearrange it in order to reconstruct the logical sequence of steps that alone could endow it with consequentiality and validity. At a minimum, no scrambled presentation of a mathematical proof would earn its originator any praise, unlike the narrative case, in which it is often considered a mark of ingenuity. Besides, why would anyone want to deliberately scramble the logical order of a proof to begin with, and what would be the motive in terms of desired effects? In literary narration, conversely, scrambled chronology is a source of numerous cognitive and emotional effects (suspense, curiosity, surprise, involvement, concern, tension) considered both valuable and desirable.4

5.2. What Kinds of Objects Are Mathematical and Literary Entities (Numbers, Points, Sets, Functions, Characters), and What Is Their Mode of Existence?

Mathematicians, creative writers, and literary theorists sometimes raise these ontological questions. Let us note from the outset that both discourses, mathematical and narrative, abound in entities that do not or cannot exist in the actual world: imaginary numbers such as the square root of −1, dimensionless points, perfect geometric figures, unicorns, bionic people. For literary entities, that is, characters as portrayed in fictional story worlds, four views are available in current literary and aesthetic theory.

1. Characters are Meinongian objects: nonactual individuals presumed to exist in some hypothetical fictional domain to be imagined by us. An extreme version of this view is expressed by Pirandello, who in his short story “A Character in Distress,” as well as in his play Six Characters in Search of an Author, makes the claim that literary characters are eternally existing possibilities, like Platonic ideas, some of which are textualized by authors, but which exist as possibilia independent of such acts. Mathematical realism similarly claims that some mathematical objects, such as natural numbers, are abstract, a-causal, mind independent, indestructible, and not part of space-time. And the same could be claimed of mathematical theorems. In this view, mathematical ideas have an existence of their own and are discovered by humans. They can surprise us, in that it may take us some time to discover unexpected truths, regularities, or consequences about them that we did not realize on first encountering them. Similarly, there may be eternally existing mathematical objects or kinds of objects not yet discovered by the human mind.

2. A different view of literary characters is that they are generated in the minds of authors and put into texts. They next exist as text-based mental representations in readers’ minds, (re)constructed by them in the process of reading. The analogous mathematical position would be intuitionism, which claims that there are no non-experienced mathematical truths and that all mathematical objects stem from our conscious acts. Closely related is constructionism, which holds that genuine math is only what can be obtained by finite construction. Each mathematical object is given by a particular generative act. Existence is tied to construction, and “what you build is what there is.”

3. A third view is that literary characters are contingently created, incompletely determined abstract objects or person-types, products, or artifices constructed by authors at specific space-time points and existing in interpersonal cultural space. The corresponding mathematical view (see Davis and Hersh 1981, chap. 20) would have mathematical objects and truths exist in Eccles’s and Popper’s third realm, neither a physical nor a psychological realm but that of shared human cultural understanding, like cultural artifacts. Mathematics in this view is fallible and corrigible, being humanly created, not discovered (the same would probably be asserted by proponents of the second view as well).

4. And finally there is the reductionist view, that there are no entities called “literary characters.” There are only sentences in which there occur proper names that do not pick out any actual individual. These sentences are anaphorically related to one another in that they name the same grammatical topic entity, but this is all there is. The whole fictional narrative is a mere language game from beginning to end. This sounds very much like mathematical formalism, which claims there are no mathematical objects. Mathematics consists in axioms, definitions, and theorems,—formulas. There are rules by which one derives one formula from another, but the formulas are not about anything. They are just strings of symbols (pace David Hilbert). Formulas can acquire a semantic domain, meaning, and reference (vs. formal well-formedness and validity) once they are ascribed an interpretation, but such interpretations are not part of them.

The preceding parallelisms between metamathematical and literary theories about the nature of their respective objects is initially surprising, but on second thought a consequence of our initial observation that both of kinds of objects are nonempirical and essentially in need of the activities of human minds and human expressive means (words, symbols) to become part of the world in which we ourselves exist.

5.3. Truth Criteria for Claims in Mathematical Systems and in Fictional Narratives

As already indicated, the truth of a proposition as correspondence to some external state of affairs is not criterial in either mathematical or literary narrative. The truth of a theorem in math depends on its provability through an established method of inference, its derivability from other propositions accepted as true (axioms or other theorems), its being a logical consequence of such propositions, the existence of a valid general argument or algorithm to establish it, and so on. But a mathematical theorem can be true only relative to the system in which it occurs and the axioms and rules of derivation of this system. Certain claims about infinity, for example, turn out true in classical set theory and false in intuitionist math. The very axiom sets of related systems may be somewhat different, as for example the status of the axiom of the continuum in different set theories. More than that, some kinds of logic allow a third value “indeterminate” in addition to the classical true and false, and there are calculi operating with degrees of truth or truth-likeness. As for a mathematical system as a whole, the traditional ideal is that it should be consistent (allowing no contradiction to be derived from any conjunction of propositions in it) and complete (the truth of any claim that can be formulated in it should be decidable inside this system). Following Gödel we know, however, that for each mathematical system, beyond a certain degree of complexity (richness) there are claims that can be formulated in it (well-formed formulas, or wffs) but whose truth value is forever indeterminate or undecidable.5 Such claims are neither provable nor disprovable in the system, and the system as a whole is consequently less than complete.

Literary narratives do not have axioms, rules of derivation, or decision procedures. Instead, they are based on a say-so semantics. As readers we would like to know what is true in the world of story X as regards claims about events, actions, properties of narrative agents, and so on. Knowledge of a story world means knowledge of who did what to whom, when, where, under what circumstances, why, and what for. Here, too, truth is story or genre relative. What may be true of Don Quixote in one story world, that of Cervantes, may not be true of him in another one (Avellaneda’s). A general claim about human or physical nature may hold true (or at least be probable or possible) in one kind of story world (fantasy) but not in another one (realism). So who decides? The simple answer is literary convention. Fictional literary narrative is established by the constitutive convention of say-so semantics: any claim with respect to the story world made by an overall anonymous narrating voice with unlimited mental access to the characters and speaking in the third-person past tense (“he did,” “she thought”) is true by fiat. Such claims do not just report on a story world. In fact, they constitute it in the very act of making claims about it. The more personalized the narrating voice becomes, the less reliable its claims, and the greater the opaqueness, doubt, and indeterminacy as to what is true in the story world (Paulos 1998, 157). Going back to the authoritative voice of the anonymous narrator, such a speech instance provides the yardstick with which to assess the truth, partial truth, or falsity of any claim made by the characters, any beliefs they entertain, and so on. Each of the characters has his or her unique epistemic take on the story world, to be assessed relative to the full, complete knowledge provided by the narrative “voice of truth.”

The (degree of) incompleteness of a mathematical system and the need to assign the “indeterminate” truth value to some wffs contained in it represents the upper boundary of what can be achieved in such a system. But no mathematical system has ever been created to deliberately give rise to insurmountable, absolute internal limits. In this respect, story worlds are much different. For any story world, only a limited amount of information regarding its characters is textually supplied or inferable, so that most of the claims we can formulate about them and that are consistent with all that is considered true in this world will remain for ever indeterminate as regards their truth value. In fact, all story worlds are radically incomplete, and essentially full of truth-value gaps. Moreover, even claims made inside the story world by one or more of its characters may remain indeterminate if no authoritative information is textually provided that would enable us to assess their truth-functional status. Some writers, employing an unreliable narrator or one who sees things through the eyes of the characters, deliberately decrease the degree of decidability of any claims about this world, so that ambiguity, hesitation, and lack of agreement reign supreme. As for consistency, the traditional anonymous voice of truth of a narrative is consistent in its claims, inconsistency being limited to the discourse of specific characters and to the relation between claims about the same topic made by different characters or between one or more of them and the voice of truth. Postmodernist narration is the very opposite of this practice. It deliberately constructs story worlds in which inconsistencies or even contradictions abound, both locally and globally, where indeterminacy and incompatibility regarding predications or even existence claims reigns, where predictability keeps decreasing as the story unfolds. In fact, the three basic rules of logic (identity, contradiction, excluded middle) are deliberately and flagrantly flouted again and again. When this practice occurs in the discourse of the highest authority, that is, the anonymous narrating voice, it becomes impossible to construct from the text any coherent overall world model or story line, and we are left either with alternative, mutually exclusive and iffy versions regarding the who and what of the story world or with isolated islands of order in a sea of chaos (Paulos 1998). Finally, in the contemporary view, inconsistency does not invalidate a story qua aesthetic or cognitive readerly experience and, unlike classical logic, not anything follows from a contradiction, since it is often localized or anchored in the way the mind of a particular character works.

5.4. Sequence, Level, and Hierarchy

The play with narrative and logical rules and regularities, so prominent in contemporary narrative, extends much farther than the issue of truth. It also concerns the two basic modes of ordering elements, the linear sequential and the hierarchical. Thus, much of contemporary narrative presents its story line as an only partially ordered sequence of states and events. For some subsequences or individual events in it, several alternative temporal placements are conceivable, sometimes even equiprobable. In mathematical terms, any projection from the textual vector to the reconstructed underlying events vector is partially indeterminate.

Much more extensive is the havoc played with hierarchy. According to the Cambridge Dictionary of Philosophy (Audi 1995), “hierarchy” in math consists in the division of mathematical objects into subcategories in accordance with an ordering that reflects the complexity of these objects. Furthermore: to avoid the paradoxes of self-reference, Bertrand Russell developed first the simple and then the ramified theory of logical types dealing with the hierarchy of such types, be they classes, properties, or propositions, and formulated rules of membership and reference. He also postulated that to avoid the above paradoxes, a given entity could belong to one level only. In narrative, one normally speaks of the hierarchy of language and metalanguage, discourse and metadiscourse, proposition and metaproposition. But there is also an ontological one, since the embedding or nesting relation of stacks or levels lies at the basis of all modes of narration. Going down, we thus standardly distinguish the levels of author and reader, narrator and narratee, characters; the different characters occurring in the stories such characters tell each other or read, watch, reflect, and so on. One further assumes that the relation of reference (who can refer to whom) standardly goes from top to bottom, does not skip levels, and is transitive and antisymmetric.

Now, in postmodern literature we often find narrators making contradictory statements, thereby canceling a property of the story world they have asserted before, or offering incompatible alternative versions of the same event, without providing us any possibility to decide which of them, if any, is the true one. Beckett’s narrators engage in an infinite regress of levels of speech. One of them in Company, for example, asks “Who says?” and immediately goes on to ask, “Who says ‘who says’?” The speaker-protagonist of Dostoevsky’s Notes from Underground makes an assertion, then calls it a lie, then asserts that the claim it was a lie is itself a lie, hence p, ~p, ~~p, etc. Other texts blur the distinction between a referring expression and its object. Philippe Sollers, for example, uses il and elle to refer alternately to text and phrase or to hero and heroine. (Compare each inserted into “he could grab her head by the curve of the H.”). Stanislaw Lem offers us a metatext—a collection of critical essays entitled A Perfect Vacuum—without the underlying texts they are supposedly about, since the latter simply do not exist. Many contemporary narratives, following Tristram Shandy, are primarily self-referring, talking incessantly about their own generation, nature, and properties, providing us with a discourse that is primarily about its own process of discoursing, a story about its own creation. In Jean Ricardou’s words, the traditional histoire d’une aventure has been replaced by l’aventure d’une histoire (the story of an adventure has been replaced by the adventure of story [-telling]). Instead of providing a record of events, the text provides a self-referring record of the creation of such a record.

Level reversal, level confusion, or indeterminacy (jointly referred to as metalepsis) and level engulfing are related phenomena. Ontological level reversal is blatant in Book II, chapter 3 of Cervantes’s Don Quixote, where the fictional or invented characters Quixote and Sancho Panza read and discuss part I of the real book Don Quixote that gave rise to them, and complain that the author has not done them justice. Similarly, in Flann O’Brien’s At Swim-Two-Birds, the characters of a novel being written about them plot the murder of their author, another blatant example of metalepsis, or reversal of the logic of reference. Level transgression occurs when Kurt Vonnegut, the real author, injects himself into the fictional world of his novel Breakfast of Champions, confronts its main character, Kilgor Trout, in a store, and warns him he would better behave properly because he (Vonnegut) is his inventor and could do with him whatever he likes. This level fusion clearly violates Bertrand Russell’s postulates of level uniqueness and discontinuity mentioned above. The level to which certain events and characters belong may be indeterminate, as in Robert Coover’s story “The Babysitter,” in which it is not clear whether the sitter is attacked and murdered by an intruder or is watching such a horror drama on TV while acting as babysitter in her own world. Level boundaries become permeable and hierarchies reversible in Woody Allen’s “The Kugelmass Episode,” in which Emma Bovary can get out of the eponymous novel, set in nineteenth-century rural France, and have an affair with a college teacher in contemporary New York. But whenever he disappoints her, she goes back to her own world.

Most bizarre or paradoxical is level engulfing, in which A engenders (or conversely presupposes) B, but B simultaneously engenders (or presupposes) A, as in Escher’s famous painting of the two hands drawing each other. In Borges’s “Averroes’ Search,” we read: “I felt on the last page that my narrator was a symbol of the man I was as I wrote it, and that, in order to compose that narration, I had to be that man and, in order to be that man, I had to compose the narration and so on to infinity”. In Cortazar’s short story “Continuity of Parks,” we encounter a similar phenomenon: a man sitting in an armchair and reading in a book a story about a man sitting in an armchair and getting murdered while reading, gets murdered himself as he reaches this passage in the book. This last example also illustrates what we have already seen in “The Babysitter,” namely, interlevel container-contained mirroring, reduplication, reiteration, isomorphy, or mise-en-abyme. And this can obviously go on into an infinite number of levels of nesting. The classic example is John Barth’s “Once upon a time there was a story that began ‘once upon a time there was a story that began,’ ” etc. In mathematical systems, too, one can conceive of regression to ever higher levels, so that the axioms of one system become the theorems of a higher-level, more powerful system, and so on indefinitely. Moreover, it turns out that any mathematical or logical system capable of self reference, that is, the formulation of statements that refer to their own nature, status, or truth value, is open to the confusion of language and metalanguage, use and mention, and to the ensuing paradoxes of self-reference [Ryan 2004, 445–46].

The four issues discussed so far belong on the mathematical side to pure math, foundational work, or formal logic. But math has another side as well: the applied. Following Mazur (2005), applied math is math shaped by some particular issue or issues in the real world, created for some real-world purpose, or, one might add, to describe some empirical regularity. Among the many forms of applied math, there are two I am aware of (other colleagues will probably add several more) that bear comparing with literary narrative practices.

5.5. Computer Simulation and Future Scenarios

If I understand it correctly, computer simulation often involves the computation of future states of affairs or courses of events where many interrelated factors play a role. We are dealing here with complex systems, complex in terms of the number of elements included, their heterogeneity, the large number of possible ways of arranging them into modes of interrelation, the fact that they form a hierarchy of inclusion or subsumption, the variety of possible modes of operation or types of functioning, and the elaborateness of the laws presumed to govern the phenomenon in question (Rescher 1998, 9). I suppose climate change and its computer simulation is the example on everybody’s mind nowadays. Simulation could be understood in this context as the construction and running of a model of a situation, used to anticipate the consequences of certain actions or processes. One could also use simulation to envision alternative consequences. One would then start with the present state of affairs and, by changing the specific nature or interrelations of key variables in different ways or by introducing more or fewer variables, be able to generate a whole array of alternative future scenarios. All such computations ultimately try to answer one basic question: What will certain things be like or what will happen if . . . always using the here and now as our point of departure.

Speculating about the future is a core activity of the human mind, and of course unique to humans. This basic human concern is reflected in literary narrative on several levels. Characters project scenarios, sometimes very different, as to what the future holds for them or for others, and sometimes debate their different future scenarios. While in literature, unlike computer simulation, the concern is usually with individuals or small groups, not whole populations, here, too, there are exceptions. The Old Testament (for example, Deuteronomy) provides the people of Israel with alternative collective multistage long-range future scenarios, with the determining variable being the degree of their obedience to the Lord. Two starkly different future branches are projected, happiness and calamity, and, as in climate-change simulations, it is collective choice and human action that play the key roles. Science fiction, utopias, and dystopias are concerned with the dramatization and exemplification through the destinies of a few individuals of the future state, social and biological, of humanity as a whole. Literary narrative cannot adopt the methods of statistics and model the abstract future human being as an aggregate of average traits, or represent future behavior as a quantitative statistical trend in a population (Paulos 1998). Instead, the above genres present us with a prototypical, representative future individual or group and their representative features and acts. Similarly, literary narrative is unable to portray in the abstract long-term, continuous processes of variation of population (species), such as evolution by natural selection (Abbott 2003). Instead, it provides us once more with a series of discontinuous temporal snapshots, each standing for a stage of the process and including a small number of individuals and temporally restricted actions, so that from their sequence the collective process can be constructed. One example is Kurt Vonnegut’s Galapagos, a story of human reverse evolution going back to the sea, and what humanity will look and be like about a million years hence.

5.6. (Ir)rational Decision Making as a Basis for Action and Game-Theoretic Strategies

Choice of action or course of action lies at the heart of human behavior in both actuality and fictional narrative. The attempt to suggest the most advisable (optimal) norms of conduct and best choices of course of action in a given situation lies at the heart of two systems of applied mathematics: rational choice/decision theory and game theory. Numerous psychological studies have been conducted to determine to what degree actual human decision making and behavior match the abstract rational norms, and all of them indicate that human beings have blind spots with regard to Bayesian probability. It would be interesting to see how far the analyses and models offered by these systems help us as readers and scholars to conceptualize choice situations in a narrative, and to what degree the behavior of narrative agents, as portrayed in any particular artistically constructed situation, follows or deviates from the norms suggested by the two systems.

Rational decision theory concerns the best way of making decisions and solving problems in situations of incomplete knowledge, hence uncertainty, involving one or more agents. This is the situation of mortals both in life and in artistic narrative. Once again, decision theory can provide us with distinctions enabling us to better describe a character’s epistemic situation and assess how close to or far from the norms developed by the theory his decision processes are. For example, the theory has the maxim that “only the future counts.” Yet endless is the number of literary characters whose reasoning and decisions are plagued by blind spots or swayed, to their own detriment, by past associations, attachments, and obsessions.

Most story lines of Western narrative are based on conflict whose cause is often competition between two or more agents for some object or desired goal, from bride and treasure to power and status. The object of the game is obviously to win the desired object, but this is a zero-sum game. So what should be the optimal strategy adopted by a given player: confrontation, deception, forming a coalition or going it alone, risking all on one move or moving incrementally? Moreover, what a player is to do depends on what the others do or fail to do. Mathematical game theory was developed in the 1940s to provide models of conflict and cooperation among rational decision makers whose decisions affect one another. In such interactive decision situations the outcome for one party depends on this party’s own behavior (moves, choices) and on the behavior of one or more other parties. In game theory, but not in narrative, outcomes are quantified in terms of probable outcomes. Now, both narrative and drama are inexhaustible sources of instances of human interactions that can be conceptualized in terms of game theory (a prime example is Shakespeare’s political dramas). Game theory assumes rational behavior and starts out from the norm that each player in each of her moves and in her strategy as a whole seeks to maximize utility for herself. Using game theory informally, one can thus assess the conduct of characters in a given situation as fully or partially rational or irrational. Interestingly, literature is replete with examples of irrational behavior of various kinds, from altruistic to self-destructive. An extreme example is the defiantly irrational behavior of Dostoevsky’s underground man, who knows what is in his best interest yet acts against it (not going to the doctor, insulting the woman who shows him gratitude), just to prove that one can successfully rebel against the “tyranny of reason,” which is of course impersonal, in the name of individual whim (khotenie). And the same goes for the acte gratuit of existentialism.

6. Mathematical Concepts, Models, and Methods in Theories of Narrative

At this point we are shifting levels from the literary discourse itself to second-order discourses about it, from narrative and math to theories of narrative and math. All theoretical endeavors beyond a certain degree of abstraction, complexity, and elaborateness must use some mathematical or logical concepts, tools or models (including, of course, computing science). In fact, such use is a good indicator of the degree of maturity of a discipline. Now, as we know, there are many branches and areas of mathematics and many areas of narrative theory, from style to discourse structures, composition, plot structure, interrelations among narrative agents, story worlds and subworlds, themes, methods of narration, and text-user interface (from reception studies to hypertext). In principle, and probably in practice as well, more than one set of mathematical notions has been used by scholars in any of these areas, and more will be in the future. (Statistical methods can be used almost everywhere.) It would be a fascinating and probably book-length project to take stock of what mathematical concepts and methods have been used in each and all of these areas so far, and how successful they have been. One would also need to pay attention to the degree of sophistication of the models developed, from simple typologies or taxonomies (subordination, inclusion) of narrative procedures to elaborate algorithms for story generation via computer. Let me just point out, then, why the most basic and universal feature of all narratives looks as if it was made expressly for mathematical representation.

All narrative is constituted by the duality of the telling and the told, narration and narrated, by a sequence of signs or speech acts representing a sequence of temporal states and events (= changes of state). Now, both sequences can be represented as vectors (magnitude + direction), and the relation between them can be represented as a mapping where points or segments of the narrated are mapped onto those of the narration. We can imagine the traditional author as having a story in mind and many ways at his disposal of doing this mapping, as the same plot structure can be verbalized in many different orders, degrees of detail and repetition, and so forth. The told-telling relation is hence 1-many. Much of structuralist narratology (Genette’s and Bal’s order, frequency and duration relations) is concerned, in fact, with calculating various possible mapping relations between the two sequences. The reader in turn tries to reconstruct mentally a full and univocal (chronological) sequence of the told from the telling and, as we saw, may sometimes be only partially successful because of the inherent features of a given manner of telling. The kinds of models hitherto employed in narrative studies and the logical requirements for a computer program that would be able to model the main components of narrative structure and their interrelations are the subject of essays in this volume by fellow narratologists David Herman and Jan Christoph Meister, respectively (see chaps. 13 and 15).

NOTES

1. An interesting case is that of redundancy. According to Doxiadis (chapter 10), there is only one kind of justification for redundancy in a mathematical proof: that of reminding the reader of things, and helping him follow the course of the proof. In literature, on the other hand, redundancy can serve as an aesthetic principle of foregrounding, a reflection of the way the mind supposedly works, an indication of an obsessive mind, and so forth.

2. But works of literature are not really fully interpreted, since all of them leave many inferences for the reader to draw. Similarly, the view of mathematical systems as purely extensional and devoid of any semantic content is a philosophical oversimplification.

3. Doxiadis (in chapter 10) points out a way in which the course of a story and the course of a mathematical proof are analogous: both of them consist of a quest, a goal, and a path. In mathematics the goal is the Q.E.D., the task is to get there, and the proof is the path: a series of logical moves toward it. In narrative there is some desired object or state as goal, and the action consists of a sequence of moves in time and space toward it. And in both cases, difficulties and obstacles are encountered along the way, requiring strategies to overcome them.

4. The official story of how a mathematical proof proceeds and the reality of the situation are quite different. According to Galison (in chapter 2), a proof can be presented in different orders, sometimes even partially scrambled, at least to augment the effect of its presentation, especially in an oral context. Mazur (in chapter 6) pointed out that different orders of presentation or sequences may be involved in the case of a long and complex proof: the logical line; an epistemic time line based on the route of understanding, where stages sometimes need to be held in abeyance; and a conjectural attitude at some points in the progression of the proof, which may involve asides and loops.

5. Following Papadimitriou, it would be more precise to say that, according to Gödel, some true claims regarding the system of whole numbers can never be proved.
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CHAPTER 15

Tales of Contingency, Contingencies of Telling

Toward an Algorithm of Narrative Subjectivity

JAN CHRISTOPH MEISTER

It is hard to imagine a world without narrative: In our individual lives as well as in the history of humankind, narratives and storytelling are omnipresent. None of the other modes of symbolic communication “feels” as innately human as the synthetic sequencing of causally related events along a time line. In fact, as the French literary theorist and philosopher Paul Ricoeur argued in his seminal three-volume Time and Narrative (1984), the human experience of time itself seems to be bound to our ability to narrate.

Toward the end of the twentieth century, the observation of narrative’s foundational role led to the so-called narrative turn in the humanities and social sciences. Even the most fundamental notions of self, identity, society, and history, it was argued, are akin to stories and could therefore be explained as narratively structured artifacts. However, while this reconceptualizing of core concepts and phenomena according to a fundamentally new perspective has certainly proved fruitful to theorists, it can easily degenerate into an ideology1: To think of something as a narrative is one thing, to claim that everything is of a narrative order is quite another. The inflationary use of a concept will render it meaningless: if everything is deemed narratively structured, then what exactly is a narrative, and what is not?

This caveat is particularly relevant to our current topic, mathematics and narrative. To be honest, the suggestive copula “and” does not point to any meaningful connection between the two; it links them in a purely rhetorical way. Of course, one can tell stories about mathematics, mathematicians, and mathematical discoveries. By the same token, we can subject any narrative to mathematical analysis by counting characters, calculating distribution patterns for words, or modeling higher-order structural features in a theorem. But neither operation will prove an intrinsic relationship between narrative and mathematics: That either can talk about the other is a simple consequence of the fact that both are representational systems that use abstract symbols. And if this is indeed the only logical tertium comparationis, then our starting point ought to be a definition of narrative that focuses on form rather than on content, not on what narratives represent but on how they represent things in the course of what we commonly refer as narrating.

The way in which narrative and mathematics use symbols, I believe, is fundamentally different. The distinguishing feature of narrative, as I argue in the first part of this contribution, is the evocation of an effect of subjectivity by way of a semiotic function that is, one might say, “hard-wired” into narrative.2 I then sketch how this systematic feature of narrative representation reflects the post-Enlightenment view of human existence that replaced the old belief in Providence with a new explanatory model, that of existential contingency.

The aesthetic as well as the philosophical consequences of this explanatory model for narrative are then explored in more detail, first by looking at one particular literary oeuvre that illustrates the problem of contingency from various angles, and then by discussing a so-called story generator algorithm (an artificial intelligence—AI—system for generating narratives) that aims to fabricate contingency. With this background in place, I formulate a question that, I hope, may point us toward a potentially more substantial link between mathematics and narrative: Can mathematics help us model aesthetic contingency, and hence create narrative subjectivity?

1. The Specifics of Narrative Representation

1.1. Narrative Subjectivity as a Hard-Wired Feature of Narrative Representation

Whether communicated in a text-based, an oral, or a visual form, whether physically enacted or just silently imagined, all potential variants of narrative are characterized by a double functionality inherent to all natural languages: they combine and integrate information on the product of representation—their denotational content, that which is told, shown, evoked, etc., the symbolized that we as recipients experience in the form of mental images of a “world” in which some noteworthy events take place—with process information on the actual representational performance.3 Simply put, narratives tell a story consisting of a setting, some events, and some characters, but at the same time they also tell a metastory about the process of telling (as well as that of the reading, seeing, experiencing) itself. Narratives can do so because some of the elements and structural features of narrative representation are by design indexical, which means, among other things, they point to the position of the speaker, and sometimes also to that of the listener or reader.4 Consider the formulaic opener “It was a dark and stormy night, when . . . ,” in which the grammatical past tense “was,” coupled with the conjunction “when,” suffices to pull us into a chronologically remote reality as if it were being experienced here and now.

In doing so, and unlike other modes of representation, narratives thus inadvertently indicate their logical status as mental constructs.5 Such a self-referential semiotic function is, as far as I understand, foreign to a mathematical formula or theorem, for nothing in mathematical representation is designed to indicate the logical, if not ontological, position of utterance or reception.6

This double functionality of narrative has a crucial effect on us as readers.7 For the more clearly it is marked in a narrative, the stronger we experience a phenomenon that, for lack of a better term, I refer to as “narrative subjectivity.”8 It is easiest to discern in a first-person narrative, a form of narrating that mimics the real-world situation in which one person acts as teller and another as listener. But narrative subjectivity—the impression that the tale is told by someone, as well as the strange awareness of ourselves as its intended recipients—can also come about in more subtle ways (some of which will be mentioned later).

Narrative’s indisputable subjectivity—the fact that we intuitively take it to be an information communicated by someone and to somebody—has a philosophical flip side. If nothing else, it is impossible to tell a story without selecting what to tell and what not.9 It follows that the information will always be relayed subject to certain epistemic constraints, perhaps even with a normative bias. Is that acceptable? Does this not render narratively communicated information highly problematic as a matter of principle? This question was first debated in Plato’s and Aristotle’s controversy over the philosophical value of narrative, and in particular of fictional narratives. Plato postulated that all poets are liars. In terms of his idealist philosophy, the only things truly “real” are ideas, and even what we take to be empirical phenomena are therefore already just shadows of the real. It follows that the poet’s narrative representation must be a double lie, a shadow of the shadow of the real. By this reasoning, Plato imposed a moral verdict and a rigid moralist demand on the practice of narrative representation: We may tell stories, but only as long as we keep our audience aware of the fact that we are indeed just “telling a story.” In other words, we have to mark the narrative’s subjectivity as clearly as possible. Not so for Aristotle: Rejecting Plato’s idealist premise, he argued that fictional narratives do not aim at or pretend to represent empirical reality in the first place. Their focus, as he stated in his Poetics, is not on the specific but on the general level of our human experience. The actual content of a fictional narrative is thus not its personage or happenings but the knowledge, assumptions, and theories communicated and illustrated in the narrative by way of fictional examples. According to Aristotle, it does not matter whether a narrative is “true” in the literal sense of a true/false distinction. What counts is whether it is plausible and relevant.

Narrative representation, as both Plato and Aristotle point out, despite their philosophical differences, is thus bound up with human subjectivity. Phenomena such as the “voice” of the narrator and the actions and thoughts of the characters, but also our own cognitive and emotional responses as readers of a narrative, are always part and parcel of a narrative. While most non-narrative representations aim to state facts (real or imagined) per se, narratives, like all rhetorically structured modes of communication, invest a good deal of effort in process control: they guide and manipulate how we may understand what they present to us.

Narrative subjectivity, taken as a corollary of narrative representation, is usually indicated by specific markers that we may identify in literary as well as in everyday narratives. Narratology—a branch of narrative theory that developed in the 1960s, replacing the traditional focus on the what and what for of narrative with a concern for the description and analysis of narratives’ formal features, its how—has defined these markers and systematized them into categories, such as ontological (what is the existential position of the narrating instance, is the story related to us from “within” the narrated world or outside?), epistemic (what can and does the narrating instance know?), normative (which value judgments does the narrating instance utter or imply?), and critical (how coherent and reliable is the narrating instance?). If we consider narrative subjectivity a “hard-wired” feature of all narratives, then these categories enable us to describe in detail how this feature is pronounced in a particular narrative.

1.2. Narrative Subjectivity in Historical Context: From Providence to Contingency

In a theoretical perspective, narrative subjectivity may be defined as a universal feature of all narrative representations. However, the human mind that processes a given narrative will always experience this subjectivity in context, that is, as a historical phenomenon reflecting our own notion of human subjectivity and identity. In this regard, two and a half thousand years in the history of literary narrative in Western cultures document an oscillation between two conceptual models: identity as determined by Providence and identity as a by-product of contingency. One such crucial turning point occurred in the seventeenth century, when belief in God’s master plan crumbled. The modern novel in particular began to favor contingency as the explanatory model of existence, and literary characters such as Cervantes’s Don Quixote give ample testimony of the difficulty in letting go the promise of a preordained fate.

Our aesthetic tolerance for such tales of contingency has developed in parallel to the change from deterministic to enlightened, modern and postmodern ways of conceptualizing the world. And while mechanistic and positivist concepts of human subjectivity, human will, and human mind occasionally challenge our self-image as an essentially free creature—here we need only consider the debate on the nature of mind triggered by contemporary neuroscience—our cultural productions today express a general belief in the unpredictability of human existence. However, from a purely logical point of view, the fact that we “read” our cultural productions and narratives in particular as proof of existential contingency is paradoxical. Have we not already been taught by Plato that it is all just “made up” by someone called “poet”?

The fact is, we love to hypothesize about the psychological makeup of fictional characters and the logic governing their fate as if both were exact images of our own condition. Of course, we know that the world in which someone like Don Quixote lives owes its features and the twists and turns of its events to an intentional design. However, in most of our reading experiences, this remains a rather abstract knowledge. Moreover, there is a time constraint: As in real life, we cannot fully reverse engineer represented subjectivity while we read along; we can only begin to theorize about it with some measure of certainty once the narrative has come to its close. And so we encounter contingency not only within the narrated world, we also encounter it in the actual process of reading, imagining, and interpreting, which in itself becomes unpredictable. The modern reader’s experience of fictional contingency has thus become a double-layered aesthetic, playful reflection of our contemporary real-world epistemology, an experience gained in part through our illusionary presence in a fictional world and in part from the self-reflective, conscious processing of the narratives that we read, interpret, and discuss.10

1.3. Embodied Contingency: The Mediating Instance of the Narrator

This double-layered experience of contingency puts the contemporary reader in an even more precarious position than Don Quixote: We share his fate, but no longer his seventeenth-century belief. Can the embodiment of narrative subjectivity come to our aid? What about this “voice” that speaks to us and sometimes even openly comments on what has been told, what not, and to what end?

Interjections by a narrating instance are commonly referred to as “authorial intrusions”—a sure misnomer, in that the “someone” relating the narrative to us as if sharing our ignorance and curiosity about its eventual outcome cannot be the real-world author. Even at a point where an author does not yet know everything about the story, she will certainly know more about it than we do—if only by virtue of having finished writing the story before we begin reading it. In contemporary narratology, the author, who is a real-world human being, is kept outside the model of narrative communication; we refer to the mediating instance as the narrator. While authors are truly omniscient with regard to their narratives, narrators are informants who either do not know or do not tell it all in one go. They are the ones enabling us to experience a narrative world as if it was the real one, specifically in terms of sequences of events that are perfectly possible and therefore can indeed take place, but are nevertheless impossible to predict in all their fine detail, or in their causality. Indeed, a narrator is more than just an informant: From a functional point of view, a narrator acts as a device that, by filtering and controlling the flow of information, performs the crucial epistemological role of preserving contingency in the receptive process.11

What we as readers and listeners enjoy as engaging effects of openness and contingency thus owes to a logical fundamental in narrative’s communicative design: the mediation of information through a more or less profiled narrating instance. Filtering and constraining the flow of information by a mediating instance necessarily results in a certain normative and cognitive bias, which, to repeat, we generally interpret as a sign of subjectivity. Narratology has attributed this effect to two characteristics of narrative communication: perspective—that is, the “coding” of narrative utterances that signals the narrating instance’s normative, cognitive, and emotional stance vis-à-vis the narrated—and focalization, the epistemological profile of the narrating instance that we infer from the nature of its perceptions and imaginations as much as from the nature of those who seem to remain inaccessible to this instance as a matter of principle. Finally, a third dimension of narratorial subjectivity is unreliability. Every narrative account is thus limited by the way in which the perspective, focalization, and reliability of its narrating instance have been defined and interact as the filters through which narrative representation must pass. Or, more simply, whenever somebody narrates something, he or she will of necessity do three things at the same time: represent, reflect, and mediate. Moreover, the “how” and the mix of these three filters can (and normally will) change throughout a narrative, each influencing the others as the narrative progresses. And so, while each of the three constitutes a dimension determined by its own logic and parameters, the way in which the actual narrative is output must be considered as the functional intersection of all three dimensions. In a current approach (Meister and Schönert 2009), this multidimensional functionality has therefore been modeled as a dynamic narrative system (DNS) combining the input parameters of perception, the processing parameters of reflection, and the output parameters of mediation. In either dimension, the narrating instance can be parameterized more like a character who acts in the world (that is, mimetic) or more like an external narrator who relates the story from a seemingly disengaged position (diegetic) (figure 15.1).
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Figure 15.1. The dynamic narrative system model of representation. (From Meister and Schönert, “The DNS of Mediacy.”)

The DNS model illustrates this particular aspect of the complex process normally described by the term narrating. It conceptualizes narrative representation as a function of the interplay of perception and reflection, on the one hand, and their joint modification through mediation on the other. Just how complex and fascinating this dynamic formula really is becomes more obvious when we try to implement it computationally. But before we look into that, let us first see how it is done in “real” literature.

2. Leo Perutz: Tales of Contingency

Whether or not human fate is blind, predetermined, or just simply unfathomable is one of the profoundest questions motivating storytelling since antiquity. One literary topos used to illustrate this philosophical dilemma is the firing of a bullet, perhaps the most straightforward metaphor for a cause-and-effect sequence initiated by man.

Taken on a more abstract level, the problem of calculating and predicting a bullet’s trajectory symbolizes the general difficulty of how to deal with contingency. As a mathematical and ballistic problem, it can, of course, be solved, but when encountered in life, real or fictional, things tend to be more complicated. The symbolically charged bullets fired in literary narratives have a particularly uncanny tendency to go astray, thus demonstrating the impossibility of taking into account all the relevant variables. For example, in Weber’s famous opera Der Freischütz, we encounter a hero who has the clever idea to get a grip on contingency by enforcing a higher-order determinism: A spell is cast on his bullets to minimize the risk of missing the mark. But unbeknownst to him, this spell also redefines the mark, and so, by his own ingenious design, the hero involuntarily maximizes the chances for a negative outcome.

Leo Perutz, one of the most successful German Austrian authors of the 1920s, used the metaphor of the bullet’s incalculable trajectory in a number of stories and novels to illustrate the unpredictability of his protagonists’ lives and the often counterintentional outcome of their consciously planned and executed actions. In one of his first publications, the 1907 novella Das Gasthaus zur Kartätsche,12 an Austrian staff sergeant puts a bullet through his head. End of story? No: the projectile continues its journey through the wall, passes through various other objects, and then smashes the kneecap of a soldier in the adjacent room before finally coming to rest in a grandfather clock. All just unlucky coincidence? Yes and no. On a phenomenological level it is, but certainly not on a symbolic. The bullet’s continuing journey and aftereffects beyond its intended and realized purpose (the staff sergeant’s suicide) prove that in an objective perspective, no chain of cause and effect can ever really terminate. However, from an aesthetic as well as a pragmatic perspective, it must, because that is how the narrative was structured by its author in the first place. It means something in that it practically has—and seemingly happens—to an “end,” literally as well as metaphorically.

In his highly acclaimed 1915 debut novel, Perutz used the bullet topos again, inverting the exposition of Weber’s Freischütz. In The Third Bullet the hero fires three shots and, in doing so, consciously ignores a spell cast on his bullets by one of his opponents. Despite excellent marksmanship and careful calculation of the bullets’ trajectory, each of the three shots has a devastating counterintentional effect, which seems to prove that the spell cannot be broken. What is more, the third bullet eventually negates the entire narrative itself, for the story of its firing (which is the subject of a tale-within-the-tale) incites a member of the fictional audience to kill the narrator character before he has finished his tale—the very tale that presents the actual main story of the entire novel, the tale we are reading! And so everything hangs in midair, leaving the hero, who suffers from amnesia and was eager to find out about his past life, and us, the readers, in the same situation. We are left with a story that can have no end on the level of represented action yet at the same time (if nothing else, metaphorically) fulfills the very prediction that was made about the third bullet’s target, namely, that it will hit the hero himself.13

These first two examples seem to be interesting but hardly “mathematical” stories about the philosophical question of determinism symbolized by bullets. But they do have a mathematical background that becomes more apparent in Perutz’s 1924 story “Der Tag ohne Abend” (The Day without an Evening). To begin with, the tale’s protagonist, Georges Duval, is a mathematician.14 Being a rather troublesome and autistic fellow, Duval insults an Austrian officer known to be an excellent shot. The young student has little chance of surviving the ensuing duel. But that does not really bother him, because during the buildup to the duel he is suddenly struck with an idea of how to solve one of the greatest mathematical riddles of his times. And so, rather than preparing for the duel, Duval spends his last night and his final coach ride to the site of the duel scribbling down formulas on scraps of paper. He exits the coach with the final proof in hand, only to die two minutes later. The world will find his genial proof of the mathematical theorem—save for the decisive last lines, scribbled on a tiny bit of paper that is blown away as Duval’s body falls to the ground.

In this third narrative, Perutz’s story was modeled on the historical case of the nineteenth-century mathematician Évariste Galois, who died after a duel on May 30, 1832, at the age of twenty. Galois became famous for the algebraic theory named after him. Perutz knew this theory, for he was a mathematician himself, or more precisely an actuary. The choice of motif was thus not coincidental. Before becoming a full-time writer, Perutz worked for various insurance companies. Around 1908, his employer was Assicurazioni Generali in Trieste, and one of his colleagues was another famous Austrian German author obsessed with the topics of fate and contingency, Franz Kafka (so much for real-world contingency . . .). Perutz worked as an actuary until 1923 and, while establishing himself as a writer of fiction, continued to publish articles in mathematical journals, and also invented the “Perutzsche Ausgleichsformel,” an actuarial formula in use until the late 1930s.15

Against Perutz’s biographical background, the fate of his fictional heroes appears to be a fictional take on the actuarial problem of determining a life’s trajectory in advance. As a writer as well as an actuary, Perutz constructed models—one narrative, one mathematical—of human lives, and in his literary work the mathematician’s and the writer’s interest in managing contingency often intersected.16 This explains why his narrators often end their tale reflecting on the hidden logic of the events. For example, at the end of Das Gasthaus zur Kartätsche, the first of Perutz’s stories discussed above, the final remark reads:


sometimes when I think about this story long gone by it seems to me as if the poor Staff Sergeant Chwastek did not end by suicide. Rather, it appears as if an erring bullet killed him, a bullet that flew along singing, without aim, and maliciously struck him down on its haphazard course, far from the shot, just as it struck poor Hruska Michal, whom we could still observe much later, hobbling over the yard on his two crutches.”17



This is primarily a remark on action logic, and it points to the fact that not only the consequences of an action are incalculable. The cause presents a similar problem: while we believe there are consciously acting agents who determine where a sequence of actions starts, and for what purpose, we are in reality subject to previous chance occurrences. Other, preceding sequences of events may intersect with ours at random and without any purpose whatsoever.

In an aesthetic context, however, such existential randomness must be turned into narrative contingency since everything is controlled by the ultimate purpose of telling the tale. This allows for a twofold interpretation of the narrator’s remark at the end of the tale about the young mathematician Duval: “Perhaps it is so that fate only terminates the life of such humans who have nothing more to give, who are at their end and empty and burnt out.”18 One can read this as an existential credo but also as an aesthetic reflection that points to the Aristotelian functional definition of character. Interpreted in the latter sense, it gives a clear indication of the aesthetic determinism governing Perutz’s narratives: they (as well as the characters in them) have to “give” and be meaningful, otherwise they get “terminated.”

Perutz’s tales demonstrate that two modes of conceptualizing and modeling chance, a subjective and an objective one, are concurrently at work in many literary narratives. In the subjective perspective, chance occurrences are conceptualized as fate, that is, the result of a blind, unpredictable existential trajectory that, from the point of view of the individual concerned, materializes out of the blue. By contrast, in the objective perspective, there can be no mention of blindness but only of contingency: of a probabilistic inevitability ruling over the entire genus man. And while conceptualizing a chance occurrence as fate is always a testimony to either agnosticism or religious belief, conceptualizing it as contingent is the exact opposite, namely, as a happening that we knew to be possible as a matter of principle; it is just that we found it impossible to predict on the basis of our previous life experiences with a sufficient degree of reliability. In empirical reality, this opaque inevitability takes the form of a curve for standard distribution; in aesthetic models of reality, such as a fictional world created in a novel, its necessity is generally attributed to authorial intention, to the intended “meaning of it all.”

Against this background, one of the characteristic features of literary narrative is that it offers us the unique possibility to switch between the two conceptualizations of chance as we see fit. While reading along we are for the most part engaged in the subjective experience of chance as fate, sympathizing with the characters and sharing their ignorance about their future. However, once we distance ourselves from this enjoyable self-inflicted epistemic constraint, the fictional occurrences become transparent to us as purposefully constructed aesthetic contingency, arranged by the author, executed by fictional characters, and communicated to us by the author’s agent and spokesperson, the narrator.

Which conceptualization of chance has the upper hand in the narrative mode of representation, fate or contingency? The answer, it seems, depends on the type of license granted to fiction by a specific culture. Since Plato and Aristotle, the Western world has generally defined the main purpose of aesthetic representations as didactic—either openly, as Plato demanded, or indirectly, by way of aesthetic catharsis, as Aristotle reasoned. According to this cultural postulate, the raison d’être of narrative representations, such as literary novels, is not to inform us about what is or was but to stimulate thoughts about what might be, given a certain set of circumstances and agents. This explains why literary narratives in our cultural sphere tend to offer a model of the world that has no immediate pragmatic relevance but rather a speculative and heuristic one. Their purpose and intention is not simply to inform and instruct us; they are not models for. Rather, their purpose is to provide us with a more abstract heuristic that may, at some later stage, prove applicable to our own empirical reality.

If we accept this as the cultural purpose of narrative, then one of the most important cognitive payoffs of processing them as a reader, listener, or spectator is that they enable us to reconceptualize chance as potential contingency. The promise and main anthropological function of myths, as Claude Lévi-Strauss argued in his structuralist approach, is to reconcile seemingly contradictory existential experiences, such as birth vs. death. Of course, not every narrative deals in issues and problems of such a fundamental nature, but even the aesthetically least convincing tale of the most improbable or insignificant events will implicitly rationalize these ex post by pointing to the fact that the mere telling of the events has rendered them probable (“They happened, right? How else could I have told you about them?”). This might not convince us, but it is a sophist logic that one can counter only by withdrawing the aesthetic license on which fictional representation depends by definition. Obviously, if we decided not to play the game of “as if” any longer, then the narrative would immediately collapse into a mere heap of untruthful propositions and lies, and Plato would be proved right after all. Short of this, our experience of narrated events is normally one in which we oscillate between conceptualizing them as chance, fate, contingency, or determinism when we set out. But as we read along, we will begin to gradually integrate bits and pieces into the model of a world in which the events that occur have a certain degree of logical connectivity and causal necessity. Again, the measure for the right level of integration depends on cultural as well as on personal preferences and norms; it is not absolute.

3. Contingencies of Telling

Let us now proceed from human creation, analysis, and interpretation of narratives to an experiment in AI-based narrative practice, a theoretical experiment for the time being. Our goal is to design a story generator algorithm (SGA) capable of producing narratives that fulfill two criteria: one, the narrative must “feel” as if it has narrative subjectivity, and two, it must present us with a world in which something unpredictable happens. This is easier said than done, as neither a randomly ordered ensemble of events and characters nor an overtly schematic arrangement will convince a natural reader. To pass this narratological version of the Turing test (“Tell me a story and I will tell you whether you are human or a machine”), an SGA must excel in at least three domains: creating the impression of contingency in a sequence of events, as well as in the makeup and actions of the story’s characters; profiling a mediating instance by clever use of narrative devices such as focalization and perspective; and manipulating the natural order in which the events took place for the sake of an aesthetic effect (suspense, emphasis, ambiguity, etc.).

Since our current deliberations focus on the question of how to evoke subjectivity by narrative means, we will skip plot generation.19 Let us assume its successful generation as a given and concern ourselves with characters and narrators only. We will first have to clarify some of the principles at work in their SGA-based generation before we can attempt to outline the architecture and modus operandi of an “ideal” SGA.

3.1. The SGA Perspective on Character

Our encounter with narrated characters is a paradoxical experience. On the one hand, they generally remain underdefined in many trivial regards—what is Don Quixote’s hair color? Did Lady Macbeth have a sweet tooth?—on the other hand, we gain from it more detailed insight into human psychology and emotions than even our most intimate encounters with real-world inhabitants can offer. This extremely high degree of psychological and motivational transparency of narrated characters, established as an aesthetic norm by nineteenth-century realism, is achieved by design, which is why it poses a particular problem for an intelligent SGA, which must be able to camouflage the design principles in order to make the characters feel real nevertheless. What real human beings do and experience is very hard to predict, at least as far as individuals are concerned: Even if some predetermination should be at play, it is normally not transparent to us. Instead, we are forced to study human behavior in general before we can eventually generalize our observations as patterns and regularities. It would be futile to apply such an inductive approach to narrated characters, for, quite on the contrary, their actions are normally the outcome of clear-cut deductive reasoning. How real people live their lives is subject to many contingent factors. By contrast, narrated characters play a predetermined and well-defined role assigned to them by the narrative and its author.

This functional definition of character was one of the main insights into the logic of narrative presented in Aristotle’s Poetics. Following on Aristotle, the early twentieth-century Russian formalist Vladimir Propp in his Morphology of the Folktale, first published in 1928, suggested that we consider characters not as fictional creatures standing for real human beings but primarily as anthropomorphic instantiations of narrative functions. A function in Propp’s sense is an elementary event or occurrence contributing to the overall story-line of a narrative. In Propp’s view, a narrative genre is characterized by two things: by the specific set of functions that it may use (of which some are obligatory, some not) and by the order in which these functions will be sequenced. As far as the folk-tales studied by Propp are concerned, this order is (with minor exceptions) fixed: nonobligatory functions may of course be left out in a given narrative, but the overall sequence may not be tampered with. To give an example, one particular (and obligatory) function occurring in all folktales was identified by Propp as an event labeled “Victory”: “Villain is defeated (killed in combat, defeated in contest, killed while asleep, banished).”20 This function will typically be enacted by a hero, but in theory, any other character, including an inanimate entity, may instantiate this functional variable in a given narrative. An example is “Little Red Riding Hood,” where, instead of being directly killed by the hunter and the two women who escaped from his belly, the wolf (the villain) eventually dies of the stones in his stomach. However, this particular function (identified as no. 18 in Propp’s thirty-one-function catalogue) can never precede the function “Struggle: Hero and villain join in direct combat.”

Our SGA shall adopt this functional perspective for characters. However, it is obvious that the effect of a character on a reader ought to be more complex; we expect literary characters to be more than just abstract entities serving the functional infrastructure of the plot. We also want them to be relevant: the character and her adventures must say and mean something to us. Moreover, we expect a character to be plausible by resembling a real person. These expectations are encapsulated in the three major criteria of character modeling that our SGA must address in combination, namely:

• narrative function,

• propositional function, and

• mimetic function.

This threefold requirement embodies the unique dialectic of aesthetic modeling: representation, the modeling of characters as an imitation of real-world subjects, is only one dimension of our SGA’s task; it must at the same time pay attention to modeling for. In the case of fictional (literary) narratives, “modeling for” lies not in an extrinsic, real-world purpose or application, but first in the self-centered process demands of narrative, and second in its intended overall meaning and relevance for the reader. Simply put, the narrative is supposed to work, and to help realize this goal, a fictional character has to meet certain demands. Our rather abstract first definition can thus be rephrased in terms of three more tangible criteria to be met by a character, namely:

• the functional demands of the narrative structure (in particular those of logical plot development and psychological motivation of agential action);

• the rhetoric goal of the narrative communication, its meaning; and

• the aesthetic goal of rendering an illusionary (or decidedly anti-illusionary, analytic) representation.

The dialectic of modeling for and modeling of is crucial to aesthetic representation. In terms of modeling of, the three core functions (narrative, propositional, mimetic) contribute to making the narrative work as a narrative—that is, as a heuristic device that enables us to explore the world in simulation mode: risk-free, but nevertheless profound. In this context, fictional characters act as a kind of interface between the fictional world and our own empirical reality. If characters are to fulfill any meaningful role in terms of this modeling of, their design must be such that it anticipates and reflects some of the epistemological, cognitive, and emotive reactions of readers to what happens in the fictional world. But it also may not spell out everything: a world populated by predictable or dull, monodimensional, flat characters is as boring as one inhabited by know-it-alls. Characters who do not raise questions are characters whose fate we do not care to raise questions about. If a story relies on them, the machinery of narrative might, of course, fly on the autopilot of action—but it will not take us along. For the story to produce meaning, at least some of the questions that readers typically raise in the story’s eventual interpretation must somehow be presented as problems affecting and troubling those who populate the storyworld itself. Like their eventual readers, characters must be plausibly disposed toward exploring these problems with a view to resolving them. Exploration is about assessing potentials, and so the functional triad can at the same time be translated into a hermeneutic one, namely:

• the exploration of potential cohesion of events,

• the exploration of their potential meaning, and

• the exploration of their potential aesthetic effect.21

While the physical and behavioral traits of a character all contribute to the mimetic effect and enable us to “see” before our inner eye a fictional person acting in his or her world, there is more to characters: They also represent epistemological and normative positions the narrative implicitly tries to impose on us. Characters perceive events from their individual point of view, and characters judge events from their point of view. Therefore, characters are not just actors but also informants whose role is that of the primary instance of mediation: in the first instance, we see and evaluate the fictional world through their eyes.

3.2. The SGA Perspective on “Narrator”

In terms of our preceding definition of narrative, an advanced SGA cannot be content with inventing a plot, designing a setting—a storyworld—and then populating it with fictional characters who fulfill the double role of actors and informants. The decisive aesthetic effect that distinguishes a recipient’s processing of a literary narrative from that of, say, a theater production is what the narratologist Gérard Genette so aptly called “voice,” a metaphorical term for what we earlier referred to as narrative subjectivity. This subjectivity is the effect of an additional, secondary instance of mediation that our SGA also has to generate, the narrator.

In oral narratives, the narrator is an obvious sine qua non: the tale requires a teller. What is more perplexing is that we will not “get” (that is, have communicated to us, then cognitively process and eventually understand) a written narrative without a kind of “teller” either.22 Sometimes the narrative overtly implies that the narrator himself exists in the fictional world (termed a homodiegetic narrator), sometimes one of the characters explicitly takes over this role. At this end of the spectrum, we find an autobiographical first-person narrator whose subjective cognitive position defines the narrative’s focalization and whose judgments and intentions determine what narratologists call perspective. The other extreme is realized in the form of a bodiless narratorial instance operating independently of any of the ontological constraints of the fictional world. These abstract narrators seem to have godlike faculties of insight, knowledge, and objective judgment (in Genettian terms, a heterodiegetic null-focalized narrator.)

The second extreme helps us understand more clearly what narrators in literary narratives really are: nothing, no thing. Literary narrators do not exist. Of course, fictional characters also do not really exist, but their fictional existence is a rather trivial, conventional form of temporarily suspended nonexistence. Such nonexistence is a transparent fake licensed by the aesthetic as if that brackets everything and privileges the imagined over the real for the sake of an aesthetic effect. By contrast, the literary narrator’s nonexistence is of a decidedly more intriguing and fundamental nature. Despite having certain anthropomorphic traits—narrators can lie, be unreliable, favor one character over another—the narrator remains a construct, pure and abstract. This construct is as indispensable for narrative as the ancient Sanskrit notion of sunya, “emptiness,” became for mathematics, and from which the number zero was derived.23 Neither the mathematical theorem presented in a formula nor the aesthetic theorem presented in narrative form will make sense without each one’s respective conceptualization of an ultimate boundary of expression.

4. Designing an “Ideal” SGA

Attempts to conceptualize SGAs started in the early 1970s and were mainly undertaken by computer scientists. Their fascination with the idea is easily explained: SGAs try to model what may be counted among the most complex mental activity in humans, imagination and storytelling. The challenge to design a system that can perform these tasks is certainly nontrivial; compared to it, “chess is too easy,” as Selmer Bringsjord (1988), codeveloper of the fabled BRUTUS storytelling algorithm, once put it.

The narratologist’s perspective on SGAs differs. Our disciplinary rationale for researching and constructing SGAs is not to mimic human authors by using machines but rather to gain a better understanding of how narration works in the first place. In its abstract model, an SGA can make explicit some of the cardinal assumptions underlying our intuitive understanding of how the process of creating and decoding a narrative might work. This interest has motivated my colleague Birte Lönneker and me to survey and classify the types of SGAs developed in computer science thus far. We then evaluated these systems from a narratological point of view, and came to the obvious conclusion: none of them can even remotely do what a real human narrator is capable of. And so we began to sketch out the architecture for what we, as narratologists, would consider an ideal SGA. This hypothetical system is, in short, an SGA able to emulate an advanced, aesthetically validated human storytelling capability.24 Figure 15.2 shows the overall architecture of such an ideal SGA, which, we believe, should integrate at least four functional domains:

1. The goal domain, in which several kinds of story-telling goals are offered, for random (automatic) or user determined selection.

2. The knowledge domain, in which static knowledge about stories as well as about the real world is represented in the form of concepts and their interrelations, that is, as a concept ontology. This ontology will interact with language-specific lexica, as well as with a case base of previous (human- as well as machine-generated) narratives. Coupling the ontology with these databases ensures that not everything has to be specified or learned from scratch; certain modules and even entire narrative templates can be imported into a new construct to fast-track the generative process.

3. The story or histoire domain, which contains three modules concerned with the question, “What happens?” This is where the actual content plan of the story, consisting of setting, events, and characters, is generated.

4. The discourse, or discours domain. This domain combines two modules that will determine how the content is presented, that is, mediated.

The two system complexes labeled “story” and “discourse,” or, to use the original French terms, histoire domain and discourse domain, mirror the two main levels of narratological description introduced by French structuralist scholars, histoire and discours (Todorov, Genette, etc.). However, the “level” metaphor used by many narratologists, a residue of the structuralists’ “deep layer” versus “surface layer” dichotomy, misleadingly implies a generative hierarchy that is strictly bottom-up, starting at the histoire level. We prefer to use the nonhierarchical “domain” metaphor because it is better suited to describe recursive, iterative, and backtracking procedures in addition to linear ones. These procedures play an important role during the generation of the final product, the narrative: Whether we consider them as generative or as receptive constructs, they are normally the result of highly interdependent, constraint-based logical operations that draw on dynamic knowledge about the domains of histoire and discours, a knowledge that constantly expands as we tell or read along. And the longer the narrative’s cognitive “run-time,” the higher the impact of backtracking, recursion, and iteration normally gets. As we will soon see, this transforms the seemingly straightforward job of a bottom-up, linear construction of a representation into an extremely complex (and at times staggeringly self-referential) affair.
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Figure 15.2. An ideal story generator algorithm.

4.1. Generating Characters

In our generative model, characters appear as existents. Existents are entities involved in and logically required by the second basic category, namely, events. What characterizes the subcategory of character existents is that their features can change over time. Such features can be physical, psychological, mental, cognitive, emotive, and so forth. Indeed, the set of features defining one element in the character class may be of considerable complexity; for example, Zöllner-Weber’s (2005) attempt at modeling literary characters in terms of a character ontology lists no less than seventy-five feature categories. Normally, some existents cannot assume the function of characters—for example, inanimate objects. But such a norm may also be modified according to the genre defined by the user in his or her initial goal setting (for example, a fairy tale in which things such as tables or walls can speak).

Existents, like events, are generated by a program module, which we call Inventor. Similar to classical poetics’ conceptualization of aesthetic inventio as a technique of rule-based finding rather than of original creation, the Inventor module in our SGA is not supposed to simulate some artistic creation ex nihilo. Rather, it executes a mixed procedure of selection and variation of preexisting plot modules and typical existents contained in the SGA’s central knowledge base, the so-called Ontology. This represents, in the form of clauses, all that the program knows about the world at large. The SGA’s ontology not only contains atomic knowledge particles formalized as singular propositions of the type is_mortal (human), but also more complex knowledge structures called cases that can, among other things, represent typical process regularities. For example, the fact that human beings are first born, then grow up and eventually die, and the rule that this order is generally not reversible could be captured in the form of a nested clause of the form (is_born, grows_up, dies (sequence_type(irreversible)(human))).

Once the Inventor has delivered its output, the second program module (the Recruiter) slots suitable existents into narrative roles, thus turning them into characters that fulfill the functional demands of the narrative structure (in particular those of logical plot development and psychological motivation of agential action). Up to this point, our program has run in purely sequential mode: (1) Interactive goal selection by the program user was followed by (2) combinatorial, constraint-driven invention of plot and potential existents, and then by (3) logic-driven recruitment of existents that qualify as characters. But at this point the program will switch its modus operandi from sequential to dynamic and activate a multitude of recursive routines and options for backtracking: For example, (4) the Composer module which, among other things, has the task of generating deep-level semiologic structures such as isotopes and homologies, might calculate that a further existent needs to be introduced into the story in order to instantiate a specific type of isotope that in turn is required to realize a goal specified by the user—and so it will force the program to backtrack to point 2. In real-world literary creation, such on-the-fly invention and insertion of characters is characteristic of certain genres, particularly those that rely on a deus ex machina type of conflict resolution.

4.2. Generating the Narrator

Things become even more complex when (5) the Narrator module is activated. Once the modifiers of focalization and perspective begin to operate on the entire configuration of goals, events, existents, and characters, we can—at least in theory—expect exponential growth in combinatory possibilities. It is here where the SGA will have to come to grips with the phenomena of recursion among first- and second-level mediation mentioned above.25

First-level mediation is character centered. Characters know certain things about their fictional world and are ignorant of others. At first glance, focalization, which is the technique of defining and modeling the narrator’s epistemic constraints, seems to be purely reductive in nature; it introduces (fictionally) plausible reasons for “who can know what” that minimize the amount of information to be communicated by the narrative. However, characters have more than fictional-world knowledge to pass on to their readers via a narrator; they also have an internal life of hopes, fears, desires, dreams, expectations. In other words, we also have to account for the phenomenon of modality. Semantic logic’s possible worlds theory, as Marie-Laure Ryan (2006) has demonstrated, is a powerful model for capturing the multidimensional modal complexity of characters’ stance vis-à-vis their world, but how to come to grips with it in an SGA is a question still to be investigated. For example, to what extent would the wish-world of a Madame Bovary–like character overlap with her husband’s? And what backtracking consequences might the retrospective communication by a narrator of one of the clauses at work in the parallel universe of Madame Bovary’s wish-world have on, say, the recruitment of an existent destined to play the role of her lover? It might turn out that because of some wish-world feature, the lover character will have to be changed or endowed with a new characteristic himself, and so on. Moreover, while our SGA is busy calculating these options and ramifications, another process is already running in parallel, that of combined first- and second-level mediation by setting and manipulating the parameters for perspective. Explicit character-centered judgments and implicit narratorial comments interact, thereby adding to the gradual emergence of what Alan Palmer (2004) calls a “fictional mind.” Except for cases of autobiographical first-person-narration, it is in fact a plurality of “minds” that emerges. Subjectivity has now entered the scene, not just as something static that can be explicitly described and represented but as something that is indeed at work in the narrative.

4.3. Managing Complexity and Putting It into Words

If this indeed is what our ideal SGA can do, it is bound to run into serious trouble sooner rather than later. For while it is busy designing the story, combinatory dimensions multiply and constraints grow exponentially in number. More and more functions begin to operate on each other, and recursively at that. Remember that our SGA is no longer a mere attempt to exhaust the universe of probabilities by way of a combinatory algorithm, such as Raimundus Lullus or Gottfried Leibniz had in mind. These algorithms did not take into account the dimension of time or of subjectivity. The number of words one can generate from the elements of a twenty-four-letter alphabet may be huge, but it is, in the end, finite. Narrative, because it interacts with the human mind existing in and changing over time, seems to defy such finality.

Any SGA approaching the complexity outlined in the above can and will go haywire. Unless we introduce some forced cutoff points into our algorithm, we will sooner or later be unable to discern whether it is caught in a loop or just busy calculating branches that originate from some remote node in the n-dimensional network of narrative possibilities, which keeps on expanding. In the case of narrative, this is where second-level mediation must come to our rescue. Someone has to define the cut-off points and accept responsibility for pulling the plug on it all—and that someone turns out to be the narrator. Our SGA’s namesake module Narrator is of course but a fourth-degree remote cousin of a “real” storyteller, but, like a flesh-and-blood narrator, he will have the last word on how complex the narrative might get. The level of complexity accepted by a narrator is indeed another trait of his subjectivity. Finally, the narrator instance is, of course, not only characterized by its relation to the subject matter—what he decides to report, how he arranges events, how comments on characters or gives certain bits of information a slant, and so on—but also by how he expresses himself, how he uses words. And so (6) the Verbalizer in our above model is indeed not just a kind of linguistic black box that will faithfully turn everything into language right at the end; it is rather a functional extension of the narrator. Again, a specific parameterization of the Verbalizer may entail massive backtracking, for example, when the linguistic repertoire assigned to a character conflicts with one of the character’s previously defined features.

5. Crossing the Intellectual Hellespont—or Waving at Each Other from Afar?

As I hope to have demonstrated, the idea of our SGA approach is to model subjectivity as a procedural by-product of narrative contingency. Our SGA is anything but deterministic, or if it is, it should at least be sufficiently complex in its dynamic modus operandi to prevent humans from predicting the eventual outcome. However, it is not just the dynamic nature of the generative process that contributes to this trait. Its complexity is also owed to the fact that very different types of logic are at work in parallel if our SGA model is indeed a valid approximation of natural storytelling: categorical-systematic ordering in the Ontology; apodictic decisionism in Goal Setting; complex combinatory exploration of alternatives in the Inventor and simple yes/no decisions and matching routines in the Recruiter; first-order metastructuring in the Composer, second-order meta-metastructuring in the Narrator, and eventually top-order modification in the Verbalizer.

And here arises the crucial question: Could all of this dynamic interplay be modeled mathematically? Since SGAs are at base mathematical creatures, they seem to present an ideal opportunity to engage in a meaningful discourse between mathematics and narratology. However, to date, the two academic disciplines (as well as mathematics and narrative in general) tend to talk about rather than to one another. Mathematicians and literary theorists, confronted with their methodological and disciplinary opposites, seem to capture in their respective symbolic systems and theories only that which is most readily compatible, and not necessarily that which is fundamental to the other domain.26 For example, a tale or a literary-historical study about mathematics, a mathematician, or a mathematical theorem—indeed, a literary and filmic genre that has been remarkably in vogue since Douglas R. Hofstadter’s 1979 Gödel, Escher, Bach—may be told without any “mathematical ring” to it. It can, however, also be carefully composed to symbolize or elucidate something genuinely mathematical, such as a theorem, perhaps on a structural level. By the same token, one can subject narratives to the highly useful but narratologically rather trivial mathematical operations already mentioned, such as calculating the number of syllables in a narrative’s sentence or identifying a statistical pattern in the distribution of linguistic atoms (such as the letter a). Again, more complex and conceptually interesting approaches are, of course, conceivable.

Can we imagine more fundamental, truly conceptual points of convergence between narrative and mathematics? Some structuralist and formalist theories of narrative and narrative phenomena have tried to render formal descriptions of narrative phenomena, though these descriptions generally take the form of logical rather than mathematical models.27 The comparison of narrative and mathematics on the level of their respective semiotics seems to offer us another possibility. For example, if Wittgenstein was right in his characterization of mathematics as a purely self-referential language game, according to which premise “‘mathematical propositions’ are not real propositions and . . . ‘mathematical truth’ is essentially non-referential and purely syntactical in nature” (Rodych 2007), then mathematics and literary narrative fall into the same semiotic category. Fictional narratives, like mathematical formulas, do not necessarily require referential resolution of their variables and symbols in order to be meaningful, granted, of course, that the mathematical theorem by comparison seems to be twice removed from the realm of the empirical. Narratives, in the end, always mean something to us in terms of our own experience of the real world; whether the theorems dealt with in theoretical mathematics do seems to be a moot question.28

Contingency, like referentiality, might constitute another more fundamental and conceptual tertium comparationis between the two fields. In the end, coming to grips with contingency—understood in a loose, metaphorical sense—is perhaps what essentially drives mathematicians. If indeed there is a strong link between a narratively invoked aesthetic experience of contingency and real-world experiential subjectivity, as I have proposed above, then the computational modeling of this double phenomenon, contingency and subjectivity, might offer mathematicians an opportunity to theorize about narrative on a deeper and more interesting level than that of statistical patterns in representational material, that is, words and alphabetic characters, or of structural features such as thematic organization.

Yet all of these might just be theoretical possibilities, and the distance from the mathematical to the narrative shore of the intellectual Hellespont too great for us to risk the journey. If that is so, then all we can fall back on is a highly abstract problem shared in either field: At the procedural top level of our SGA, as in the case of complex theoretical mathematical problems concerning entire sets of theorems, the point in question is no longer to find a concrete proof or solution. Rather, the question is whether a solution can in principle be found—and hence when to stop looking for one.

NOTES

1. See Galen Strawson’s important article, “Against Narrativity” (2004). He argues against a purely “narrative” nature of self and suggests an “episodic” structure as an alternative.

2. My definition of narrative will focus exclusively on this differentiating feature. The standard narratological definition is more complex and combines two aspects: the first concerns the way in which narratives structure and organize their content as a sequence of causally connected and normally anthropocentrically interpreted events, the second relates to narrative’s communicative logic as indexically marked, mediated information. It is the second point that will be of relevance in the current context.

3. The interest of linguistics as well as of narrative theory in the performative dimension takes up the focus on formal features of natural language already established in ancient rhetoric. The various modes in which linguistic utterances function performatively became the subject of Austin’s (1962) and Searle’s (1969) speech act theory. In narrative theory, the importance of studying how things are narrated (rather than what is narrated) had already been acknowledged at the end of the nineteenth century; in modern narratology, and notably in the French theorist Gérard Genette’s fundamental Discours du récit (1972), it led to the systematic distinction between histoire (the sequence of events in their natural, prenarrative order) and discours (the actual presentation of these events as rendered by a narrator, who may choose to rearrange, emphasize, downplay, and otherwise permutate certain elements of the sequence in view of his aesthetic and rhetoric intentions). For an overview on the development of narrative theory and narratology, see Meister (2009).

4. Indexicality in visual narratives, such as film or comic books, is more complicated to identify, but these references to “speaker” and “listener” by analogy also apply to “shower” and “perceiver.”

5. The question of narrative’s specificity is one of the key controversies in narrative theory and narratology. The debate can be traced back to Plato’s Politeia (370 BC) and his distinction between mimesis (the representation of the characters’ speeches) and diegesis (the narrator’s speech acts performed in the course of rendering a narrative account).

One prominent current line of reasoning emphasizes the temporal and logical specifics of narrated content, namely, the fact that narratives will always represent events rather than completely static ensembles of objects. An eighteenth-century precursor to this theoretical position is Gotthold Ephraim Lessing. In his famous Hamburgische Dramaturgie (1767), Lessing tried to distinguish between the aesthetics of pictorial versus dramatic and epic representation on the grounds of different abilities to depict processes and transformations. According to Lessing, paintings cannot represent processes; they can only freeze them into a snapshot, or an emblematic or metonymic portrayal in which one moment in time stands for an entire process unfolding in the depicted domain. Lessing’s emphasis on the specificity of what only narratives can represent—namely, events and transformations—is echoed in many twentieth-century formalist approaches, such as the narratology of Gerald Prince or the structuralist theories of Claude Bremond or Algirdas Julien Greimas.

A second line of reasoning contests this restriction of narrative’s definition to the logic of its representational content. Beginning with Käte Friedemann’s seminal Die Rolle des Erzählers in der Epik (1910; The Role of the Narrator in Epics), the specificity of narrative was rather defined in terms of the communicative structure of the representational process. As Friedemann points out, the narrator will necessarily (at times, even involuntarily) act as a mediating instance. Nothing is depicted “as is” in a narrative; it is always presented “as seen” by someone. It is this characteristic, according to the second position, which sets narrative apart from any other, non-narrative form of representation. My reasoning in this essay is in the tradition of the latter approach, but without necessarily contesting the former’s position. In fact, I consider them complementary, particularly since all acts of narratorial performance are, in the end, events.

6. It seems to me that this applies irrespective of whether we consider mathematical symbols as nondenotational, “pure” signs that point to abstract entities only, not to “things in the empirical world,” or as numeric quantifiers for real-world existents. While fictional narratives also have no empirical referentiality they employ symbols, which function as generic placeholders for potential “real-world” tokens and not as totally abstract concepts, such as a number. However, it might be worth considering whether metamathematics must not in some way use indexical identifiers in order to keep object level and metalevel apart.

7. In the following I refer to reading as the paradigmatic type of narrative processing performed by readers, listeners, and viewers.

8. In his influential 1934 The Art of the Novel, Henry James already referred to narrative subjectivity as a “fine central intelligence” (James 1953, xvii–xix, 15–17).

9. On the necessarily selective nature of narrative, see Schmid (2008).

10. On this particular aspect of “faked” temporality and open causality, see Currie (2007).

11. See Meister and Müller (2009), where it is argued that creating an impression of contingency, rather than arranging for perfect coherence in its plot, has become the trademark of what is considered a “good” literary narrative since the early twentieth century.

12. Leo Perutz, “Das Gasthaus zur Kartätsche,” in Herr erbarme dich meiner (Vienna: Zsolnay, 1985), 149–201.

13. In narratological terms, the trick used by Perutz is called metalepsis, a calculated ontological paradox. Simply put, this occurs when something that happens in the narrated world suddenly affects the act of narration: two logically separated domains are confounded. The novel thus constructs an insolvable logical and hermeneutic paradox. On the face of it, the paradox raises obvious questions, such as: Is it the protagonist who dies? Is it the narrator? Is it another character? Is it the “real,” material bullet that hits or is it a metaphorical one (in this case, amnesia) that finds its target and victim? However, all of these problems can be abstracted in the form of a simple mathematical problem already hinted at in the novel’s title, The Third Bullet. Which one is the third bullet? By which sequence must we count one, two, three in this narrative?

14. Leo Perutz, “Der Tag ohne Abend” in Herr erbarme dich meiner, 215–26.

15. The relevant publications by Perutz are listed in the extensive online bibliography compiled by Michael Mandelartz, http://www.kisc.meiji.ac.jp/~mmandel/recherche/perutz_bibliographie.html.

16. On Perutz’s life and work, see the seminal biography by Hans-Harald Müller (2007).

17. Perutz, “Das Gasthaus zur Kartätsche,” 151 (my translation).

18. Perutz, “Der Tag ohne Abend,” 226 (my translation).

19. See note 2 above.

20. For a complete listing of Propprian functions, see http://en.wikipedia.org/wiki/Vladimir_Propp.

21. The third criterion is perhaps specific to modern and postmodern literature in that it demands a certain self-reflexive quality of the piece of art—but then the text that stands at the beginning of our modern literary European tradition, Cervantes’s Don Quixote, already exemplifies this quality.

22. The question of a logically implied narrative instance in film narratives is more difficult to answer. Equating the camera with the narrator is certainly too simple. Even if we restrict ourselves to real-world ontology and consider only the “real people” engaged in the process of filmic narration, it is already obvious that most film narratives have neither a single author (considering the different roles of scriptwriter, director, producer, etc.) nor a single narrator (director, camera man, cutter, etc.). Second, the depiction of events and characters in a movie is obviously no less based on acts of mediation that cannot be easily traced back to the real people listed above—acts that have transformed or even retrospectively created the “original” narrative material by way of explicit and implicit acts of narratorial selection, emphasis, commentary, and so on. On narratorial instances in film narrative, see Branigan (1984).

23. On this, see Bag and Sarma (2003).

24. The following two paragraphs are quoted from Lönneker-Rodman et. al. (2005). For general information on the story generator algorithm project, see our website at http://www1.uni-hamburg.de/story-generators/index_en.html.

25. To keep the model manageable in its complexity, we have decided against including the third dimension of reliability, which, from the point of view of our dynamic narrative system model (see figure 15.1), constitutes one of the three fundamental modal operators constantly at work in processes of mediation. This, of course, would result in yet another turn of the screw. The question of narratorial reliability must not be confused with the reliability of characters. Rendering unreliable characters is the basic idea of the story template that underlies Bringsjord and Ferruci’s (1999) BRUTUS storytelling algorithm, which specializes in stories of deceit.

26. See Uri Margolin’s interesting systematization of the various types of interdisciplinary discourses in his abstract for the 2007 Delphi conference, “Mathematics and Narrative” (Margolin 2007).

27. One of the more “mathematical” models has been presented by Karl Nikolaus Renner (1983) who applied set theory to narrative and semiotic structure. By contrast, an example of logical (rather than mathematical) modeling can be found in my Computing Action (2004), in which I tried to describe the mental redesigning of represented action structures on the recipient’s side in terms of a logical calculus. This calculus, while deterministic in principle, will in actual practice always turn out to be nondeterministic. This is due to the fact that the process of reading is extremely dynamic and recursive—it simply does not operate on the basis of a definable set of parameters but can reset parameter values on every iteration.

28. However, that experience, of course, also includes the world, world elements, and ideas that we make up in our own head, such as a mathematical theorem. So one might equally well argue that a mathematical theorem cannot, in the end, be more “pure” than a narrative; it is part of our world, and as such, just a phenomenon like any other.
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1. (1a) (Now ACD Is greater than DCB. [Common Notion 5])

2. (1b) (But ACD is equal to ADC)

}7 3. (2) Thus, ACD (is) greater than DCB. [Common Notion 51.

2%, (2a) (But ACD is part of CDB.)

1*.(3) Thus, CDB is much greater than DCB [Common Notion 5].
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(respectively) [Axiom 1].
4. And since the point A s the center of the circle CDB, AC s equal to AB [Def. 1.15].
Again, since the point B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But CA was also shown (to be) equal to AB.

5.Thus, CA and CB are each equal to AB.

I’ ‘61Biie i " | i
[CN.1L

5% Thus, CA s also equal to CB.

4*.Thus, the three (straight-fines) CA, AB, and BC are equal to one another.

L 3-2%Thus, the triangle ABC is equilateral, and has been constructed on the given
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1. Nobody who was exposing his life to a grave risk [the malefactors]
[ 2.Would forgo the prize (i.e. the cloak) when it was within his grasp.

2*. And the victims were found wearing their cloaks.

[1*. Malefactors are not likely to have murdered him.]
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2.1-2 Migration was frequent because the defenseless were expelled by those larger.
23 The bestland was most subject to change—e.g. in Thessaly, etc.
|» 2.4 Fine land conferred power, but this only attracted stasis and invasion.
255 Eg, Attika with her poor land remained stasis-free and settled.

2.6 She grew larger by attracting powerful émigrés and taking them in.
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Let 6(AB:AC). | say that d(AB:BC).
Construct ZD.
Since 3(AB:BC), construct ZD:DE equal to it (Data 2).
So §(ZD:DE).
And 8(ZD).
'— Therefore 3(EZ). {EZ is the remainder} (Data 4).
So 8(zD).
Therefore §(ZD:ZE).
Since AB:AC:DZ:DE, turning around DZ:ZE::AB:BC.

Therefore also 8§(AB:BC).





OPS/images/f0372-01.jpg





OPS/images/f0112-02.jpg





OPS/images/f0112-01.jpg
2
(D(0X+C(1y)2 = Ax* 4+ 2Bxy + Cy”~.





OPS/images/f0112-04.jpg
(o) = «

07 -





OPS/images/f0112-03.jpg
= B* — AC = (xpay)” — otgo(f





OPS/images/f0112-05.jpg
Py(x,y) = Apx" 4+ Ap_1x" ly 4+ Apox"T Yy 4





OPS/images/aandp.jpg





OPS/images/f0349-01.jpg
1.Thus, CA and CB are each equal to AB.

'_ 2. But things equal to the same thing
are also equal to one another.

1*. Thus, CA is also equal to CB.
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1. Now ifthrough the first [will of the gods or decree of fatel, it is right for the
responsible one to be held responsible

2.for the gods’ predetermination cannot be hindered by human premeditation.

[ 3.For itis the nature of things, not for the strong to be hindered by the weak,

3% but for the weaker to be ruled and drawn by the stronger.
2% God is a stronger force than man in might and in wit and in other ways.

1% If then one must place blame on fate and on a god, one must free

Helen [who is not responsible] from disgrace.
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1. Protasis: General statement of the theorem, in terms of situation ("in such and
such a case”) and result, (“this and this holds").

2. Ekthesis: Precise statement of the situation, on a lettered diagram, actual
or conceptual.

3. Diorismos: Precise statement of the result, in the context of the
lettered diagram.

4. Construction

|+ 5. Apodeixis, which ends in: 3* and 2*
3% End of apodeixis: Precise statement of the result, as was to be proven
or constructed.

2*.End of apodeixis: restatement of the situation, according to lettered
diagram, set out in the ekthesis to be proven or constructed.

1*. Sumperasma: General restatement of the theorem, in terms of situation
and result
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[ 2.LetAbethe given point,and BC the traight-line. Soitis required to place
astraightline at atpointA equal to the given. nmgm line BC.

Forlet joined from point A o point 8 [Axiom 1}, andlet the
i have be [Prop. 1.1].. Andlelrhexnmgm t-lines AE
d BF have be d hi h ndle"he

circle C radius BC have been drawn [Axiom 3],
with center D and radius DG have been drawn.

3.Therefore, since the point B is the center of (the circle) CGH, BC is equal to BG
[Def. 1.15]

4. Again, since the point D s the center of the circle GKL, DL is equal to DG
Def. 1.15]

I— 5. For then angle ABC would also have been equal to ACB.

4°.Thus, the remainder AL is equal to the remainder BG [CN. 3].

3% But BC was also shown (to be) equal to BG.

7. But thi 1o the same thing are also equal her (CN. 11

|: 6. AL and BC are each equal to BG.

6*.Thus, AC is not less than AB.

L 2% Thus,the straight-ine AL, equal to the given straight line BC, has been placed
atthe given point A.

1=, (Which is) the very thing it was required to do.
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1. FACisequalto AB
I: 2..... Angle ABC i equal to ACB.

2* Angle ABCis not equal to ACB.

1*. Thus AC is not equal to AB.





OPS/images/f0092-01.jpg
o
{a3b3 = p°/27
ad+bP=q





OPS/images/alpha2bar1.jpg
oy





OPS/images/f0144-01.jpg
g=0 (no holes)
1

V-E+F=15-25+11






OPS/images/1234.jpg





OPS/images/f0362-01.jpg





OPS/images/f0064-01.jpg





OPS/images/f0395-01.jpg





OPS/images/f0395-02.jpg





OPS/images/f0093-01.jpg
s

o






OPS/images/alpha2.jpg
o





OPS/images/f0367-02.jpg





OPS/images/f0367-01.jpg





OPS/images/f0458-01.jpg
pause: NT=n, ST=0.Thus:NTee > ST.
scene: NT=ST
summary: NT<ST
ellipsis: NT=0, S

. Thus: NT < e ST.





OPS/images/phi.jpg





OPS/images/f0515-01.jpg
representation = { perception * reflection }
S @ mediation





OPS/images/f0402-01.jpg





OPS/images/f0vii-01.jpg
“Mn nov Tovg KUKAOUS TAPATTE.”





OPS/images/f0469-01.jpg
F1 (. @

F1 focus-1; L lens, eye;
F2 focus-2 areain focus: V field of vision: W world





OPS/images/f0314-01.jpg
1. What killed you? (171)
—  2.Alongsickness? (172)
3.0r Artemis with her arrows (172-73)
4. How is my father? (174)
5. How is my son? (174)
6. Are my possessions safe? (175-76)
7.Has my wife been faithful? (177-79)
[ 7% Your wife has been faithful. (181-83)
6. Your possessions are safe. (184)
5% Your son is thriving. (184-87)
4% Your father s alive but in poor condition. (187-96)
3*. Artemis did not kill me with her arrows. (197-99)

= 2* Nordid a sickness kill me. (200-201)

1*. But my longing for you killed me. (202-3)
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“(As) Heracles fought the Amazons.”

“(As) Kynaigeiros fought in Marathon.”

“(S0) X (the recently deceased
fighters) fought valiantly in battle Y

RULE
Citizens should fight valiantly in battle.”

“(Therefore) you should fight valiantly.”





OPS/images/f0528-01.jpg





OPS/images/f0297-02.jpg
RULE
Citizens should fight valiantly in battle.

“(Therefore) you should fight valiantly”
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1.InTact, ACis not equal to AB.
1. Assume AC s equal to AB.

2.For then angle ABC would also )
have been equal to ACB. 1b.In an isosceles triangle, the angles
atthe base are equal 1.5).

2".Butitisnot.
1a*. Thus ABC is equal to ACB.

1* Thus AC is not equal to AB.
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D*:determination to die (35-48) -I: b*:lover's burialrites (42-45)
a*tlovers death : boy's pride (46-48)

C*:lovers death through despair (49-53)
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1.Let us eat (601)
2. For even Niobe ate (602)
I— 3.This was her story (603-612)
2% She ate (613)

1*.So let us also eat (618)
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1.Wherefore |, sirs, not only stand acquitted of wrongdoing by the laws,

2.but am also directed by them to obtain this satisfaction: itis for you
to decide whether they [the laws] are to be valid or of no account.

3. For to my thinking every city makesits laws in order that on any matter
which perplexes us we may resort to them and inquire what we have to do.

2% And soitis they [the laws] who, in cases like the present, exhort the wronged
parties to obtain this satisfaction.

1%, 1 call upon you to support helr fthe laws] opinion.
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1.Infact, ACis not equal to AB.

2. For then angle ABC would also
|: have been equal to ACB.

2% Butitis not.

1*. Thus AC is not equal to AB.
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1.1t Alstrue then B is true.

2w

1* So Bis true.





OPS/images/f0109-01.jpg
2
A(f> +2B (f> +Cc=0
y y





OPS/images/f0109-02.jpg
_ —B+VB*-AC

—B—+VB*—- AC






OPS/images/f0286-01.jpg
POETIC
NARRATIVE e it R RHETORIC PROOF






OPS/images/f0286-02.jpg
NARRATIVE

POETIC
— STORVTELUING

POLITICAL & PRACTICAL
PRACTICE GEOMETRY

d “
RHETORICAL —>  MATHEMATICAL
PROOF PROOF





OPS/images/f4.jpg
F,(x', y





OPS/images/f0208-01.jpg





OPS/images/star.jpg





OPS/images/f0462-01.jpg
context of Specific Mathematical
representation Concepts and Symbols.
S A -

mathematical
-
. non-mathematical

time.

«
P —

/
abstract calculate interpret





OPS/images/f0391-01.jpg





OPS/images/f0462-02.jpg
Labov’s displacement sets for John Ls narrative
about the baddest girlin the neighborhood

g NTEr=E=sE -

A

st u v ow o x y z

aa

bb





OPS/images/f0313-01.jpg
A1-Az-A3z ... AN-Ag- . . . A3-A5-AT





OPS/images/f0468-01.jpg
teller-character
First-person Narrative Situation Authorial Narrative Situation
identity extémal

internal  non-identity

reflector

Figural Narrative Situation





OPS/images/f0015-01.jpg





OPS/images/f0103-01.jpg





OPS/images/f0363-01.jpg
1.In any triangle, the greater angle is subtended by the greater side.

—  2.Let ABC be atriangle having the angle ABC greater than BCA, | say that AC is also
greater than side AB.

3. For if not, AC s certainly either equal to, or less than, AB.
4.In fact, ACis not equal to AB.
5.For then angle ABC would also have been equal to ACB.
|: 5*.Butitis not.
4*.Thus, ACis not equal to AB.
6. Neither, indeed, is AC less than AB.
7. For then angle ABC would also have been less than ACB.
|: 7*.Butitis not.
6*.Thus, ACis not less than AB.
3% But is was shown that AC is not equal to AB either.
= 2*.Thus, ACis greater than AB.

1% Thus,in any triangle, the greater angle is subtended by the greater side.
(Being) what It was required to prove.
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1.1did not commit treason.
2.Treasonable action must begin with discussion
3. [if]a discussion [occurs, it] implies there is a meeting
3*a. Which [meeting] was impossible [for]
4a. no one could come to me and | could
4b. not go to anyone, nor
4c. could a written message be sent.
[3*b. So there was no discussion.]
[2*. So there was no treasonable action.]

[1*.1 did not commit treason.]
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1.1F Aistrue then B Is true.

2Bisnotte.

1* So Ais not true.
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Geometric Theorem  Forensic Speech  Function

Protasis Prologue Setting out of the claim,
in general form.

Ekthesis-diorismos Narration Description of

and kataskeué the concrete facts.

Apodeixis Proof Arguments making

the claim stronger,
and counter-claims
weaker.

Sumperasma Epilogue Repetition of claim
in general form.





