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Preface

 

Having taught probability for the last 12 years or so, I finally decided it was time to put down my “experiences” with the subject in the form of a book. However, there are already so many excellent texts in probability{ out there that writing yet another one was not something that really interested me. Therefore, I decided to write something that was a bit different.

Probability is a most fascinating and unique subject. However, one of its uniquenesses lies in the way common sense and intuition often fail when applied to apparently simple problems. The primary objective of this book is to examine some of the “classic” problems of probability that stand out, either because they have contributed to the field, or because they have been of historical significance. I also include in this definition problems that are of a counterintuitive nature. Not all the “classic” problems are old: Problem 33: Parrondo’s Perplexing Paradox, for example, was discovered as recently as 1996. The book has considerable coverage of the history of the probability, although it is not a book on the history of the subject. The approach I have adopted here is to try to offer insights into the subject through its rich history. This book is targeted primarily to readers who have had at least a basic course in probability. Readers in the history of probability might also find it useful.

I have worked hard to make the presentation as clear as possible so that the book can be accessible to a wide audience. However, I have also endeavored to treat each problem in considerable depth and have provided mathematical proofs where needed. Thus, in the discussion of Problem 16: The Buffon Needle Problem, the reader will find much more than the conventional discussion found in most textbooks. I discuss alternative proofs by Joseph Barbier, which lead to more profound and general results. I also discuss the choice of random variables for which a uniform distribution is possible, which then naturally leads to a discussion on invariance. Likewise, the discussion of Problem 19: Bertrand’s Chords involves much more than stating there are three well-known possible solutions to the problem. I discuss the implications of the indeterminacy of the problem, as well as the contributions made by Henri Poincar e and Edwin Jaynes. The same can be said of most of the problems discussed in the book. The reader will also find treatments of the limit and central theorems of probability. My hope is that the historical approach I have adopted will make these often misunderstood aspects of probability clearer.

Most of the problems are more or less of an elementary nature, although some are less so. The reader is urged to refrain from focusing solely on the problems and their

 

{ For example, Paolella (2006, 2007), Feller (1968), Ross (1997), Ross and Pekoz (2006), Kelly (1994), Ash (2008), Schwarzlander (2011), Gut (2005), Br emaud (2009), and Foata and Fuchs (1998).
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solutions, as it is in the discussion that the “meaty” parts will be found. Moreover, the selection of problems here are not necessarily the most important problems in the field of probability. Although a few such as Problem 8: Jacob Bernoulli and his Golden Theorem, Problem 10: de Moivre, Gauss, and the Normal Curve, and Problem 14: Bayes, Laplace, and Philosophies of Probability are important, many others are more interesting than they have been decisive to the field. Thus, few readers who are not very conversant with the history of probability are probably aware that scientists like Galileo and Newton ever used probability in their writings. Nor would anybody contend that these two men made any fundamental contributions to the theory of probability. Yet, I am hopeful that the manner in which these scientists tackled probability problems will awaken some interest in the reader.

I have refrained from giving extensive biographies of the mathematicians discussed in this book because my focus is mainly on the problems they solved and how they solved them. Readers eager to know more about these scientists should consult the excellent Dictionary of Scientific Biography, edited by C.-C. Gillispie.

If I had a criticism of the book, it would be the unevenness in the treatment of the problems. Thus, the reader will find more than 20 pages devoted to Problem 4: The Chevalier de M er e Problem II: The Problem of Points, but less than 5 pages spent on Problem 15: Leibniz’s Error. This is inevitable given the historical contexts and implications of the problems. Nonetheless, I would be remiss to claim that there was no element of subjectivity in my allocation of space to the problems. Indeed, the amount of material partly reflects my personal preferences, and the reader will surely find some of the problems I treated briefly deserved more, or vice versa. There is also some unevenness in the level of difficulty of the problems since they are arranged in chronological order. For example, Problem 23: Borel’s Paradox and Kolmogorov’s Axioms is harder than many of the earlier and later problems because it contains some measure-theoretic concepts. However, I also wanted the reader to grasp the signifi-cance of Kolmogorov’s work, and that would have been almost impossible to do without some measure theory.

Most of the citations were obtained from the original works. All the French translations were done by me, unless otherwise indicated. Although this book is about classic problems, I have also tried to include as many classic citations and references as possible.

I hope the book will appeal to both students, those interested in the history of probability, and all those who may be captivated by the charms of probability.

Prakash Gorroochurn

pg2113@columbia.edu

March 2012
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Problem 1

 

Cardano and Games

 

of Chance (1564)

 

Problem. How many throws of a fair die do we need in order to have an even chance of at least one six?

 

Solution. Let A be the event “a six shows in one throw of a die” and p its probability. A Then p    1 A ¼=6. The probability that a six does not show in one throw is q ¼ 11    5 A = 6 ¼=6. Let the number of throws be n. Therefore, assuming indepen-dence between the throws,

Pr fa six shows at least once in n throwsg ¼ 1Prfa six does not show

at all in n throwsg zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{ n terms

¼ 1qA     qA ¼ 1       n ð 5 = 6 Þ :

We now solve 1        n 5 ð = 6 Þ 1=2 obtaining n lnð1=2Þ=lnð5=6Þ ¼ 3:8, so the number of throws is 4.

 

1.1 Discussion

In the history of probability, the physician and mathematician Gerolamo Cardano (1501–1575) (Fig. 1.1) was among the first to attempt a systematic study of the calculus of probabilities. Like those of his contemporaries, Cardano’s studies were primarily driven by games of chance. Concerning his gambling for 25 years, he famously said in his autobiography (Cardano, 1935, p. 146)

. . .and I do not mean to say only from time to time during those years, but I am ashamed

to say it, everyday.
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Figure 1.1   Gerolamo Cardano (1501–1575).

Cardano’s works on probability were published posthumously in 1663, in the famous 15-page                   { Liber de ludo aleae (Fig. 1.2) consisting of 32 small chapters (Cardano, 1564).

Cardano was undoubtedly a great mathematician of his time but stumbled on the question in Problem 1, and several others too. In this case, he thought the number of throws should be three. In Chapter 9 of his book, Cardano states regarding a die:

One-half of the total number of faces always represents equality{; thus the chances are

equal that a given point will turn up in three throws. . .

Cardano’s mistake stems from a prevalent general confusion between the concepts of probability and expectation. Let’s now dig deeper into Cardano’s

 

{ The Book on Games of Chance. An English translation of the book and a thorough analysis of Cardano’s connections with games of chance can be found in Ore’s Cardano: The Gambling Scholar (Ore, 1953). More bibliographic details can be found in Gliozzi (1980, pp. 64–67) and Scardovi (2004, pp. 754–758).

{ Cardano frequently uses the term “equality” in the Liber to denote half of the total number of sample points in the sample space. See Ore (1953, p. 149).
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Figure 1.2   First page of the Liber de ludo aleae, taken from the Opera Omnia (Vol. I) (Cardano, 1564).

 

reasoning. In the Liber, Cardona frequently makes use of an erroneous principle, which Ore calls a “reasoning on the mean” (ROTM) (Ore, 1953, p. 150),{ to deal with various probability problems. According to the ROTM, if an event has a probability p in one trial of an experiment, then in n independent trials the event will occur np times on average, which is then wrongly taken to represent the probability that the event will occur in n trials. For the question in Problem 1, we have p ¼ 1/6 so that,

 

{ See also Williams (2005).
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with n ¼ 3 throws, the event “at least a six” is wrongly taken to occur an average np ¼ 3 (1/6) ¼ 1/2 of the time (i.e., with probability 1/2).

Using modern notation, let us see why the ROTM is wrong. Suppose an event has a probability p of occurring in a single repetition of an experiment. Then in n independent and identical repetitions of that experiment, the expected number of the times the event occurs is np. Thus, for the die example, the expectation for the number of times a six appears in three throws is 3 1/6 ¼ 1/2. However, an expectation of 1/2 in three throws is not the same as a probability of 1/2 in three throws. These facts can formally be seen by using a binomial model. { Let X be the number of sixes in three throws. Then X has a binomial distribution with parameters n ¼ 3 and p ¼ 1/6, that is, X B(3, 1/6), and its probability mass function is

 

Pr              n                  3    1 x      3x 5 x n x f X ¼ x g ¼ p ð 1 p Þ ¼   for x ¼ 0; 1; 2; 3: x x 6 6

From this formula, the probability of one six in three throws is

 

Prf X ¼ 1g ¼               ¼ :347; 1 3       1       2 1 5

6    6

and the probability of at least one six is

PrfX 1g ¼ 1PrfX ¼ 0g

¼ 1ð5 =6Þ3 ¼ :421:

Finally, the expected value of X is

 

E   X n       X n    x   nx X ¼ x Pr f X ¼ x g ¼ x nx p ð 1 p Þ; x ¼ 0 x ¼ 0

which can be simplified to give

EX ¼ np ¼ ð3Þð1=6Þ ¼ :5:

Thus, we see that although the expected number of sixes in three throws is 1/2, neither the probability of one six or at least one six is 1/2.

Cardano has not got the recognition that he perhaps deserves for his contribu-tions to the field of probability, for in the Liber de ludo aleae he touched on many rules and problems that were later to become classics. Let us now outline some of these.

In Chapter 14 of the Liber, Cardano gives what some would consider the first definition of classical (or mathematical) probability:

So there is one general rule, namely, that we should consider the whole circuit, and the

number of those casts which represents in how many ways the favorable result can occur,

 

{ For the origin of the binomial model, see Problem 8.
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and compare that number to the rest of the circuit, and according to that proportion should

the mutual wagers be laid so that one may contend on equal terms.

Cardano thus calls the “circuit” what is known as the sample space today, that is, the set of all possible outcomes when an experiment is performed. If the sample space is made up of r outcomes that are favorable to an event, and s outcomes that are unfavorable, and if all outcomes are equally likely, then Cardano correctly defines the odds in favor of the event by r : s. This corresponds to a probability of r/(r þ s). Compare Cardano’s definition to

. The definition given by Leibniz (1646–1716) in 1710 (Leibniz, 1969, p. 161):

If a situation can lead to different advantageous results ruling out each other, the estimation

of the expectation will be the sum of the possible advantages for the set of all these results,

divided into the total number of results.

. Jacob Bernoulli’s (1654–1705) statement from the Ars Conjectandi (Bernoulli,

1713, p. 211) {:

. . .if the integral and absolute certainty, which we designate by letter a or by unity 1, will be

thought to consist, for example, of five probabilities, as though of five parts, three of which

favor the existence or realization of some events, with the other ones, however, being against

it, we will say that this event has 3/5a, or 3/5, of certainty.

. De Moivre’s (1667–1754) definition from the De Mensura Sortis (de Moivre, 1711;

Hald, 1984):

If pis the number of chancesby which a certain event mayhappen, andqisthe number of chances

by whichit may fail, the happenings as muchas the failings have their degree of probability; but if

all the chances by which the event may happen or fail were equally easy, the probability of

happening will be to the probability of failing as p to q.

. The definition given in 1774 by Laplace (1749–1827), with whom the formal

definition of classical probability is usually associated. In his first probability

paper, Laplace (1774b) states:

The probability of an event is the ratio of the number of cases favorable to it, to the number of

possible cases, when there is nothing to make us believe that one case should occur rather than

any other, so that these cases are, for us, equally possible. However, although the first four definitions (starting from Cardano’s) all anteceded Laplace’s, it is with the latter that the classical definition was fully appreciated and began to be formally used. In modern notation, if a sample space consists of N equally likely outcomes, of which n are favorable to an event A A, then Laplace’s classical definition of the probability of the event A is

 

Pr       n A f g A : N

 

{ The translation that follows is taken from Oscar Sheynin’s translations of Chapter 4 of the Ars Conjectandi (Sheynin, 2005).
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One of Cardano’s other important contributions to the theory of probability is “Cardano’s formula.”{ Suppose an experiment consists of t equally likely outcomes of which r are favorable to an event. Then the odds in favor of the event in one trial of the experiment are          { r : ð t r Þ . Cardano’s formula then states that, in n independent

 

times are n     n    n   } r : ð t r Þ . While this is an elementary result nowadays, Cardano had ** some difficulty establishing it. and identical trials of the experiment, the odds in favor of the event occurring n At first he thought it was the odds that ought to be

multiplied. Cardano calculated the odds against obtaining at least one 1 appearing in a toss of three dice as 125 to 91. Cardano then proceeded to obtain the odds against obtaining at least one 1 in two tosses of three dice as (125/91) 2 2:1. Thus, on the last paragraph of Chapter 14 of the Liber, Cardano writes (Ore, 1953, p. 202)

Thus, if it is necessary for someone that he should throw an ace twice, then you know that

the throws favorable for it are 91 in number, and the remainder is 125; so we multiply each

++

of these numbers by itself and get 8281 and 15,625, and the odds are about 2 to 1. Thus,

if he should wager double, he will contend under an unfair condition, although in the

opinion of some the condition of the one offering double stakes would be better.

However, in the very next chapter entitled On an Error Which Is Made About This, Cardano realizes that it is not the odds that must be multiplied. He comes to understand this by considering an event with odds 1:1 in one trial of an experiment. His multiplica-tion rule for the odds would still give an odds of (1/1)3 ¼ 1:1 for three trials of the experiment, which is clearly wrong. Cardano thus writes (Ore, 1953, pp. 202–203)

But this reasoning seems to be false, even in the case of equality, as, for example, the

chance of getting one of any three chosen faces in one cast of one die is equal to the chance

of getting one of the other three, but according to this reasoning there would be an even

chance of getting a chosen face each time in two casts, and thus in three, and four, which is

most absurd. For if a player with two dice can with equal chances throw an even and an odd

number, it does not follow that he can with equal fortune throw an even number in each of

three successive casts.

Cardano thus correctly calls his initial reasoning “most absurd,” and then gives the following correct reasoning (Ore, 1953):

 

{ Not to be confused with the other Cardano’s formula having to do with the general solution of a “reduced” cubic equation (i.e., a cubic equation with no second-degree term). Cardano also provided methods to convert the general cubic equation to the reduced one. These results appeared in Cardano’s opus Ars Magna (The Great Art) and had been communicated to him previously by the mathematician Niccolo` Tartaglia of Brescia (1499–1557) after swearing that he would never disclose the results. A bitter dispute thereby ensued between Cardano and Tartaglia, and is nicely documented in Hellman’s Great Feuds in Mathematics (Hellman, 2006, pp. 7–25).

{ Thus, the odds against the event in one trial are (tr): r. } This is the same as saying that, if an event has probability p (¼r/t) of occurring in one trial of an experiment, then the probability that it will occur in all of n  n  independent and identical trials of the experiment is p

.

** See also Katz (1998, p. 450).

++ The odds calculated by Cardano are the odds against the event in question.
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Therefore, in comparisons where the probability is one-half, as of even faces with odd, we

shall multiply the number of casts by itself and subtract one from the product, and the

proportion which the remainder bears to unity will be the proportion of the wagers to be

staked. Thus, in 2 successive casts we shall multiply 2 by itself, which will be 4; we shall

subtract 1; the remainder is 3; therefore a player will rightly wager 3 against 1; for if he is

striving for odd and throws even, that is, if after an even he throws either even or odd, he is

beaten, or if after an odd, an even. Thus he loses three times and wins once.

Cardano thus realizes that it is the probability, not the odds, that ought to be multiplied.{ However, in the very next sentence following his previous correct reasoning, he makes a mistake again when considering three consecutive casts for an event with odds 1:1. Cardano wrongly states that the odds against the event happening in three casts are 1:(32                          3 1) ¼ 1:8, instead of 1:(21) ¼ 1:7. Nevertheless, further in the book, Cardano does give the correct general rule (Ore, 1953, p. 205):

Thus, in the case of one die, let the ace and the deuce be favorable to us; we shall multiply 6,

the number of faces, into itself: the result is 36; and two multiplied into itself will be 4;

therefore the odds are 4 to 32, or, when inverted, 8 to 1.

If three throws are necessary, we shall multiply 3 times; thus, 6 multiplied into itself and

then again into itself gives 216; and 2 multiplied into itself and again into 2, gives 8; take

away 8 from 216: the result will be 208; and so the odds are 208 to 8, or 26 to 1. And if four

throws are necessary, the numbers will be found by the same reasoning, as you see in the

table; and if one of them be subtracted from the other, the odds are found to be 80 to 1.

In the above, Cardano has considered an event with probability 1/3, and correctly gives the odds against the event happening twice as (321):1 ¼ 8:1, happening thrice as (3 3 1):1 ¼ 26:1, and so on. Cardano thus finally reaches the following correct rule: if the odds in favor of an event happening in one trial of an experiment are r : ðtrÞ, then in n independent and identical trials of the experiment, the odds against the event happening             n    n      n n times are ð t r Þ : r.

Cardano also anticipated the law of large numbers (see Problem 8), although he never explicitly stated it. Ore writes (1953, p. 170)

It is clear. . .that he [Cardano] is aware of the so-called law of large numbers in its most

rudimentary form. Cardano’s mathematics belongs to the period antedating the expression

by means of formulas, so that he is not able to express the law explicitly in this way, but he

uses it as follows: when the probability for an event is p then by a large number n of

repetitions the number of times it will occur does not lie far from the value m ¼ np.

Moreover, in Chapter 11 of the De ludo aleae, Cardano investigated the Problem of Dice (see Problem 3); in the Practica arithmetice (Cardano, 1539), he discussed the Problem of Points (see Problem 4), the Gambler’s Ruin (see Problem 5) (Coumet, 1965a), and the St Petersburg Problem (see Problem 11) (Dutka,1988); finally, in the Opus novum de proportionibus (Cardano, 1570), Cardano also made use of what later came to be known as Pascal’s Arithmetic Triangle (see Problem 4) (Boyer, 1950).

 

{                                                                                        2      2      2 Thus for the 125:91 example, the correct odds against in two trials are (216 91 )/91 4.63:1 and for the 1:1 example, the correct odds in favor in three trials are 13    3    3 :(2 1) ¼ 1:7.

8   Problem 1   Cardano and Games of Chance (1564)

However, in none of these problems did Cardano reach the level of mathematical sophistication and maturity that was later to be evidenced in the hands of his successors.

We make a final comment on Cardano’s investigations in probability. From the Liber de ludo aleae it is clear that Cardano is unable to disassociate the unscientific concept of luck from the mathematical concept of chance. He identifies luck with some supernatural force that he calls the “authority of the Prince” (Ore, 1953, p. 227). In Chapter 20 entitled On Luck in Play, Cardano states (Ore, 1953, pp. 215–216)

In these matters, luck seems to play a very great role, so that some meet with unexpected

success while others fail in what they might expect. . .

If anyone should throw with an outcome tending more in one direction than it should and

less in another, or else it is always just equal to what it should be, then, in the case of a fair

game there will be a reason and a basis for it, and it is not the play of chance; but if there are

diverse results at every placing of the wagers, then some other factor is present to a greater

or less extent; there is no rational knowledge of luck to be found in this, though it is

necessarily luck.

Cardano thus believes that there is some external force that is responsible for the fluctuations of outcomes from their expectations. He fails to recognize such fluctuations are germane to chance and not because of the workings of supernatural forces. Gigerenzer et al. (1989, p. 12) thus write

. . .He [Cardano] thus relinquished his claim to founding the mathematical theory of

probability. Classical probability arrived when luck was banished; it required a climate

of determinism so thorough as to embrace even variable events as expressions of stable

underlying probabilities, at least in the long run.




Problem 2

 

Galileo and a Discovery

 

Concerning Dice (1620)

 

Problem. Suppose three dice are thrown and the three numbers obtained added. The total scores of 9, 10, 11, and 12 can all be obtained in six different combinations. Why then is a total score of 10 or 11 more likely than a total score of 9 or 12?

 

Solution. Table 2.1 shows each of the six possible combinations (unordered arrangements) for the scores of 9–12. Also shown is the number of ways (permutations or ordered arrangements) in which each combination can occur.

 

Forexample, reading the firstentry underthe column 12, wehave a 6-5-1.Thismeans that, to get a total score of 12, one could get a 6, 5, 1 in any order. Next to the 6-5-1 is the number 6. This is the number of different orders in which one can obtain a 6, 5, 1. Hence, we see that the scores of 9–12 can all be obtained using six combinations for each. However, because different combinations can be realized in a different number of ways, the total number of ways for the scores 9, 10, 11, and 12 are 25, 27, 27, and 25, respectively. Hence, scores of 10 or 11 are more likely than scores of 9 or 12.

 

2.1 Discussion

Almost a century after Cardano’s times, this problem was asked by the Grand Duke of Tuscany to the renowned physicist and mathematician Galileo Galilei (1564–1642) (Fig. 2.1). The throwing of three dice was part of the game of passadieci, which involved adding up the three numbers and getting at least 11 points to win. Galileo gave the solution in his probability paper                            { Sopra le scoperte dei dadi (Galilei, 1620) (see Fig. 2.2). In his paper, Galileo states (David, 1962, p. 193)

 

{ On a Discovery Concerning Dice.
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10   Problem 2   Galileo and a Discovery Concerning Dice (1620)

 

Table 2.1 Combinations and Number of Ways Scores of 9–12 that Can Be Obtained When

Three Dice are Thrown

Score

12              11              10               9

6-5-1       6     6-4-1       6      6-3-1       6     6-2-1       6 6-4-2       6     6-3-2       6      6-2-2       3     5-3-1       6 6-3-3       3     5-5-1       3      5-4-1       6     5-2-2       3 5-5-2       3     5-4-2       6      5-3-2       6     4-4-1       3 5-4-3       6     5-3-3       3      4-4-2       3     4-3-2       6 4-4-4       1     4-4-3       3      4-3-3       3     3-3-3       1

Total no. of ways                25                27                27                25

[image: ]

 

Figure 2.1   Galileo Galilei (1564–1642).

2.1 Discussion 11

[image: ]

 

Figure 2.2   Extract from Galileo’s article “Sopra le scoperte dei dadi,” taken from Le Opere di Galileo XIV (Galilei, 1620). The Soprahere appears under the name “Considerazione sopra il giuoco dei dadi.”

 

But because the numbers in the combinations in three-dice throws are only 16, that is, 3, 4,

5, etc. up to 18, among which one must divide the said 216 throws, it is necessary that to

some of these numbers many throws must belong; and if we can find how many belong to

each, we shall have prepared the way to find out what we want to know, and it will be

enough to make such an investigation from 3 to 10, because what pertains to one of these

numbers, will also pertain to that which is the one immediately greater.

Galileo then proceeds to use a method similar to the one in the solution provided previously. The almost casual way in which he counts the number of favorable cases from the total number of equally possible outcomes indicates that the use of the 12   Problem 2   Galileo and a Discovery Concerning Dice (1620)

[image: ]

 

Figure 2.3 Cardano’s solution of the problem considered by Galileo, as it appears in Chapter 13 of

the Liber de ludo aleae (Cardano, 1564). The bottom left column on the right page has the two last rows reading 9, 12, 25 and 10, 11, 27. These correspond, respectively, to a total of 25 ways of obtaining a total of 9 or 12 with three dice, and a total of 27 ways of obtaining a total of 10 or 11 with three dice.

classical definition of probability was common at that time. Unbeknownst to Galileo, the same problem had actually already been successfully solved by Cardano almost a century earlier. The problem appeared in Chapter 13 of Cardano’s Liber de ludo aleae (Ore, 1953, p. 198), which was published 21 years after Galileo’s death (see Fig. 2.3). Problem 3

 

The Chevalier de M er e

 

Problem I: The Problem of Dice

 

(1654)

 

Problem. When a die is thrown four times, the probability of obtaining at least one six is a little more than 1/2. However, when two dice are thrown 24 times, the probability of getting at least one double-six is a little less than 1/2. Why are the two probabilities not the same, given the fact that Pr{double-six for a pair of dice} ¼ 1/36 ¼1/6Pr{a six for a single die}, and you compensate for the factor of 1/6 by throwing 6 4 ¼ 24 times when using two dice?

 

Solution. Both probabilities can be calculated by using the multiplication rule of probability. In the first case, the probability of no six in one throw is 11/6 ¼ 5/6. Therefore, assuming independence between the throws,

Pr at least one six in 4 throws fg ¼ 1Pr no six in all 4 throws fg

¼ 1ð5=6Þ4 ¼ :518:

In the second case, the probability of no double-six in one throw of two dice is 1       2 (1/6) ¼ 35/36. Therefore, again assuming independence,

Pr at least one double-six in 24 throws fg ¼ 1Pr no double-six in all 24 throws fg

¼ 1ð35=36Þ24 ¼ :491:
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14   Problem 3   The Chevalier de M er e Problem I: The Problem of Dice (1654)

3.1 Discussion

It is fairly common knowledge that the gambler Antoine Gombaud (1607–1684), better known as the Chevalier de M    { er e, had been winning consistently by betting even money that a six would come up at least once in four rolls with a single die. However, he had now been losing other bets, when in 1654 he met his friend, the amateur mathematician Pierre de Carcavi (1600–1684). This was almost a quarter century after Galileo’s death. De M er e had thought the odds were favorable on betting that he could throw at least one sonnez (i.e., double-six) with 24 throws of a pair of dice. However, his own experiences indicated that 25 throws were required.{ Unable to resolve the issue, the two men consulted their mutual friend, the great mathemati-cian, physicist, and philosopher Blaise Pascal (1623–1662).} Pascal himself had previously been interested in the games of chance (Groothuis, 2003, p. 10). Pascal must have been intrigued by this problem and, through the intermediary of Carcavi,** contacted the eminent mathematician, Pierre de Fermat (1601–1665), ++ who was a lawyer in Toulouse. Pascal knew Fermat through the latter’s friendship with Pascal’s father, who had died 3 years earlier. The ensuing correspondence, albeit short, between Pascal and Fermat is widely believed to be the starting point of the systematic

 

{ Leibniz describes the Chevalier de M er e as “a man of penetrating mind who was both a player and a philosopher” (Leibniz, 1896, p. 539). Pascal biographer Tulloch also notes (1878, p. 66): “Among the men whom Pascal evidently met at the hotel of the Duc de Roannez [Pascal’s younger friend], and with whom he formed something of a friendship, was the well-known Chevalier de M er e, whom we know best as a tutor of Madame de Maintenon, and whose graceful but flippant letters still survive as a picture of the time. He was a gambler and libertine, yet with some tincture of science and professed interest in its progress.” Pascal himself was less flattering. In a letter to Fermat, Pascal says (Smith, 1929, p. 552): “. . .he [de M er e] has ability but he is not a geometer (which is, as you know, a great defect) and he does not even comprehend that a mathematical line is infinitely divisible and he is firmly convinced that it is composed of a finite number of points. I have never been able to get him out of it. If you could do so, it would make him perfect.” The book by Chamaillard (1921) is completely devoted to the Chevalier de M er e. { Ore (1960) believes that the difference in the probabilities for 24 and 25 throws is so small that it is unlikely that de M er e could have detected this difference through observations. On the other hand, Olofsson (2007, p. 177) disagrees. With 24 throws, the casino would consistently make a profit of 2% (51–49%) and other gamblers would also pay for it. Furthermore, he points out that, if de M er e started with 100 pistoles (gold coins used in Europe in the seventeenth and eighteenth centuries), he would go broke with probability .97 before doubling, if the true probability is .49. If the true probability is .51, de M er e would double before going broke with very high probability. Thus, Olofsson contends it is possible to detect a difference between .49 and .51 through actual observations, and de M er e had enough time at his disposal for this. } Of the several books that have been written on Pascal, the biographies by Groothuis (2003) and Hammond (2003) are good introductions to his life and works.

** Carcavi had been an old friend of Pascal’s father and was very close to Pascal. ++ Fermat is today mostly remembered for the so-called “Fermat Last Theorem”, which he conjectured in 1637 and which was not proved until 1995 by Andrew Wiles (1995). The theorem states that no three positive integers                                   n     n     n a, b, c can satisfy the equation a þ b ¼ c for any integer n greater than 2. A good

introduction to Fermat’s Last Theorem can be found in Aczel (1996). The book by Mahoney (1994) is an excellent biography of Fermat, whose probability work appears on pp. 402–410 of the book.
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Figure 3.1   Extract from first extant letter from Pascal to Fermat, taken from Smith’s A Source Book in Mathematics (Smith, 1929).

 

development of the theory of probability. In the first extant letter{ Pascal addressed to Fermat, dated July 29, 1654, Pascal says (Figs. 3.1 and 3.2) (Smith, 1929, p. 552)

He [De M er e] tells me that he has found an error in the numbers for this reason:

If one undertakes to throw a six with a die, the advantage of undertaking to do it in 4 is as

671 is to 625.

If one undertakes to throw double sixes with two dice the disadvantage of the

undertaking is 24.

 

{ Unfortunately, the very first letter Pascal wrote to Fermat, as well as a few other letters between the two men, no longer exists. However, see the most unusual book by R enyi (1972), in which he fictitiously reconstructs four letters between Pascal and Fermat.

16   Problem 3   The Chevalier de M er e Problem I: The Problem of Dice (1654)
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Figure 3.2   Extract from first extant letter from Fermat to Pascal, taken from Smith’s A Source Book in Mathematics (Smith, 1929).

 

But nonetheless, 24 is to 36 (which is the number of faces of two dice) as 4 is to 6 (which is

the number of faces of one die).

This is what was his great scandal which made him say haughtily that the theorems were

not consistent and that arithmetic was demented. But you can easily see the reason by the

principles which you have.

De M er e was thus distressed that his observations were in contradiction with his mathematical calculations. To Fermat, however, the Problem of Dice was an elementary exercise that he solved without trouble, for Pascal says in his July 29 letter (Smith, 1929, p. 547)

I do not have the leisure to write at length, but, in a word, you have found the two

divisions. . .of the dice with perfect justice. I am thoroughly satisfied as I can no longer

doubt that I was wrong, seeing the admirable accord in which I find myself with you.

3.1 Discussion 17

On the other hand, de M er e’s erroneous mathematical reasoning was based on the incorrect Old Gambler’s Rule (Weaver, 1982, p. 47), which uses the concept of the critical value of a game. The critical value C of a game is the smallest number of plays such that the probability the gambler will win at least one play is 1/2 or more. Let us now explain how the Old Gambler’s Rule is derived. Recall Cardano’s “reasoning on the mean” (ROTM, see Problem 1): if a gambler has a probability p of winning one play of a game, then in n independent plays the gambler will win an average of np times, which is then wrongly equated to the probability of winning in n plays. Then, by setting the latter probability to be half, we have

 

C     1 p ¼ :

2

By substituting p ¼ 1/36 in the above formula, Cardano had obtained a wrong answer of C ¼ 18 for the number of throws. Furthermore, given a first game withð p1; C1Þ, then a second game which has probability of winning p2 in each play must have critical value C2, where

 

C1p1    C2p2   or   C2 ¼        ðOld Gambler’s RuleÞ:        ð3:1Þ ¼          C1p1

p2

That is, the Old Gambler’s Rule states that the critical values of two games are in inverse proportion to their respective probabilities of winning. Using C1 ¼ 4; p1 ¼ 1=6; and p2 ¼ 1=36, we get C2 ¼ 24. But we have seen that, with 24 throws, the probability of at least one double-six is .491, which is less than 1/2. So C2 ¼ 24 cannot be a critical value (the correct critical value is shown later to be 25), and the Old Gambler’s Rule cannot be correct. It was thus the belief in the validity of the Old Gambler’s Rule that made de M er e wrongly think that, with 24 throws, he should have had a probability of 1/2 for at least one double-six.

Digging further, let us see how the erroneous Old Gambler’s Rule should be corrected. By definition, C1 ¼ d e x 1, the smallest integer greater than or equal to x1, such that         x ð 1 p1 1 Þ ¼ :5, that is, x1 ¼ lnð:5Þ=lnð1p1Þ. With obvious notation, for the second game: C2 ¼ d e x 2, where x2 ¼ lnð:5Þ=lnð1p2Þ. Thus, the true relation-ship should be

 

x2               :                          ð3:2Þ ln ¼ x1 lnð1p1Þ ð 1 p 2 Þ

We see that Eqs. (3.1) and (3.2) are quite different from each other. Even if p1 and p2 were very small, so that lnð1p1Þ  p1and lnð1p2Þ  p2, we would get x2 ¼ x1p1=p2 approximately. This is still different from Eq. (3.1) because the latter uses the integers C1 and C2, instead of the real numbers x1 and x2.

The Old Gambler’s Rule was later investigated by the renowned French mathematician Abraham de Moivre (1667–1754), who was a close friend to Isaac Newton. In his Doctrine of Chances (de Moivre, 1718, p. 14), de Moivre solves ð1    x p Þ ¼ 1=2 and obtains x ¼ lnð2Þ=lnð1pÞ. For small p, 18   Problem 3   The Chevalier de M er e Problem I: The Problem of Dice (1654)
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Figure 3.3 Extract from de Moivre’s derivation of the gambling rule, taken from the first edition of

the Doctrine of Chances (de Moivre, 1718, p. 14). Note that de Moivre defines q to be b/a or (1/p)1, whereas in the text we use q ¼ 1 p.

 

Table 3.1 Critical Values Obtained Using the Old Gambling Rule, de Moivre’s Gambling

Rule and the Exact Formula for Different Values of p, the Probability of the Event of Interest

Value of p   Critical value C using   Critical value C using the     Critical value C using

the Old Gambling      de Moivre’s Gambling        the exact formula

Rule C ¼ C1p1/p        Rule C ¼ d.693/pe         C ¼ d ln 2/ln(1p)e

(assuming C1 ¼ 4 for

p1 ¼ 1/6)

1/216               144                    150                      150 1/36                  24                      25                        25 1/6                     4                        5                           4 1/4                     3                        3                           3 1/2                     2                        2                           1
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x        ðDe Moivre’s Gambling RuleÞ             ð3:3Þ :693

p

(see Fig. 3.3). Let us see if we obtain the correct answer when we apply de Moivre’s Gambling Rule for the two-dice problem. Using x :693=p with p ¼ 1/36 gives x 24.95 and we obtain the correct critical value C ¼ 25. The formula works only because p is small enough and is valid only for such cases.{ The other formula that could be used, and that is valid for all values of p, is x ¼ lnð2Þ=lnð1pÞ. For the two-dice problem, this exact formula gives x ¼ lnð2Þ=lnð35=36Þ ¼ 24.60 so that C ¼ 25. Table 3.1 compares critical values obtained using the Old Gambler’s Rule, de Moivre’s Gambling Rule, and the exact formula.

We next use de Moivre’s Gambling Rule to solve the following classic problem:

A gambler has a probability of 1/N of winning a game, where N is large. Show that she

must play the game about (2/3)N times in order to have a probability of at least 1/2 of

winning at least once.

To solve this problem, note that p ¼ 1/N is small so that we can apply de Moivre’s Gambling Rule in Eq. (3.3):

 

x       N; 1 :693    2 = N 3

as required.

As a final note on the dice problem, Pascal himself never provided a solution to it in his known communication with Fermat. He had undoubtedly thought the problem was very simple. However, he devoted much of his time and energy on the next classic problem.

 

{ For example, if we apply de Moivre’s Gambling Rule to the one-die problem, we obtain x ¼ .693/ (1/6) ¼ 4.158 so that C ¼ 5. This cannot be correct because we showed in the solution that we need only 4 tosses.

Problem 4

 

The Chevalier de M er e

 

Problem II: The Problem

 

of Points (1654)

 

Problem. Two players A and B play a fair game such that the player who wins a total of 6 rounds first wins a prize. Suppose the game unexpectedly stops when A has won a total of 5 rounds and B has won a total of 3 rounds. How should the prize be divided between A and B?

 

Solution. The division of the prize is determined by the relative probabilities of A and B winning the prize, had they continued the game. Player A is one round short, and player B three rounds short, of winning the prize. The maximum number of hypothetical remaining rounds is (1 þ 3) 1 ¼ 3, each of which could be equally won by A or B. The sample space for the game is W ¼ {A1, B1A2, B1B2A3, B1B2B3}. Here B1A2, for example, denotes the event that B would win the first remaining round and A would win the second (and then the game would have to stop since A is only one round short). However, the four sample points in W are not equally likely. Event A1 occurs if any one of the following four equally likely events occurs: A1A2A3, A1A2B3, A1B2A3, and A1B2B3. Event B1A2 occurs if any one of the following two equally likely events occurs: B1A2A3 and B1A2B3. In terms of equally likely sample points, the sample space is thus

 

W ¼ fA1A2A3; A1A2B3; A1B2A3; A1B2B3; B1A2A3; B1A2B3; B1B2A3; B1B2B3g

 

There are in all eight equally likely outcomes, only one of which (B1B2B3) results in B hypothetically winning the game. Player A thus has a probability 7/8 of winning. The prize should therefore be divided between A and B in the ratio 7:1.
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4.1 Discussion

We note that the sample space for this game is not based on how many rounds each player has already won. Rather it depends on the maximum number of remaining rounds that could be played.

Problem 4, also known as the                   { Problem of Points or the Division of Stakes Problem, was another problem de M er e asked Pascal (Fig. 4.1) in 1654. The problem had already been known hundreds of years before the times of these mathematicians.{ It had appeared in Italian manuscripts as early as 1380 (Burton, 2006, p. 445). However, it first came in print in Fra Luca Pacioli’s (1494) Summa de arithmetica, geometrica, proportioni, et proportionalita . } Pacioli’s incorrect answer was that the prize should be divided in the same ratio as the total number of rounds the players had won. Thus, for Problem 4, the ratio is 5:3. A simple counterexample shows why Pacioli’s reasoning cannot be correct. Suppose players A and B need to win 100 rounds to win a game, and when they stop A has won one round and B has won none. Then Pacioli’s rule would give the whole prize to A even though he is a single round ahead of B and would have needed to win 99 more rounds had the game continued!**

Cardano had also considered the Problem of Points in the Practica arithmetice (Cardano, 1539). His major insight was that the division of stakes should depend on how many rounds each player had yet to win, not on how many rounds they had already won. However, in spite of this, Cardano was unable to give the correct division ratio: he concluded that, if players A and B are a and b rounds short of winning, respectively, then the division ratio between A and B should be b(b þ 1):a(a þ 1). In our case, a ¼ 1, b ¼ 3, giving a division ratio of 6:1.

At the opening of his book Recherches sur la Probabilit e des Jugements en Mati eres Criminelles et Mati ere Civile, the distinguished mathematician Sim eon Denis Poisson (1781–1840) pronounced these famous words (Poisson, 1837, p. 1):

A problem relating to the games of chance, proposed to an austere Jansenist [Pascal] by a

man of the world [de M er e], was at the origin of the calculus of probabilities. Its objective

was to determine the proportion into which the stake should be divided between the

players, when they decided to stop playing . . . Poisson’s words echo the still widely held view today that probability essentially sprung from considerations of games of chance during the Enlightenment. We should

 

{ The Problem of Points is also discussed in Todhunter (1865, Chapter II), Hald (2003, pp. 56–63), Petkovic (2009, pp. 212–214), Paolella (2006, pp. 97–99), Montucla (1802, pp. 383–390), de S a (2007, pp. 61–62), Kaplan and Kaplan (2006, pp. 25–30), Isaac (1995, p. 55), and Gorroochurn (2011).

{ For a full discussion of the Problem of Points before Pascal, see Coumet (1965b) and Meusnier (2004). } Everything about arithmetic, geometry, and proportion. ** The correct division ratio between A and B here is approximately 53:47, as we shall soon see. 22   Problem 4   The Chevalier de M er e Problem II: The Problem of Points (1654)

mention, however, that several other authors have a different viewpoint. For example, Maistrov (1974, p. 7) asserts:

Up to the present time there has been a widespread false premise that probability theory

owes its birth and early development to gambling.

Maistrov explains that gambling existed since ancient and medieval times, but probability did not develop then. He contends that its development occurred in the sixteenth and seventeenth century owing to economic developments, resulting in an increase in monetary transactions and trade. This seems to indeed be the case. In a recent work, Courtebras is of a similar opinion when he says (Courtebras, 2008, p. 51)

. . .behind the problems in games of chance which enable the elaboration of easily

quantifiable solutions, new attitudes are being formed toward a world characterized by the

development of towns and money, of productions and exchanges.

It is also important to note that the initial works in the field, from the times of Cardano until those before Jacob Bernoulli, were primarily concerned with problems of fairness or equity. Historian Ernest Coumet has thus noted that the Problem of Points has a judicial origin (Coumet, 1970). With the Renaissance came the legalization of both games of chance and aleatory contracts. By law, the latter had to be fair to either party. The Problem of Points is thus a model for the repartition of gains in arbitrary situations of uncertainty, mainly characterized by the notion of equity. As Gregersen (2011, p. 25) explains

. . .The new theory of chances was not, in fact, simply about gambling but also about the

legal notion of a fair contract. A fair contract implied equality of expectations, which

served as the fundamental notion in these calculations. Measures of chance or probability

were derived secondarily from these expectations.

Probability was tied up with questions of law and exchange in one other crucial respect.

Chance and risk, in aleatory contracts, provided a justification for lending at interest, and

hence a way of avoiding Christian prohibitions against usury. Lenders, the argument went,

were like investors; having shared the risk, they deserved also to share in the gain. For this

reason, ideas of chance had already been incorporated in a loose, largely nonmathematical

way into theories of banking and marine insurance.

An additional interesting point is that, throughout their correspondence, although both Pascal and Fermat (Fig. 4.2) were deeply engaged in calculating probabilities, they never actually used the word “probability” in their investigations. Instead they talked about division ratios and used such terms as “value of the stake” or “value of a throw” to express a player’s probability of winning. The term “probability” as a numerical measure was actually first used in Antoine Arnauld’s (1612–1694) and Pierre Nicole’s (1625–1695) widely influential ++  La Logique, ou l’Art de Penser

(Arnauld and Nicole, 1662).

 

{ Also known as Logique de Port-Royal, or the Port-Royal Logic. Arnauld and Nicole were both friends of Pascal and it is likely that Pascal contributed in their book. Arnauld was the main author of the book and is often called “The Great Arnauld.”
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As a final observation, before we dig deeper into Pascal’s and Fermat’s solutions to the Problem of Points, we comment on the significance of their communication. It is generally believed that the theory of probability really started through the correspondence of these mathematicians, although this notion has occasionally been disputed by some. For example, in his classic work Cardano: the Gambling Scholar (1953), Ore made a detailed study of Cardano’s Liber de ludo aleae and pointed out (p. viii)

. . .I have gained the conviction that this pioneer work on probability is so extensive and in

certain questions so successful that it would seem much more just to date the beginnings of

probability theory from Cardano’s treatise rather than the customary reckoning from

Pascal’s discussions with his gambling friend de M er e and the ensuing correspondence

with Fermat, all of which took place at least a century after Cardano began composing his

De ludo aleae.

Burton seems to share the same opinion, for he says (Burton, 2006, p. 445)

For the first time, we find a transition from empiricism to the theoretical concept of a fair die. In

making it, Cardan [Cardano] probably became the real father of modern probability theory.

On the other hand, Edwards (1982) is quite categorical:

. . .in spite of our increased awareness of the earlier work of Cardano (Ore, 1953) and

Galileo (David, 1962) it is clear that before Pascal and Fermat no more had been achieved

than the enumeration of the fundamental probability set in various games with dice or

cards.

Although Cardano was the first to study probability, it was Pascal’s and Fermat’s work however that provided the first impetus for a systematic study and development of the mathematical theory of probability. Likewise, contemporaries of Cardano such as Pacioli, Tartaglia, and Peverone did consider probability calculations involving various games of chance. However, as Gouraud (1848, p. 3) explains

. . .but these crude essays, consisting of extremely erroneous analyses and having all

remained equally sterile, do not merit the consideration of either critiques or history . . .

Let us now discuss Pascal’s and Fermat’s individual contributions to the Problem of Points. Pascal was at first unsure of his own solution to the problem, and turned to a friend, the mathematician Gilles Personne de Roberval (1602–1675). Roberval was not of much help, and Pascal then asked for the opinion of Fermat, who was immediately intrigued by the problem. A beautiful account of the ensuing correspon-dence between Pascal and Fermat can be found in a recent book by Keith Devlin, The Unfinished Game: Pascal, Fermat and the Seventeenth Century Letter That Made the World Modern (Devlin, 2008). An English translation of the extant letters can be found in Smith (1929, pp. 546–565). In a letter dated August 24, 1654, Pascal says (Smith, 1929, p. 554)

I wish to lay my whole reasoning before you, and to have you do me the favor to set me

straight if I am in error or to endorse me if I am correct. I ask you this in all faith and

sincerity for I am not certain even that you will be on my side.
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Figure 4.1   Blaise Pascal (1623–1662).

Fermat made use of the fact that the solution depended not on how many rounds each player had already won but on how many each player must still win to win the prize. This is the same observation Cardano had previously made, although he had been unable to solve the problem correctly.

The solution we provided earlier is based on Fermat’s idea of extending the unfinished game. Fermat also enumerated the different sample points like in our solution and reached the correct division ratio of 7:1.

Pascal seems to have been aware of Fermat’s method of enumeration (Edwards, 1982), at least for two players, and also believed there was a better method. For he says in his first extant letter, dated July 29, 1654 (Smith, 1929, p. 548)

Your method is very sound and it is the first one that came to my mind in these researches,

but because the trouble of these combinations was excessive, I found an abridgment and

indeed another method that is much shorter and more neat, which I should like to tell you

here in a few words; for I should like to open my heart to you henceforth if I may, so great is

the pleasure I have had in our agreement. I plainly see that the truth is the same at Toulouse

and at Paris{{.

 

{ Pascal was residing in Paris while Fermat was in Toulouse.
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Figure 4.2   Pierre de Fermat (1601–1665).

 

Let us now examine the “shorter and more neat” method Pascal referred to previously. In the July 29 letter, he continues

This is the way I go about it to know the value of each of the shares when two gamblers play,

for example, in three throws and when each has put 32 pistoles at stake:

Let us suppose that the first of them has two (points) and the other one. They now play

one throw of which the chances are such that if the first wins, he will win the entire wager

that is at stake, that is to say 64 pistoles. If the other wins, they will be two to two and in

consequence, if they wish to separate, it follows that each will take back his wager that is to

say 32 pistoles.

Consider then, Monsieur, that if the first wins, 64 will belong to him. If he loses, 32 will

belong to him. Then if they do not wish to play this point, and separate without doing it, the

first should say “I am sure of 32 pistoles, for even a loss gives them to me. As for the

32 others, perhaps I will have them and perhaps you will have them, the risk is equal.
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Therefore, let us divide the 32 pistoles in half, and give me the 32 of which I am certain

besides.” He will then have 48 pistoles and the other will have 16.

Now let us suppose that the first has two points and the other none, and that they are

beginning to play for a point. The chances are such that if the first wins, he will win all of the

wager, 64 pistoles. If the other wins, behold they have come back to the preceding case in

which the first has two points and the other one.

But we have already shown that in this case 48 pistoles will belong to the one who has

two points. Therefore if they do not wish to play this point, he should say, “If I win, I shall

gain all, that is 64. If I lose, 48 will legitimately belong to me. Therefore give me the 48 that

are certain to be mine, even if I lose, and let us divide the other 16 in half because there is as

much chance that you will gain them as that I will.” Thus he will have 48 and 8, which is

56 pistoles.

Let us now suppose that the first has but one point and the other none. You see, Monsieur,

that if they begin a new throw, the chances are such that if the first wins, he will have two

points to none, and dividing by the preceding case, 56 will belong to him. If he loses, they

will be point for point, and 32 pistoles will belong to him. He should therefore say, “If you

do not wish to play, give me the 32 pistoles of which I am certain, and let us divide the rest

of the 56 in half.” From 56 take 32, and 24 remains. Then divide 24 in half, you take 12 and I

take 12 which with 32 will make 44.

By these means, you see, by simple subtractions that for the first throw, he will have

12 pistoles from the other; for the second, 12 more; and for the last 8.

Pascal thus considers a fair game worth a total of 64 pistoles and which stops once a player wins a total of three rounds. In the first case, he assumes player A has already won two rounds and player B has won one round. Then the game suddenly stops. How should the division be done? Pascal reasons that if Awere to win one more round (with probability 1/2) then he would win a total of three rounds. Player Awould then win the 64 pistoles. On the other hand, if A was to lose (with probability 1/2), they would have won two rounds each and A would win 32 pistoles. Player A’s expected win is therefore (1/2)(64) þ (1/2)(32) ¼ 48 pistoles. This gives a division ratio of 48:16 or 3:1 between A and B.

Pascal then considers a second case. Suppose A has won two rounds and B none, when the game stops. Then, if A were to win the next round, he would win 64 pistoles. If A was to lose, then A and B would have won two and one rounds, respectively. They would then be in the first case, with Awinning 48 pistoles. Player A’s expected win for the second case is thus (1/2)(64) þ (1/2)(48) ¼ 56, which gives a division ratio of 56:8 or 7:1.

Finally, for the third case, Pascal assumes A has won one round and B none. If A wins the next round, then A would have won two rounds and B none. This leads us to the second case with A winning 56 pistoles. If A loses the next round, then A and B would have won one round each, and A would win 32 pistoles. Player A’s expected win for the third case is therefore (1/2)(56) þ (1/2)(32) ¼ 44 pistoles giving a division ratio of 44:20 or 11:5.

Pascal’s reasoning may be generalized as follows. Suppose the total prize is 1 dollar and the person who wins a total of R fair rounds first collects the prize. Let the
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game stop suddenly when A is short to win by a rounds and B is short to win by b rounds, and let A’s expected win be e . Then, A can either win the next round with  a,b

probability 1/2 (in which case his expected win would be e ) or lose the next round  a   1  ,b

with probability 1/2 (in which case his expected win would be ea,b1)

 

e                              1             > ¼ ð þ a ; b e a 1 ; b e Þ a ; b 1 ; a ; b ¼ ; 2 ; . . . ; R : > > 1                                     9

2                                     > > =

 

e ð4 :1Þ  a  ;  0  ¼  0  ;  a  ¼  1  ;  2  ;  . . .  ;  R   1  :  >  >  >  >  >  ;  e  0  ;  b  ¼  1  ;  b  ¼  1  ;  2  ;  . . .  ;  R   1  :

 

Note that A’s expected win e   is also his                 of winning, since the prize is a ; b probability p a ; b { 1 dollar.

The elegance of Pascal’s method becomes obvious when we apply it to the original question posed in Problem 4. Let the total prize be 1 dollar. Instead of looking at the case where A and B have won a total of five and three rounds first, let us assume A and B have won five and four rounds instead. If A wins the next round, he will win 1 dollar and if he loses he will win 1/2 dollar. His expected win is thus (1/2)(1) þ (1/2) (1/2) ¼ 3/4 dollar. Let us now look at the case when A and B have won five and three rounds. If A wins, he will win 1 dollar. If A loses, A and B will be at five and four wins, which is the previous case (in which Awins 3/4 dollar). Thus A’s expected win is (1/2)(1) þ (1/2)(3/4) ¼ 7/8. The division ratio is therefore 7:1, which is the same answer as before.

Pascal’s solution is noteworthy for several reasons. It does not need the kinds of enumeration required in Fermat’s method. The latter would have been very tedious in those days even if the number of remaining rounds was small (10). Pascal’s method is recursive in nature and it uses the concept of expectation. Although the latter concept is usually attributed to Huygens, Pascal was actually the first to use it. Hacking correctly points out (2006)

Not until the correspondence between Fermat and Pascal do we find expectation well

understood.

Pascal realized that his recursive method would quickly become unwieldy for large a and b. Moreover, he was unable to use it when player A is b 1 rounds short and player B is {  b  rounds short. Therefore, he resorted to the Arithmetic Triangle  for a

solution (Pascal, 1665). This triangle has ones along its two outermost diagonals, and

 

{ See p. 44

{ The Arithmetic Triangle was known well before Pascal and had also been used by Cardano in his Opus novum (Cardano, 1570; Boyer, 1950). It is called Yang Hui’s Triangle in China in honor of the Chinese mathematician Yang Hui (1238–1298) who used it in 1261. Others have called it Halayudha’s Triangle since the Indian writer Halayudha used it in the tenth century. The triangle was first called Pascal’s Triangle by Montmort (1708, p. 80) in his Essay d’Analyse sur les Jeux de Hazard, see Samueli and Boudenot (2009, pp. 38–39). For a modern treatment of the Pascal’s Arithmetic Triangle, see Edwards (2002) and Hald (2003, pp. 45–54).
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Value of a + b – 1                                                     1 

1                                          1                   1 

2                                1                   2                   1 

3                       1                   3                   3                  1 

4             1                   4                   6                   4                  1 

…                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                …                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      …                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                …                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  …

 

Figure 4.3   A modern representation of the Arithmetic Triangle.

each inner entry is the sum of the two nearest top entries (see Figs. 4.3 and 4.4).

 

Moreover, for a given row                                                 n n , the i th entry counting from left is denoted by   and i i has a special property. It gives the number of ways of choosing objects out of n

 

identical objects. In the binomial expansion of         n      n ð x þ y Þ ,    is equal to the i i coefficient of x and is thus called a binomial coefficient, that is,

 

ð       n     X n n   i ni x þ y Þ ¼ x y; i i ¼ 0

where n is a natural number. This is the binomial theorem, due to Pascal (1665) and can be extended to the generalized binomial theorem, due to Newton (1665):

 

ð       a                ð aa 1Þ           a a   1     a   i   1 1 þ x Þ ¼ 1 þ a x þ x 2 ð Þ    ð þÞ i þ    þ x þ   ; 2 ! i ! where a is any rational number and |x| G 1.

Pascal was able to relate the Problem of Points to the Arithmetic Triangle. He correctly identified the value of a þ b 1 with each row of the triangle, such that the

 

corresponding entries give the number of ways A can win 0, 1, 2, . . . , rounds. Thus, for þ a b 1 row a þ b 1, the j th entry counting from left is , the number of ways A j j can win rounds out of a þ b 1. Now, suppose player A is short by a rounds and player B by b rounds. Player A wins if he wins any of the remaining a, a þ 1, . . . , a þ b 1 rounds. Pascal showed that the number of ways this can happen is given by the sum{

 

                  a þ b 1     a þ b 1         a þ b 1 þ

a            a þ 1     þ    þ   a þ b 1

 a þ b 1     a þ b 1        a þ b 1 þ                  

0 þ    þ            ;        ð4:2Þ  1  b   1

    

{                                                       n            n In the following, we will use the fact that                   .

r        n r
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which is the sum of the first b entries in the Arithmetic Triangle for row a þ b 1. Similarly, player B wins if he wins any of the remaining b, b þ 1, . . . , a þ b 1 rounds. The number of ways this can happen is given by the sum

 

                 a þ b 1     a þ b 1        a þ b 1 þ

b þ    þ            ;        ð4:3Þ  b  þ  1  a  þ  b   1

which is the sum of the last a entries in the Arithmetic Triangle for row a þ b 1. Pascal was thus able to give the general division rule for a fair game between A and B from the entries of the Arithmetic Triangle, counting from the left:

(sum of the first b entries of row a + b – 1) : (sum of the last a entries of row a + b –1)

Although Pascal solved only the case when A and B were b 1 and b rounds short in his correspondence with Fermat, he was able to prove the general division rule above in his                                 {                { Trait e du Triangle Arithm etique (Pascal, 1665). Applying this simple rule to our question in Problem 4, we have a ¼ 1, b ¼ 3, a þ b 1 ¼ 3, and a division of stakes of (1 þ 3 þ 3):1 ¼ 7:1 between A and B, as required. Using Eq. (4.2) we can also obtain the probability of A winning a fair game:

 

p*                a 1      ¼       þ b 1    a þ b 1       a þ b 1 þ

a                                                        þ    þ             : ; b a þ b 1 1 2 a a þ a þ b 1

Let us now generalize Pascal’s idea when players A and B have probabilities p and q (¼1 p) of winning each round. Suppose A and B are a and b rounds, respectively, short of winning the prize, when the game suddenly stops. If the game had continued, the maximum number of possible more rounds would have been

 

a þ b 1. Player A wins the prize by winning any of a, a þ 1, . . . , a þ b 1 rounds. a þ b 1 Now A can win j rounds out of a þ b 1 rounds in ways, so A’s j probability of winning the prize is

 

p     a   1      X þ b a þ b 1 j aþb a ; b ¼ p q1j:            ð4:4Þ j j ¼ a

Equation (4.4) first appeared in the second edition of Pierre R emond de Montmort’s}                                                                                      ** (1678–1719) Essay d’Analyse sur les Jeux de Hazard (Montmort,

 

{ Unfortunately, the English translation of Pascal’s Trait e in Smith (1929, pp. 67–79) is not complete, as only one application of the Arithmetic Triangle is included. In particular, the application of the triangle to the Problem of Points is missing. However, the full Trait ein French can be found in the Oeuvres Compl etes de Pascal, Vol. II (Pascal, 1858, pp. 415–439). The Trait e also marks the beginning of modern combinatorial theory.

{ In Pascal’s Oeuvres Completes, Vol. II (Pascal, 1858, pp. 434–436). } See Problem 7 for more on Montmort.

** An Analytical Essay on the Games of Chance.
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1713, pp. 244–245) as the first formula for the Problem of Points and corresponds to a division ratio of pa;b : ð1 p   Þ between A and B. The solution had been communi-a ; b

cated to Montmort by John Bernoulli (1667–1748) in a letter that is reproduced in the Essay (Montmort, 1713, p. 295).

Having received Fermat’s method of enumeration for two players, Pascal makes two important observations in his August 24 letter. First, he states that his friend Roberval believes there is a fault in Fermat’s reasoning and that he has tried to convince Roberval that Fermat’s method is indeed correct. Roberval’s argu-ment was that, in            { Problem 4 for example, it made no sense to consider three hypothetical additional rounds, because in fact the game could end in one, two, or perhaps three rounds. The difficulty with Roberval’s reasoning is that it leads us to write the sample space as W ¼ {A1, B1A2, B1B2A3, B1B2B3}. Since there are three ways out of four for A to win, a na € ıve application of the classical definition of probability results in the wrong division ratio of 3:1 between A and B { (instead of the correct 7:1). The problem here is that the sample points in W above are not all equally likely, so that the classical definition cannot be applied. It is thus important to consider the maximum number of hypothetical rounds, namely three, for us to be able to write the sample space in terms of equally likely sample points, that is,

 

W ¼ fA1A2A3 ; A1A2B3; A1B2A3; A1B2B3; B1A2A3; B1A2B3; B1B2A3; B1B2B3g;

from which the correct division ratio of 7:1 can deduced.

Pascal’s second observation concerns his belief that Fermat’s method was not applicable to a game with three players. In the August 24, 1654 letter, Pascal says (Smith, 1929, p. 554)

When there are but two players, your theory which proceeds by combinations is very just.

But when there are three, I believe I have a proof that it is unjust that you should proceed in

any other manner than the one I have.

Let us now explain how Pascal made a slip when dealing with the Problem of Points with three players. Pascal considers the case of three players A, B, C who are respectively 1, 2, and 2 rounds short of winning. In this case, the maximum of further rounds before the game has to finish is (1                 } þ 2 þ 2) 2 ¼ 3. With three maximum rounds, there are 33 ¼ 27 possible combinations in which the three players can win each round. Pascal correctly enumerates all the 27 ways but now makes a mistake: he counts the number of favorable combinations that lead to A

 

{ Recall that, in this fair game, two players A and B are, respectively, one and three rounds short of winning a prize, when the game stops.

{ This is exactly the same wrong line of reasoning that d’Alembert later used when calculating the probability of at least one head when a coin is tossed twice. See Problem 12. } The general formula is: maximum number of remaining rounds ¼ (sum of the number of rounds each player is short of winning) (number of players) þ 1.

4.1 Discussion 31

 

Table 4.1 Possible Combinations When A, B, and C are 1, 2, and 2 Rounds Short of Winning

the Game, Respectively

A1A2A3 ü                        B1A2A3 ü                        C1A2A3 ü A1A2B3 ü                        B1A2B3 ü                        C1A2B3 ü A1A2C3 ü                        B1A2C3 ü                        C1A2C3 ü A1B2A3 ü                        B1B2A3 X                        C1B2A3 ü A1B2B3 ü                        B1B2B3                           C1B2B3 A1B2C3 ü                        B1B2C3                          C1B2C3 A1C2A3 ü                        B1C2A3 ü                        C1C2A3 X A1C2B3 ü                        B1C2B3                          C1C2B3 A1C2C3 ü                       B1C2C3                         C1C2C3 The ticks and crosses indicate the combinations that Pascal incorrectly chose to correspond to Awinning the game. However, the crosses cannot be winning combinations for A because B1B2A3 results in B winning and C1C2A3 results in C winning.

 

winning the game as 19. As can be seen in Table 4.1, there are 19 combinations (denoted by ticks and crosses) for which A wins at least one round. But out of these, only 17 lead to A winning the game (the ticks), because in the remaining two (the crosses) either B or C wins the game first. Similarly, Pascal incorrectly counts the number of favorable combinations leading to B and C winning as 7 and 7, respectively, instead of 5 and 5.

Pascal thus reaches an incorrect division ratio of 19:7:7. Now Pascal again reasons incorrectly and argues that, out of the 19 favorable cases for A winning the game, six of these (namely A1B2B3, A1C2C3, B1A2B3, B1B2A3, C1A2C3, and C1C2A3) result in either both A and B winning the game or both A and C winning the game. So he argues the net number of favorable combinations for A should be 13 þ (6/2) ¼ 16. Likewise he changes the number of favorable combinations for B and C, finally reaching a division ratio of 16:51    1 / :5/ . But he correctly notes that the answer

2    2

cannot be right, for his own recursive method gives the correct ratio of 17:5:5. Thus, Pascal at first wrongly believed Fermat’s method of enumeration could not be generalized to more than two players. Fermat was quick to point out the error in Pascal’s reasoning. In his September 25, 1664 letter, Fermat explains (Smith, 1929, p. 562)

In taking the example of the three gamblers of whom the first lacks one point, and each of the

others lack two, which is the case in which you oppose, I find here only 17 combinations for

the first and 5 for each of the others; for when you say that the combination acc is good for the

first, recollect that everything that is done after one of the players has won is worth nothing.

But this combination having made the first win on the first die, what does it matter that the

third gains two afterwards, since even when he gains thirty all this is superfluous? The

consequence, as you have well called it “this fiction,” of extending the game to a certain

number of plays serves only to make the rule easy and (according to my opinion) to make all

the chances equal; or better, more intelligibly to reduce all the fractions to the same

denomination.
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Fermat thus correctly argues that a combination such as A1C2C3 cannot be counted as favorable to both A and C, for once A has won the first round, he has won the game and the remaining rounds do not matter. Similarly, both B1B2A3 and C1C2A3 cannot be counted as wins for A because B and C have already won the game, respectively, by winning the first two rounds, and the third round does not matter. Thus, there are only 17 winning combinations for A (the ticks). Similarly, there are five winning combinations for B (namely B1B2A3, B1B2B3, B1B2C3, B1C2B3, and C1B2B3), and five winning combinations for C (namely B1C2C3, C1B2C3, C1C2A3, C1C2B3, C1C2C3). Thus, the correct division ratio should be 17:5:5.

In the same letter, Fermat further continues and gives an alternative to the method of counting that can be used to get the correct probability of A winning:

The first may win in a single play, or in two or in three.

If he wins in a single throw, it is necessary that he makes the favorable throw with a three-

faced die at the first trial. A single die will yield three chances. The gambler then has 1/3 of

the wager because he plays only one third. If he plays twice, he can gain in two ways,—

either when the second gambler wins the first and he the second, or when the third wins the

throw and when he wins the second. But two dice produce 9 chances. The player then has

2/9 of the wager when they play twice. But if he plays three times, he can win only in two

ways, either the second wins on the first throw and the third wins the second, and he the

third; or when the third wins the first throw, the second the second, and he the third; for if

the second or the third player wins the two first, he will win the wager and the first player

will not. But three dice give 27 chances of which the first player has 27 of the chances when

they play three rounds. The sum of the chances which makes the first gambler win is

consequently 1/3, 2/9, and 2/17, which makes 17/27.

Fermat’s reasoning is based on the waiting time for a given number of “successes.” Let us generalize Fermat’s idea using modern notation. Note that both Pascal and Fermat considered only fair games, but here we shall assume A and B’s probabilities of winning one round are p and q ¼ 1 p, respectively. Now A is a rounds short of winning and the maximum number of possible more rounds is a þ b 1. He can win either on the ath round, or the (a þ 1)th round, . . . , or the (a þ b 1)th round. This means that, respectively, he can either win ( a 1) rounds out of a total of (a 1) rounds and then win the ath round, or win (a 1) rounds out of a total of a rounds and then win the (a þ 1)th round, . . . or win (a 1) rounds out of a total of (a þ b 2) rounds and then win the (a þ b 1)th round. Thus A’s probability of winning can also be written as

 

p    ¼       p1         a          a a ; b p þ p 1 q p þ p1q2               a p þþ p 1 b q1 p a 1 a 1 a 1 a 1  ! a 1         a          aþ 1             a þb 2 a !         !          !               !

a          a         a þ1              a þb 2 a a q !            !

¼                2                                a b p þ p q þ p þþ p q1

1           2                 b 1

a X 1 a 1þj j b                 !

¼ p           q :

j¼0        j

ð4:5Þ
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The reader might recognize that this second reasoning is based on the negative binomial distribution.{ The latter is also sometimes called the Pascal distribution although it is Fermat who first actually made use of it for the case

 

d’Analyse sur les Jeux de Hazard{ (Montmort, 1713, p. 245) as the second formula for } the p ¼ 1/2. Equation (4.5) first appeared in the second edition of Montmort’s Essay

Problem of Points.

Both Fermat and Pascal therefore reached the same answer, albeit using different approaches. But whose method was more groundbreaking? Which of the two was the more significant figure in the foundation of the calculus of prob-abilities? David is clearly in favor of Fermat. For example, she writes (David, 1962, p. 88).

Had Pascal left it at this, one would have marvelled at the quick intelligence which was able

to generalise from such small arithmetical examples. The continuation of this present

letter, however, and of succeeding letters does to a certain extent throw doubt as to whether

he really understood what he was about.

Similarly, Devlin (2008, p. 62) says

A detailed description of Pascal’s recursive solution to the problem of the points quickly

becomes too technical for this book. But my main reason for not including it is that

Fermat’s solution is simply much better.

 

On the other hand, R enyi (1972, p. 82) states

The witty solution of the problem of rightful distribution (the Problem of Points) comes

certainly from Pascal, and this, a recursive procedure making superfluous the actual

counting of the individual cases, is in itself a significant contribution to the foundation of

probability theory.

 

{ In general, consider a set of Bernoulli trials (see Problem 8) with probability of success p and probability

 

of failure q ¼ 1 p. Let X be the number of failures before the rth success occurs. Then X is said to have x þ r 1 r x a negative binomial distribution with parameters p and r , and Pr f X ¼ x g ¼ p 1 q p ¼ r 1 x þ r 1 r x p q for x ¼ 0, 1, 2, . . . .To understand why X is said to have a negative binomial distribution, x r þ x 1 x r r r x note that ð 1 Þ , so that Pr f X ¼ x g ¼ p ð q Þ . Pr{ X ¼ x } is thus the x x x (                                          r             r þ x 1)th term in the expansion of p ð 1 q Þ, which is a binomial expression with a negative index. The negative binomial distribution is discussed in more details in Chapter 5 of Johnson et al. (2005)

{ In the first edition of 1708, Montmort discussed the Problem of Points, but only for a fair game (Montmort, 1708, pp. 165–178).

} For the Generalized Problem of Points, see pp. 86–88.
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[image: ]

 

Figure 4.4   Pascal’s Arithmetic Triangle, taken from the Oeuvres Completes Vol. 2 (Pascal, 1858, p. 416).

Edwards (2003, pp. 40–52) further adds

In section 3 [of the                                     { Trait e du Triangle Arithm etique ] Pascal breaks new ground, and this

section, taken together with his correspondence with Fermat, is the basis of his reputation

as the father of probability theory.

The correspondence between Pascal and Fermat clearly shows the latter as the consummate mathematician very much at ease with the calculus of probabilities. Fermat was fully conversant with the existing probability principles of the time and knew how to apply them to the old Problem of Points. On the other hand, Pascal’s approach was more trailblazing and general, and his genius lies in that he was able to devise new ways to deal with old problems. Moreover, Pascal was the first to have solved the initial significant problem in the calculus of probabilities, namely the Problem of Points.

 

{ The Trait e must be taken into account in a discussion of the relative contributions of Pascal and Fermat toward the foundation of the probability calculus, for Fermat had already received a copy of it from Pascal prior to his correspondence with the latter.
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We have explained how Pascal, one of the greatest mathematicians of his times, made a mistake when dealing with three players in the Problem of Points. This slip should perhaps not be judged too harshly. Indeed, such is the character of the calculus of probabilities that simple-looking problems can deceive even the sharpest minds. In his celebrated Essai Philosophique sur les Probabilit es (Laplace, 1814a, English edition, p. 196), the eminent French mathematician Pierre-Simon Laplace (1749–1827) said

. . . the theory of probabilities is at bottom only common sense reduced to calculus. There is no doubt that Laplace is right, but the fact remains that blunders and fallacies continue to persist in the field of probability, often when “common sense” is applied to problems. In another famous essay on probability, written more than a century ago, the English mathematician Morgan Crofton (1826–1915) made these very pertinent remarks (Crofton, 1885):

From its earliest beginnings, a notable feature in our subject has been the strange and

insidious manner in which errors creep in – often misleading the most acute minds, as is the

case of D’Alembert { – and the difficulty of detecting them, even when one is assured of

their presence by the evident incorrectness of the result. This is probably in many cases

occasioned by the poverty of language obliging us to use one term in the same context for

different things – thus introducing the fallacy of ambiguous idle; e.g., the same word

“probability” referring to the same event may sometimes mean its probability before a

certain occurrence, sometimes after; thus the chance of a horse winning the Derby is

different after the Two Thousand from what it was before. Again, it may mean the

probability of the event according to one source of information, as distinguished from its

probability taking everything into account; for instance, as astronomer thinks he can notice

in a newly-discovered planet a rotation from east to west; the probability that this is the case

is of course that of his observations in like cases turning out to be correct, if we had no other

sources of information; but the actual probability is less, because we know at least that the

vast majority of the planets and satellites revolve from west to east. It is easy to see that

such employment of terms in the same context must prove a fruitful source of fallacies; and

yet, without worrisome repetitions, it cannot always be avoided.

Our final discussion concerns Pascal’s further use of mathematical expectation in a famous argument favoring belief in God.{ The argument appears in Pascal’s Pens ees

 

{ D’Alembert will be further discussed in Problems 11, 12, and 13. { Religion had an indelible impact on Pascal’s short life. Pascal went through his first religious conversion to Jansenism in 1646 at the age of 23, while two male nurses were attending to his injured father for a period of three months. Jansenism was a distinct movement within the Catholic Church characterized by deep prayer, recognition of human sinfulness, asceticism, and predestination. The movement was in a bitter feud with the Jesuit establishment and the Pope. In 1647, Pascal was very ill and his physicians recommended avoiding stress. Pascal then turned to worldly pleasures. However, following a nearly fatal accident on the Pont de Neuilly, Pascal underwent an ecstatic second conversion on the night of November 23, 1654, the so-called “night of fire.” This was soon after his probability correspondence with Fermat. Thereafter, Pascal gave up mathematics and retreated to the Jansenists at the Port-Royal, only to return to mathematics once in 1658. He died in 1662 at the age of 39 as one of the greatest “could-have-been” in the history of mathematics, but having done enough to still rank as one of the greatest. See Groothuis (2003) for more details.
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Table 4.2   Decision Matrix in Pascal’s Wager Decision                                      True state of nature

God exists (prob. p) God does not exist (prob. 1   p)

Wager for                      U ¼ ¥                            U¼ y Wager against                   U ¼ x                              U¼ z

 

(Pascal, 1670 Fig. 5.5) and is commonly known as                 { Pascal’s Wager . The Wager is not an argument that God exists. Rather it uses a decision-theoretic approach to argue that it is prudentially more rational to believe in God. Hacking has given Pascal’s Wager an even higher importance than Pascal’s work on probability with Fermat. He writes (Hacking, 1972):

Pascal’s wager was a decisive turning point in probability theory. Pascal is celebrated for

the probability correspondence with Fermat, but that is not his most profound contribution

to probability. Pascal’s thought showed that the mathematics of games of chance had quite

general applications. He made it possible for the doctrine of chances (a theory involving

“objective” frequencies, whose primitive concept is expectation, or average winnings) to

become the art of conjecture (a “subjective” theory about degrees of confidence).

According to Hacking, Pascal gave three versions of his wager, although Jordan identifies a fourth version within Pascal’s writings (Jordan, 2006, p. 24). Here we shall focus on what Jordan dubs the “canonical version.” Pascal’s announces his wager as follows (Palmer, 2001, p. 327):

. . .even though there were an infinite number of chances, of which only one were in your

favour, you would still be right to wager one in order to win two; and you would be acting

wrongly, being obliged to play, in refusing to stake one life against three in a game, where

out of an infinite number of chances there is one in your favour, if there were an infinity of

infinitely happy life to be won. But here there is an infinity of infinitely happy life to be won,

one chance of winning against a finite number of chances of losing, and what you are

staking is finite. That leaves no choice; wherever there is infinity, and where there are not

infinite chances of losing against that of winning, there is no room for hesitation, you must

give everything. And thus, since you are obliged to play, you must be renouncing reason if

you hoard your life rather than risk it for an infinite gain, just as likely to occur as a loss

amounting to nothing.

Using modern notation, Pascal’s argument can be represented in the decision matrix in Table 4.2. Here, p is the probability that God exists and is assumed to be extremely small (but nonzero).

The various U’s represent utilities (or “values”) for various decisions given the true states of nature. For example, U ¼ x means the utility of wagering against God

 

{ Pascal’s Wager is also discussed in Hacking (1972), Jordan (2006), Elster (2003, pp. 53–74), Palmer (2001, pp. 286–302), Oppy (2006, Chapter 5), Erickson and Fossa (1998, p. 150), Sorensen (2003, p. 228), and Joyce (1999, Chapter 1).
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Figure 4.5   Cover of the first edition of Pascal’s Pens ees (Pascal, 1670).

 

(i.e., believing that God does not exist) given that He exists. Pascal contends that wagering for God when He exists brings the infinite happiness of an eternity in heaven and has infinite utility; on the other hand, x, y, and z are all finite. Then, even if the probability p that God exists is extremely small but nonzero, the expected utility of wagering for God is

EUfor ¼ ð¥ÞðpÞ þ ðyÞð1 pÞ ¼ ¥:

On the other hand, the expected utility of wagering against God is

EUagainst ¼ ðxÞðpÞ þ ðyÞð1 pÞ ¼ pðx yÞ þ y EUfor:

Thus, the expected utility of wagering for God is infinitely bigger than the expected utility of wagering against God. Hacking calls the decision criterion based 38   Problem 4   The Chevalier de M er e Problem II: The Problem of Points (1654)

on the expected utility for any nonzero p “an argument based on dominating expectation” (Hacking, 1972).

What are we to make of Pascal’s Wager? Sure enough it has attracted a lot of criticism. Since Pascal was exclusively referring to the Christian God in his Wager, Denis Diderot (1713–1784) remarked (Diderot, 1875, LIX)

An Imam could reason just as well.

This is the so-called “many-gods” objection to Pascal’s Wager. It argues that Pascal does not include other religious alternatives in his argument, each of which could lay claim to an infinite gain. Another well-known criticism is echoed by Richard Dawkins (b. 1941) in The God Delusion (Dawkins, 2006, p. 104):

Believing is not something you can decide to do as a matter of policy. At least, it is not

something I can decide to do as an act of will. I can decide to go to church and I can decide

to recite the Nicene Creed, and I can decide to swear on a stack of bibles that I believe every

word inside them. But none of that can make me actually believe it if I don’t. Pascal’s

wager could only ever be an argument for feigning belief in God. And the God that you

claim to believe in had better not be of the omniscient kind or he’d see through the

deception.

The essential argument made by Dawkins here is that one cannot consciously decide to believe in God, a fact that undermines the whole premise of Pascal’s Wager. Other critiques of Pascal’s Wager can be found in Chapter 5 of Jordan (2006). However, although Pascal’s premises are debatable, the logic behind his mathematical argument is valid. As Hacking (1972) explains

Nowhere in this paper shall I imply that Pascal’s arguments are persuasive. But this is not

because they are invalid (in the logician’s sense) but because the premisses of the

arguments are, at best, debatable.




Problem 5

 

Huygens and the Gambler’s

 

Ruin (1657)

 

Problem. Two players A and B, having initial amounts of money a and (ta) dollars, respectively, play a game in which the probability that A wins a round is p and the probability that B wins is q ¼ 1p. Each time A wins, he gets one dollar from B, otherwise he gives B one dollar. What is the probability that A will eventually get all of B’s money?

 

Solution. Let w   be the probability that A eventually wins all the dollars (i.e., ruins a ; t t B), starting with a dollars. Then, conditioning on the first round, we can obtain the following difference equation for w : a ; t

wa;t ¼ pwaþ1;t þ qwa1;t ð5:1Þ

with a   w  t  ;  t  1  ;  w  0  ;  t   0  :  To solve the above difference equation, we let  w  a  ;  t  ¼  l,

where l is a constant. Therefore, Eq. (5.1) becomes

l a        aþ        a ¼ p l 1 þ q l1

 

pl2l þ q ¼ 0 pffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 1 4 pq l ¼ 2 p p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 1 2 4 p þ 4 p ¼ 2 p

1 ð12pÞ

¼

2 p

 

¼ q 1 ;: p

 

Classic Problems of Probability, Prakash Gorroochurn. 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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In the case                                                                a , we have two distinct roots so that p 6¼ q w, where a ; t ¼ C þ D ð q = p Þ C and D are arbitrary constants. Substituting w   1        0, we have t ; t ; w 0 ; t

C       t        1 þ D ð q = p Þ ¼

C þ D ¼ 0;

giving                     t        1 C ¼ D ¼ ½ð q = p Þ 1. Therefore, for p 6¼ q, we have

 

w    ð     a   1 q = p Þ ¼ a ; t : t ð q = p Þ 1

 

For p ¼ q, we consider the above expression in the limit as z ¼ q=p approaches 1:

 

wa;t ¼ z lim za 1 ! 1 z t 1

 

¼    1 z lim aza1 ! 1 tz t

a

¼ :

t

 

Hence, we have            8   a > ðq=pÞ 1 > w    >     ; p 6¼ q; > t < ð q = p Þ 1 ¼

a ð5:2Þ  ;  t  >  a  >  >  p  ¼  >  ;  q  :  :  t

 

5.1 Discussion

The groundbreaking work of Pascal and Fermat, decisive as it was, did not get published in any of the journals of the time. Pascal had communicated to the Acad emie Parisienne { in 1654, that he would soon publish the foundations of a brand new science: Alea geometria or the Mathematics of Chance (Pascal, 1858, pp. 391–392). However, this project never came to fruition. Pascal was busy with other projects and fighting inner religious battles. As for Fermat, he was not interested in publishing his mathematical works himself and has rightly been called the “Prince of Amateurs.” { Destiny had left it

 

{ Founded in 1635 by the mathematician and music theorist Marin Mersenne (1588–1648), the Acad emie Parisienne would in 1666 grow into the Acad emie des Sciences. See Droesbeke and Tassi (1990, pp. 24–25). { See, for example, Bell’s Men of Mathematics (Bell, 1953, pp. 60–78). Samueli and Boudenot (2009, p. 36) report that Fermat published only one manuscript during his lifetime, although his mathematical works were quite extensive.
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Figure 5.1   Christiaan Huygens (1629–1695).

 

to the prominent Dutch astronomer and mathematician Christiaan Huygens (1629–1695) to popularize his two famous contemporaries’ work (Fig. 5.1).

In 1655, a few months after Pascal and Fermat’s correspondence, Huygens visited France. There he became aware of the Problem of Points, although he did not meet any of the two Frenchmen. However, Huygens met the mathematicians Claude Mylon (1618–1660), who was a friend of Carcavi, and Gilles de Roberval, with whom Pascal had previously discussed de M er e’s questions. Back in the Netherlands, Huygens wrote a small manuscript on probability, which he sent to his mentor, the Dutch mathematician Franciscus van Schooten (1615–1660). The latter translated Huygens’ manuscript into Latin and included it in his book Exercita-tionum mathematicarum. Huygens’ treatise came out in 1657 under the name De ratiociniis in aleae ludo{ (Fig. 5.2) and, at 18 pages, was the first published book on

 

{ On the Calculations in Games of Chance. An English translation of this book was published in 1692 by the Scottish physician John Arbuthnott (1667–1735) under the title “Of the Laws of Chance, or, a Method of Calculation of the Hazards of Game, Plainly demonstrated, And applied to Games as present most in Use.” However, Arbuthnott’s work was not just a translation; he included a preface, solutions to Huygens’ problems, and comments of his own.
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Figure 5.2   First page of Huygens’ De ratiociniis in aleae ludo, taken from van Schooten’s Exercitationum mathematicarum (Huygens, 1657).

probability (Huygens, 1657). Although neither Pascal nor Fermat is mentioned in the book, Huygens is quick to acknowledge in the preface (David, 1962, p. 114):

It should be said, also, that for some time some of the best mathematicians of France{ have

occupied themselves with this kind of calculus so that no one should attribute to me the

honour of the first invention. This does not belong to me. But these savants, although they

put each other to the test by proposing to each other many questions difficult to solve, have

hidden their methods. I have had therefore to examine and to go deeply for myself into this

matter by beginning with the elements, and it is impossible for me for this reason to affirm

 

{ Although he did so indirectly, Huygens thus became the first to acknowledge Pascal and Fermat as the founders of the probability calculus. See Pichard (2004, p. 18).
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Figure 5.3   The last four problems in Huygens’ De ratiociniis in aleae ludo, taken from van Schooten’s Exercitationum mathematicarum (Huygens, 1657). The very last problem (Problem 5) is the famous Gambler’s Ruin Problem.

 

that I have even started from the same principle. But finally I have found that my answers in

many cases do not differ from theirs.

It appears from the above that Huygens did not get the solutions to the problems Pascal and Fermat had previously discussed, and had to work them out for himself. However, historian Ernest Coumet has cast some doubts on this premise (Coumet, 1981, p. 129). Referring to a 1656 letter from Huygens to van Schooten, Coumet advances the hypothesis that Huygens might have received hints on the solutions of these problems from Pascal through the intermediary of de M er e. Moreover, it is known that Carcavi did later communicate the essential results, but not the detailed solutions, of Pascal and Fermat to Huygens.{

The De ratiociniis contained 14 propositions and concluded with five exercises for the reader. It is the fifth exercise that is of interest here (see Fig. 5.3):

 

{ See Courtebras (2008, p. 76).
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A and B taking 12 Pieces of Money each, play with 3 Dice on this Condition, That if the

Number 11 is thrown, A shall give B one Piece, but if 14 shall be thrown, then B shall give

one to A; and he shall win the Game that first gets all the Pieces of Money. And the

Proportion of A’s Chance to B’s is found to be, as 244,140,625 to 282,429,536,481.

We now describe, using modern notation, the solution that Huygens later provided in Volume 14 of the Oeuvres Compl etes (Huygens, 1920). The reader should note that Huygens was the first to have formalized the use of mathematical expectations{. In Proposition III of his book, Huygens (1657) explicitly states

If I have p chances of obtaining a and q chances of obtaining b, and if every chance can

happen as easily, it is worth to me as much as ðpa þ qbÞ=ðp þ qÞ.

In modern terms, if the probability of a player winning an amount a is p/(p þ p) and the probability of her winning an amount b is p/(p þ p), then the expected value of her win W is

X

EW ¼   w Prf iW ¼ w g i

i

 

¼    p          q a þ b p þ q p þ q

¼ pa þ qb

:

p þ q

Similarly, let I ¼ 1 if a player wins a game, the probability of the latter event being p, and let I ¼ 0 otherwise. Then the expectation of I is

EI ¼ 1ðpÞ þ 0ð1pÞ ¼ p:

The player’s expectation to win in a game, or more simply her expectation, is thus her probability to win.

Coming back to Huygens’ fifth exercise, let E be A’s expectation of ruining i B when he has won a net amount i from B. Let a be the probability of obtaining a score of 14, and b the probability of a score of 11, when three dice are thrown, conditional on a throw of either a 14 or an 11. Huygens first considers the hypothetical cases of A ruining B whenever A leads by two points, and of B ruining A whenever A lags by two points. This is equivalent to saying that A and B both start with two units of money and whoever wins all four units ruins his opponent. The problem then is to find the value of E0, which is A’s expectation of ruining B at the start of the game (and also at any time A and B have won equal amounts). We have E2 1, E     0, and 2 

E1 ¼ að1Þ þ bE0 ¼ a þ bE0;

E1 ¼ aE0 þ bð0Þ ¼ aE0;

E0 ¼ aE1 þ bE1:

 

{ Although Pascal was the first to have actually used it, as we noted in Problem 4.
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Figure 5.4 Extract from Huygens’ proof of the formula for the Gambler’s Ruin Problem, taken from

the Oeuvres Completes, Vol. 14 (Huygens, 1920).

 

Huygens also makes use of a probability tree, the first indeed, to illustrate the last set of relationships.{ Eliminating E    and 1 E1, we have

 

E0          : 2 ¼ a2 a þ b 2

This implies that B’s probability of ruining A is b2=ða2 þ b2Þ, giving a relative probability for A and B of   2    2 a = b. Huygens then considers the case when both players start with four and eight units of money each, and obtains probability ratios of 4 4  a  =  b

 

money the relative probability is   n    n a = b, without proving this claim by induction. By { using and a8=b8, respectively (see Fig. 5.4). Huygens states that for the case of n units of

a=b ¼ 5=9 and n ¼ 12, we obtain a probability ratio of

 

a 12        12 5      244; 140; 625 ¼     ¼          ; 9 b            282; 429; 536; 481

which is the answer Huygens gave in the De ratiociniis (see Fig. 5.3).

 

{ See also Edwards (1983) and Shoesmith (1986). { This is the ratio of the probability of obtaining a 14 to the probability of obtaining an 11 with three dice. 46   Problem 5   Huygens and the Gambler’s Ruin (1657)

Although Huygens is usually credited with the {  Gambler’s Ruin Problem  ,  the

problem was actually communicated to him at a later stage by Fermat. The latter in turn had been asked the problem by Pascal in 1656. The Gambler’s RuinProblem thus seems to actually originate from Pascal.{ Edwards (1983) traces Pascal’s own solution to the difference equation from the                    } ProblemofPoints . The solution we provided inProblem5 was first given by Jacob Bernoulli in the Ars Conjectandi (Bernoulli, 1713, p. 99).

An even more difficult related problem at the time was the Problem of the Duration of the Play (see, e.g., Roux, 1906, p. 18). This was first treated in Montmort’s Essay d’Analyse sur les Jeux de Hazard (Montmort, 1708, p.184), then in de Moivre’s De Mensura Sortis (de Moivre, 1711). Montmort considers a game with two players of equal skill, each having three counters initially. He writes

We can, by the method in this Problem, solve the following: Determine the duration of a

game where one would play always by counting excess wins according to the conditions we

have explained, p.178. One will find, for example, that if we play according to these rules

with three counters each the odds that the game will end in seven rounds are 37 to 27; & in

five rounds an odds of 7 to 9. One will find in the formula 1          2        3        4 þ þ þ þ þ &c : 3    3    3     3        the

reason for the odds that the game will finish in a certain number of rounds . . . 4     2        3        4        5 4 4 4 4

Thus by adding the first three terms of the above series we obtain probability of 37/64 giving odds of 37 to 27; by adding the first two terms we obtain a probability of 7/16, giving odds of 7 to 9.

The general Problem of the Duration of the Play can be answered by finding the probability mass function of N, the number of games before either A or B is ruined.

 

Suppose A and B initially have a and ta dollars, and their probabilities of winning ð n Þ one game are p and q ¼ 1 p , respectively. Let u be the probability that A is ruined a n on the th game, starting with a dollars. Then, conditioning on the first game, we obtain

 

u ð            ð n Þn1Þ        ðn1Þ ¼ pu þ qu;                           ð5:3 a a þ 1Þ a 1

where

u ðnÞ       ðnÞ 0               0     for u    t                                        1 ; n;

u ð0Þ 5   1  ð  4  0  ;  :Þ

u ð0Þ a      0          for ; aH0:

 

{ The gambler’s ruin problem is also discussed in Ibe (2009, p. 220), Mosteller (1987, p. 54), Rosenthal (2006, p. 75), Andel (2001, p. 29), Karlin and Taylor (1975, pp. 92–94), Ethier (2010, Chapter 7), and Hassett and Stewart (2006, p. 373).

{ However, historian Ernest Coumet (1965a), cites an interesting aragraph from Cardano’s Practica arithmeticae generalis omnium copiosissima & utilissima, Chapter LXI, S 17 (Cardano, 1539), which discusses a problem very similar to the Gambler’s Ruin. See p. 109 (footnote) for more. } See Problem 4.
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We now follow Pierre-Simon Laplace (1749–1827) who solved the problem in its full generality through the method of probability generating functions (Laplace, 1812, p. 225).{ The reader might wish to review this method in Problem 9 before moving on. We first define the probability generating function of the number of games (N1) before A is ruined:

 

G      N    X ¥ ðnÞ a ð s Þ E s 1 n ¼ u s: a

n¼0

Equation (5.3) becomes

 

X ¥    X ¥     X ¥ ð ð    Þ n Þ n n 1 Þ ð n n 1 n u s ¼ p u s þ q a a þ 1 u a 1 s n¼0           n¼1             n¼1

 

¼ X ¥     X ¥ ð n Þ n ðnÞ n ps u s a þ 1 s þ qs u a 1

n¼0             n¼0

 

¼ X ¥     X ¥ ð n Þ ð nnÞ n ps u qs u a þ 1 s þ s: a 1

n¼0             n¼0

Therefore, we have

G ð Þ ¼ a s psGaþ1ðsÞ þ qsG 1ðsÞ; ð5:5Þ a

where, from Eq. (5.4), G0ðsÞ 1 and GtðsÞ 0. To solve this difference equation, we

 

let              a ð G . Equation (5.5) then becomes a s Þ ¼ j 1                      1   pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2 1 4 1 pqs ¼

psj þ qsj )j1; j2 ¼              : 2 ps

Using these two roots, we can write the general solution of Eq. (5.5) as

G ð          a         a a s Þ ¼ C 1 j þ 1 C 2 j                          ð5 2 ::6Þ

Since G0ðsÞ 1 and GtðsÞ 0, we have

(

C1 þ C2 ¼ 1;

C t               t þ 1 j 1 C 2 j      0 2 ¼:

Solving for C1 and C2 and substituting in Eq. (5.6), we finally obtain

 

G      N      q a ta   ta j 1 j a ð s Þ ¼ E s ¼ 1 2 : t t p j 1 j 2

 

{ See also Feller (1968, p. 349).
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Similarly, the generating function for the number of games (N2) before B is ruined is

 

E N    ja    a j 2 s ¼ 1 2 : t t j 1 j 2

Since Prf N ¼ ng ¼ PrfN1 ¼ ng þ PrfN2 ¼ ng, the probability generating func-tion of the number of games until either A or B is ruined is

 

E N                 ð     a   ta    ta      a    a q = p Þ ð j j Þ þ ð j jÞ N N s ¼ E s 1 þ E s 2 ¼ 1 2 1 2 :         ð5:7Þ t t j 1 j 2

 

coefficient of n                                                 { s in the generating function above, but is complex. However, Eq. (5.7) { can be differentiated to obtain the expected duration of the game A closed-form expression for Pr fN ¼ ng could be obtained by extracting the :

 

E    d                        1 1       tf ð   Þ q = p g < 45 a ; p 6¼ q; t N q p ð N ¼ E s > >          a > 8   2         3

ds     s¼1    > ¼        1 q=pÞ > > : a ð taÞ;               p ¼ q ¼ 1=2:

 

{ See Feller (1968, pp. 352–354).

{ An alternative method would be to solve the following difference equation for EN ¼ Da: D ¼ pD þ

a        a þ1

qDa-1 þ 1, subject to D0 ¼ 0 and Da ¼ 0.

Problem 6

 

The Pepys–Newton

 

Connection (1693)

 

Problem. A asserts that he will throw at least one six with six dice. B asserts that he will throw at least two sixes by throwing 12 dice. C asserts that he will throw at least three sixes by throwing 18 dice. Which of the three stands the best chance of carrying out his promise?

 

Solution. The solution involves the application of the binomial distribution. Let X be the number of sixes when n balanced dice are thrown independently, n ¼ 1, 2, . . . Then X Bðn; 1=6Þ and

 

Pr              n        x     nx f X ¼ x g ¼ ð 1 = 6 Þ ð 5 = 6 Þ;   x ¼ 0; 1; 2; . . . ; n: x

 

For A, X Bð6; 1=6Þ and

Prf X 1g ¼ 1PrfX ¼ 0g

¼ 1ð5=6Þ6 ¼ :665:

 

For B, X Bð12; 1=6Þ and

Pr fX 2g ¼ 1PrfX ¼ 0gPrfX ¼ 1g

¼     12                    11 1 ð 5 = 6 Þ 12ð 1= 6Þð 5= 6Þ ¼ :619:

 

Classic Problems of Probability, Prakash Gorroochurn. Ó 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc.
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For C, X Bð18; 1=6Þ and

Prf X 3g ¼ 1PrfX ¼ 0gPrfX ¼ 1gPrfX ¼ 2g

¼ 1ð5=6Þ1818ð1=6Þð5=6Þ17153ð1=6Þ2ð5=6Þ16

¼ :597:

 

Thus, A is more likely than B who, in turn, is more likely than C of carrying out his promise.

 

6.1 Discussion

The above problem is of historical significance because it was posed to none other than Sir Isaac Newton (1643–1727) (Fig. 6.2) by naval administrator, Member of

[image: ]

 

Figure 6.1 Pepys’ November 22, 1693 accompanying letter to Newton, taken from Pepys (1866).
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Figure 6.2 Extract from Newton’s letter of November 26, 1693 to Pepys, taken from Pepys (1866).

Parliament, and diarist Samuel Pepys (1633–1703) in 1693.{ The question was sent to Newton by Mr. Smith, the writing-master at Christ’s Hospital. The accompanying letter from Pepys is shown in Fig. 6.1.

Pepys’ original question required the probability for “exact” numbers of sixes, rather than “at least” a certain number of sixes. In his reply to Pepys (Fig 6.1), Newton made the latter change stating the original question was ambiguous. Newton’s correct answer was that the probabilities are in decreasing order for A, B, and C, stating the following reason (Pepys, 1866, p. 257)

If the question be thus stated, it appears by an easy computation, that the expectation of A is

greater than that of B or C; that is, the task of A is the easiest; and the reason is because A

has all the chances of sixes on his dyes for his expectation, but B and C have not all the

chances on theirs; for when B throws a single six, or C but one or two sixes, they miss of

their expectations.

 

{ The Pepys–Newton connection is also discussed in David (1962, Chapter 12), Schell (1960), Pedoe (1958, pp. 43–48), and Higgins (1998, p. 161).
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Figure 6.3   Sir Isaac Newton (1643–1727).

 

However, as Stigler (2006) has noted, although Newton’s answer was correct, his reasoning was not completely beyond reproach. The ordering in the three probabili-ties is not true in general, and depends crucially on their being of the form Pr          { f X np g . As Pepys was not convinced of the answer and thought that C would have the highest probability, Newton wrote back to him, giving details of the calculations he used and the exact probabilities for the first two cases, namely 31,031/46,656 and 1,346,704,211/2,176,782,336. David (1962, p. 128) notes that Newton stopped at 12 dice and that the “arithmetic would have been formidable for 18 dice and Huygens would have used logarithms.”

The Pepys–Newton problem seems to be a rare venture Newton made into probability. David (1962, p. 126) states that

. . .Newton did not research in the probability calculus; he may have disapproved of

gambling. . .

 

{ Stigler gives an example, taken from Evans (1961), in which the ordering in not true: Pr{X 1|n ¼ 6, p ¼ 1/4} ¼ .822 G Pr{X 2|n ¼ 12, p¼ 1/4} ¼ .842.
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Mosteller (1987, p. 34) adds

As far as I know this is Newton’s only venture into probability.

However, Newton did use probabilistic ideas and methods on some occasions in his writings (Sheynin, 1971). Gani (2004) states

The correspondence with Pepys, outlined earlier, provides convincing evidence that

Newton was conversant with the calculus of probabilities of his time.

In any case, when asked mathematical questions, presumably of the probabilistic type, Newton used to recommend his good friend Abraham de Moivre (1667–1754): “Go to Mr. de Moivre; he knows these things better than I do.” (Bernstein, 1996, p. 126). The feeling was mutual, for de Moivre dedicated the first edition of his epic Doctrine of Chances (de Moivre, 1718) to Newton:

The greatest help I have received in writing on this subject having been from your

incomparable works, especially your method of series, I think it my duty publicly to

acknowledge that the improvements I have made in the matter here treated of are

principally derived from yourself. The great benefit which has accrued to me in this

respect, requires my share in the general tribute of thanks due to you from the learned

world. But one advantage, which is more particularly my own, is the honour I have

frequently had of being admitted to your private conversation, wherein the doubts I have

had upon any subject relating to Mathematics have been resolved by you with the greatest

humanity and condescension. Those marks of your favour are the more valuable to me

because I had no other pretence to them, but the earnest desire of understanding your

sublime and universally useful speculations . . ..




Problem 7

 

Rencontres with

 

Montmort (1708)

 

Problem. Suppose you have a jar containing n balls numbered 1, 2, 3, . . . , n, respectively. They are well mixed and then drawn one at a time. What is the probability that at least one ball is drawn in the order indicated by its label (e.g., the ball labeled 2 could be the second ball drawn from the jar)?

 

Solution. There are n! permutations (or ordered sequences) of the n balls {1, 2, . . . , n}. Assume that the jth element in a permutation represents the jth ball drawn. Let Pj (j ¼ 1, 2, . . . , n) be the property that, in a given permutation, the jth ball drawn has label j, and let A denote the set of permutations with property P . We now compute the j j total number of permutations, L , for which at least one ball is drawn in the order n

indicated by its label. We have

 

L n jA1 [ A2 [    [ Anj

X X    X

¼   jAij    jAi \ Ajj þ     jAi \ Aj \ Akj

i                  iGj                       iGjGk

þ ð1 nþ Þ1jA1 \ A2 \    \ A nj:

 

In the last line, we have used the principle of inclusion and exclusion.{ Now

j                                                      n A \ 2 and there are    such combinations, and similarly for the i A j ¼ ð Þ j n ! 2

 

{ See, for example, Johnson et al. (2005, Chapter 10) and Charalambides (2002, p. 26).
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others. Therefore,

 

0 1      0 1      0 1 n              n               n                      þ

L    @                             n ¼ A ð 1 Þ @ A þ ð Þ n n ! ð n 2 Þ ! þ @ A ð n 3 Þ ! 1 1ð1Þ

1              2               3

 

¼ n!    n!    n!                nþ n! þ þ ð 1 Þ 1 1 ! 2 ! 3 ! n !

 

¼ <            nþ 1 1 ð 1 Þ1= n 8              9

!    1    þ      þ         : 2 : ! 3 ! n ! ;

 

Hence, the probability that at least one ball is drawn in the order indicated by its label is

 

p    L       1                 nþ 1 n ð 1 Þ1 ¼ 1 þ þ n :             ð7:1Þ n ! 2 ! 3 ! n !

 

7.1 Discussion

This problem is the best-known contribution to the theory of probability of the French

 

mathematician Pierre R                                 { emond de Montmort (1678–1719). The latter included it in { his treatise Essay d’Analyse sur les Jeux de Hazard (Montmort, 1708) (Fig. 7.1), a work largely inspired by the then deceased Jacob Bernoulli. The original problem

 

went under the heading of the game of       } Treize (see Fig. 7.2) and is also known as the ** Probl eme des Rencontres (Montmort, 1708, pp. 54–64). It involves the throwing of 13 cards numbered 1, 2, . . . , 13. The cards are then drawn out singly and the problem asks for the probability that, once at least, the number on a card coincides with the number of the order in which it was drawn. In his 1865 classic A History of the Mathematical Theory of Probability From the Time of Pascal to That of Laplace, which still ranks as one of the best history books on probability ever written, the great mathematical historian Isaac Todhunter (1820–1884) (Fig. 7.5) notes, with his usual attention to detail (1865, p. 91):

 

{ For a biography of Montmort, see Hacking (1980c). { An Analytical Essay on the Games of Chance. } The comprehensive book by van Tenac (1847) gives a full description of various games of the time. The game of Treize appears on p. 98.

** Problem of Coincidences. The Probl eme des Rencontres is further discussed in Hald (2003, Chapter 19), Chuang-Chong and Khee-Meng (1992, pp. 160–163), MacMahon (1915, Chapter III), Riordan (1958, Chapter 3) and Dorrie (1965, pp. 19–21).
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Figure 7.1   Cover of the first edition of the Essay d’Analyse sur les Jeux de Hazard.

 

In his first edition Montmort did not give any demonstrations of his results; but in his

second edition he gives two demonstrations which he had received from Nicolas

Bernoulli. . .

(see Fig. 7.3). Indeed, the 1708 publication of the first edition of Essay d’Analyse prompted the reaction from three renowned mathematicians of the time, namely John Bernoulli (1667–1748) (Fig. 7.4) (archrival of the older brother Jacob), Nicholas Bernoulli{ (1687–1759) (nephew of Jacob and John, and student of the former), and Abraham de Moivre (1667–1754). First was a somewhat harsh letter from John pointing out errors and omissions in Montmort’s book, as well as general solutions to

 

{ Also known as Nicholas I Bernoulli.
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Figure 7.2   Montmort’s “Jeux de Treize” from the first edition of the Essay (Montmort, 1708, p. 54).

some of the problems Montmort had previously considered. On the other hand, Nicholas’ remarks were more constructive and started a fruitful correspondence between him and Montmort.{ John’s and Nicholas’ input led to the publication by Montmort in 1713 of a greatly expanded and improved second edition of the Essay d’Analyse. In the new edition, Montmort reproduced the letters from both John and Nicholas, giving credit to both of them. However, Montmort was not equally

 

{ It was through this correspondence that the so-called St Petersburg problem was first enunciated by Nicholas Bernoulli. This problem went on to gain immortal status through its later publication by Nicholas’ younger cousin, Daniel Bernoulli. See Problem 11.
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Figure 7.3   Nicholas Bernoulli’s proof of the solution to the Game of Treize, as it appears in the second edition of Montmort’s Essay (Montmort, 1713, p. 301).

 

kind to de Moivre. In his 1711 De Mensura Sortis, which contained many of the problems in Montmort’s 1708 book, de Moivre had been quite critical of the latter (de Moivre, 1711; Hald, 1984):

By thy exhortation, most distinguished sir, I have solved certain problems pertaining to the

die, and have revealed the principles by which their solution may be undertaken; and now I

have published them by command of the Royal Society. Huygens was the first that I know

who presented rules for the solution of this sort of problems, which a French author has

very recently well illustrated with various examples; but these distinguished gentlemen do

not seem to have employed that simplicity and generality which the nature of the matter

demands: moreover, while they take up many unknown quantities, to represent the various

conditions of gamesters, they make their calculation too complex; and while they suppose

that the skill of gamesters is always equal, they confine this doctrine of games within limits

too narrow. . .
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Figure 7.4   John Bernoulli (1667–1748).

 

In the second edition of his book, Montmort replied measure for measure (Montmort, 1713, p. xxvii):

M. Moivre was right that I would need his book [De Mensura Sortis] to answer to the

critique he made of mine in his Advertisement. His commendable intention to promote and

elevate his work has made him demean mine and dispute the novelty of my methods. As he

has thought it possible to attack me without me complaining, I believe I can answer him

without giving him reason to complain against me . . .

However, by 1718, when the first edition of de Moivre’s Doctrine of Chances came out, the two men seemed to have made up. In the preface of his book, de Moivre (1718, p. ii) writes

Since the printing of my specimen [de Mensura Sortis], Mr. de Montmort, author of the

Analyse des Jeux du Hazard, published a second edition of that book, in which he has

particularly given proofs of his singular genius, and extraordinary capacity, which

testimony I give both to truth, and with the friendship with which he is pleased to honour me.

60   Problem 7   Rencontres with Montmort (1708)

[image: ]

 

Figure 7.5   Isaac Todhunter (1820–1884).

 

Coming back to the game of Treize, Montmort attacks the problem by first giving the solution for a few specific cases. Using the same reasoning as for these cases, he then gives the following recursive equation for p (Montmort, 1708, p. 58): n

 

p    ðn 1Þpn1 þ pn2 ¼ n ;   n 2;   p0 ¼ 0; p1 ¼ 1:        ð7:2Þ n

To understand how Eq. (7.2) is derived, let us write q ¼ 1 n p , where n q is the n probability of a derangement of n balls, that is, a permutation for which no ball in the ith position has label i (i ¼ 1, 2, . . . , n). Consider a particular derangement. Suppose the ith ball drawn has label j ð6¼ iÞ. Then the jth ball drawn can either have label i with probability 1 =n (and the remaining (n 2) balls are also “deranged”) or the jth ball drawn can have a label different from i with probability (1 1=n) (and the remaining

 

(n 1) balls, i.e., with ball i excluded, are also “deranged”). Therefore, we have q    1           1 ¼

n       qn2 þ   1     qn1: n n

Replacing q    1 n ¼ p , we obtain Eq. (7.2). Using the latter formula, Montmort n

calculates p13 ¼ 109,339,663/172,972,800 .632120558. Montmort also gives the
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explicit formula we derived in our solution for p (Montmort, 1708, p. 59). Using a n { result from Leibniz, he shows that

 

n lim           p 1 n ¼ e1ð :632120558Þ: ! ¥

David (1962, p. 146) mentions that this was perhaps the first exponential limit in the calculus of probability. Coming back to p , we make two observations. First, its n value settles down to .6321 (to 4 d.p.) as soon as n ¼ 7. It remains the same (to 4 d.p.) even if        6 n ¼ 10. The reason for this behavior can be understood from the series of rapidly decreasing terms in Eq. (7.1). The second observation relates to the relatively large value of p itself, for n n 7. If the ball in jar experiment with n ¼ 7 balls is repeated many times, in slightly less than 2 out of 3 repetitions, at least one ball will on average will be drawn in the order indicated by its label. These are pretty good odds.

In the 1751 memoir, Calcul de la probabilit e dans le jeu de rencontre, the great mathematician Leonhard Euler (1707–1783) also solved the Probl eme des Rencon-tres, independently of Nicolas Bernoulli (Euler, 1751). Compared to his works in mathematical analysis, Euler’s contributions in probability were modest, although he did write four papers on the Genoese Lottery. His other probability contributions are described in Chapter 12 of Debnath (2010).

 

{                                           x                  2          3 Namely the well-known formula e ¼ 1 þ x þ x /2! þ x/3! þ . . . for all x.

Problem 8

 

Jacob Bernoulli and his

 

Golden Theorem (1713)

 

Problem. Show that the probability of an equal number of heads and tails when a p ffiffiffiffiffiffiffiffi fair coin is tossed 2m times is approximately 1 = p m for large m .

 

Solution. Let X be the number of heads for 2m independent tosses of a fair coin. Then X B(2m, 1/2) and

 

Pr              2   !   x   2mx m 1 1 f X ¼ x g ¼ x 2 2 ! 2 1 m ¼ 2 ; x ¼ 0; 1; . . . ; 2m: m 2 x

The probability of an equal number of heads and tails is

!

Pr fX ¼ mg ¼ 2m 2 1    2m

m

 

Applying Stirling’s formula       p ¼ 1    ð2mÞ! : 2 m 2 2 ð m ! Þ ffiffiffiffiffiffi N þ 1 = 2 N N ! 2 p N e for large N, we have

 

Pr             1    p ffiffiffiffiffiffi        mþ =   m 2 p ð 2 m Þ 2 1 2 e 2 f X ¼ m g 2 p m ffiffiffiffiffiffi 2 2 1 2 2 p m m þ = e m

 

¼ 1    p ffiffiffiffiffiffi        mþ1=   2 m 2 p ð 2 m Þ 2 2 e               ð8:1Þ 2 m 2 m þ 1 2 m 2 2 p m e

¼ 1 p ffiffiffiffiffiffiffi :

pm
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Table 8.1 The Probability of an Equal Number of Heads and Tails When a Fair Coin is Tossed

2m Times

Number of tosses of a fair coin (2m) Prob. of an equal number of heads and tails

10                                                       .1262 20                                                       .0892 50                                                       .0564 100                                                     .0399 500                                                     .0178 1,000                                                         .0126 10,000                                                      .0040 100,000                                                    .0013 1,000,000                                                     .0004

 

8.1 Discussion

 

The last formula implies that, for a fair coin, the probability of an equal number of p ffiffiffiffi heads and tails is inversely proportional to   m. Table 8.1 shows that, as more coins are tossed, it becomes less likely that there will be an equal number of heads and tails.

This last statement might appear as a direct contradiction of Bernoulli’s Law of Large Numbers. Let us briefly explain this law before dealing with the apparent contradiction. Bernoulli’s law is the simplest form of the Weak Law of Large Numbers (WLLN) and considers n independent tosses of a coin with probability of heads p such that the total number of heads is    { S . Then Bernoulli’s law states that the proportion of n

heads converges in probability to p as n becomes large, that is,

 

n lim    S Pr n p < « ¼ 1;              ð8:2Þ ! ¥ n

 

where                              { « > 0 is an arbitrarily small number. In other words, consider an experiment that consists of tossing a coin n times, yielding a sequence of heads and tails. Suppose the experiment is repeated a large number of times, resulting in a large number of sequences of heads and tails. Let us consider the proportion of heads for each sequence. Bernoulli’s law implies that, for a given large n, the fraction of sequences (or experiments) for which the proportions of heads is arbitrarily close to p is high, and increases with n. That is, the more tosses we perform for a given experiment, the

 

{ In general, independent and identically random variables each of which can take only two values are eponymously called Bernoulli random variables.

{ This limit statement itself means that for any « > 0 and d > 0, no matter how small, an N can be found sufficient large so that, for all n N, we have PrfjSn=n pj < «g 1 d.
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Table 8.2 As the Number of Tosses Increases, the Proportion of Heads Gets Closer to .5. Yet,

at the same time, the absolute difference between the number of heads and tails keeps on increasing

Number of tosses of        Proportion of         Number         Difference in the Number a fair coin (2 m)                heads             of heads             of heads and tails 1,000                        .400           400                       200 5,000                        .450           2,250                     500 10,000                       .530           5,300                     600 50,000                       .520           26,000                   2,000 100,000                     .490           49,000                   2,000 500,000                     .495           247,500                  5,000 1,000,000                    .497           497,000                   6,000

 

greater the probability that the proportion of heads in the corresponding sequence will be very close to the true p. This fact is very useful in practice. For example, it gives us confidence in using the frequency interpretation of probability.{

Let us now return to the apparent contradiction. Applying Bernoulli’s law to our case of a fair coin, we see that the proportion of heads in 2 mtosses should be very close to 1/2 with increasing probability as m increases. Doesn’t this then mean that the probability of an equal number of heads and tails should increase with m? The answer is no. In fact, it is still possible for the proportion of heads to be ever closer to 1/2 while the difference in the number of heads and tails is ever larger. Consider Table 8.2. As the number of tosses increases, we see that the proportion of heads gets closer to 1/2 in spite of the fact the absolute difference between the number of heads and tails increases. Thus, there is no contradiction with Table 8.1.

Digging further, we now prove that, as the number of tosses of a fair coin increases, it is increasingly likely that the absolute difference in the number of heads and tails becomes arbitrarily large, even as the proportion of heads converges to 1/2.

Let X be the number of heads in n independent tosses of a fair coin. Then X B (n, 1=2) and the absolute difference between the number of heads and tails is jX ðn XÞj ¼ j2X nj. For any D > 0, we have

Prfj2X nj > Dg ¼ 1 Prfj2X nj Dg

¼ 1 PrfD <¼ 2X n Dg

¼     n   D       n   D 1 

 Pr X þ : 2 2 2 2

 

{ The various interpretations of probability are discussed in Problem 14.
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We now use the normal approximation{ XUNðn=2; n=4Þ so that

 

Pr                          D   D f 

j2 X nj > Dg 1 Pr p ffiffiffi Z pffiffiffi ;

n         n

 

where Z N(0, 1). As n ! ¥; we have

 

Prfj2 X nj > Dg ! 1 PrfZ ¼ 0g ¼ 1 0 ¼ 1:

 

Thus, it is increasingly likely that the absolute difference in the number of heads and tails exceeds any finite number, however large, as the number of tosses of a fair coin increases. This is in spite of the fact that the ratio of the number of heads to the total number of tosses is increasingly likely to be very close to 1/2. The absolute difference is likely to increase because this difference becomes ever more variable as the number of tosses increases:

 

var 2 jX nj ¼ var 2 ðX nÞ

¼ 4 var X ¼ 4ðn=4Þ ¼ n;

 

which becomes infinitely large as n ! ¥.

The great Swiss mathematician Jacob Bernoulli{ (1654–1705) had every right to be proud of his WLLN, which he first enunciated in the fourth part of the Ars Conjectandi} (Bernoulli, 1713) (Figs. 8.1–8.3). Before we dig deeper into Bernoulli’s celebrated law, let us recall Bernoulli’s use of the binomial distribution. He is considered to have been the first to explicitly use it.** In the first part of the Ars Conjectandi (p. 45), Bernoulli considers a game consisting of n independent trials in each of which a player has the same probability p of bringing about a particular event. Such trials are now eponymously called Bernoulli trials. Further, Bernoulli considers

 

{ In general, if X B(n, p), then for large n, X N(np, npq) approximately, where q ¼ 1 p. The history of this approximation is given in Problem 10.

{ Also known as James Bernoulli.

} The Art of Conjecturing. Bernoulli probably got the name of his book from Arnauld and Nicole’s celebrated La Logique, ou l’Art de Penser (Arnauld and Nicole 1662), which in Latin is Logica, sive Ars Cogitandi.

** Both Pascal and Montmort had previously indirectly worked with the binomial distribution, but only for the symmetric case of p ¼ 1/2.
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Nicolaus Bernoulli

(1623–1708)

 

Jacob Bernoulli             Nicolaus Bernoulli              Jacob Bernoulli

(1654–1705)               (1662–1716)               (1667–1748)

 

Nicolaus I Bernoulli

(1687–1759)

 

Nicolaus II Bernoulli          Daniel Bernoulli            Jacob II Bernoulli

(1695–1726)            (1700–1782)             (1710–1790)

 

Jacob III Bernoulli            Daniel Bernoulli               Jacob II Bernoulli

(1744–1807)             (1751–1834)               (1759–1789)

Figure 8.1   The Bernoulli family tree.

 

the probability that the player brings about the event a total of m times out of n, and gives the probability as

 

nðn 1Þðn 2Þ    ðn m þ 1Þ                  Þð m n m n ð n 1 n 2Þ    ðm þ 1Þ m      nm p ð 1 p Þ p ð 1 p Þ: 1 2 3 m 1 2 3 ð n m Þ

 

In modern notation, suppose an experiment consists of n Bernoulli trials each with “success” probability p, and let X be the number of successes. Then X is said to a have a B(n, p) distribution, and the probability that X ¼ x is given by

 

pX ðxÞ ¼ PrfX ¼ xg

 

¼   n!       x         nx p ð 1 p Þ x ! ð n x Þ !  ! n x n x ¼ p ð 1 p Þ ; x ¼ 0; 1; . . . ; n: x

 

Let us now come back to Bernoulli’s WLLN, which he called his “golden theorem,”{ On p. 227 of the Ars Conjectandi, Bernoulli says

 

{ The name “law of large numbers” was first given later by Poisson (1781–1840).
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Figure 8.2   Jacob Bernoulli (1654–1705).

 

This is therefore the problem that I now wish to publish here, having considered it

closely for a period of twenty years, and it is a problem of which the novelty as well

as the high utility together with its grave difficulty exceed in value all the remaining

chapters of my doctrine. Before I treat of this “Golden Theorem” I will show that a

few objections, which certain learned men have raised against my propositions, are

not valid.

Gouraud (1848, p. 19) eloquently puts the Ars Conjectandi in context as follows:

. . .The calculus of probabilities had been walking like the chance whose name it claimed to

erase from the dictionary of human knowledge. We had indeed, here and there, in France

for the first time, on the occasion of a difficulty in a game, in Holland, twenty years later, in

a matter of public economy, in England finally, after another twenty years, regarding a

similar problem, evaluated fairly accurately some probabilities and some chances, but

nobody had thought of defining what chance was and what probability was; we had not

further explained under what law and on the basis of what philosophy, we were applying

mathematics to such matters; we were lacking in principles as in definitions, and finally, if

it was true that thanks to the genius of Fermat we possessed a method, that method itself

still needed to be studied in radically greater depth to serve the new analysis. It is not 68   Problem 8   Jacob Bernoulli and his Golden Theorem (1713)
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Figure 8.3   Cover of the Ars Conjectandi.

 

surprising that we had all waited to give the calculus of probabilities the share of attention it

deserved, that it finally emerged from this state of experimentation, to show itself in the

definite character a doctrine.

The first days of the XVIIIth century were destined to finally see the accomplishment of

this great progress. Another few years and thanks to the fruitful vigils of one of the finest

geniuses of modern analysis, the organization that it lacked was to be acquired.

Historian Ivor Grattan-Guinness has edited a book that includes Bernoulli’s Ars Conjectandi as one of the landmark writings in western mathematics.{

Let us now discuss the relevant part of Bernoulli’s Ars Conjectandi in greater detail and try to understand how Bernoulli obtained his celebrated theorem. First Bernoulli enunciates his concept of probability (Bernoulli, 1713){

Certainty of some thing is considered either objectively and in itself and means none other

than its real existence at present or in the future; or subjectively, depending on us, and

consists in the measure of our knowledge of this existence . . . (p. 210)

 

{ The book contains a full analysis of the Ars Conjectandi by Schneider (2005b). { The three sets of translations which follow are taken from Oscar Sheynin’s translations of Chapter 4 of the Ars Conjectandi (Sheynin, 2005).
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As to probability, this is the degree of certainty, and it differs from the latter as a part from

the whole. Namely, if the integral and absolute certainty, which we designate by letter a or

by unity 1, will be thought to consist, for example, of five probabilities, as though of five

parts, three of which favor the existence or realization of some event, with the other ones,

however, being against it, we will say that this event has 3       3, of certainty (p. 211). a , or

5       5

In the first paragraph above, Bernoulli points to certainty being either logically or subjectively determined. The subjective interpretation is an {  epistemic  concept,  that

is, it relates to our degree of knowledge. In the second paragraph, Bernoulli defines probability as “the degree of certainty” that “differs from the latter (i.e., certainty) as a part from the whole.” Bernoulli thus conceives probability as either objective or epistemic. Further in his book, Bernoulli introduces a priori and a posteriori probabilities (p. 224):

. . .what we are not given to derive a priori, we at least can obtain a posteriori, that is, can

extract it from a repeated observation of the results of similar examples. Because it should

be assumed that each phenomenon can occur and not occur in the same number of cases in

which, under similar circumstances, it was previously observed to happen and not to

happen. Actually, if, for example, it was formerly noted that, from among the observed

three hundred men of the same age and complexion as Titius now is and has, two hundred

died after ten years with the others still remaining alive, we may conclude with sufficient

confidence that Titius also has twice as many cases for paying his debt to nature during the

next ten years than for crossing this border.

The a priori probability Bernoulli refers to in the above is the classical definition. On the other hand the a posteriori probability is the frequency concept, by which Bernoulli plans to estimate the a priori probability. Bernoulli’s “program” is thus enunciated as follows:

To make clear my desire by illustration, I suppose that without your knowledge three

thousand white pebbles and two thousand black ones are hidden in an urn, and that, to

determine [the ratio of] their numbers by experiment, you draw one pebble after another

(but each time returning the drawn pebble before extracting the next one so that their

number in the urn will not decrease), and note how many times is a white pebble drawn, and

how many times a black one. It is required to know whether you are able to do it so many

times that it will become ten, a hundred, a thousand, etc., times more probable (i.e., become

at last morally certain) that the number of the white and the black pebbles which you

extracted will be in the same ratio, of 3 to 2, as the number of pebbles themselves, or cases,

than in any other different ratio. (p. 226)

Let the number of fertile cases be to the number of sterile cases precisely or approximately

as r to s; or to the number of all the cases as r to r þ s, or as r to t so that this ratio is

contained between the limits ( r þ 1)/t and (r 1)/t. It is required to show that it is possible

to take such a number of experiments that it will be in any number of times (for example, in

c times) more likely that the number of fertile observations will occur between these limits

rather than beyond them, that is, that the ratio of the number of fertile observations to the

number of all of them will be not greater than (r þ 1)/t and not less than (r 1)/t. (p. 236)

 

{ See Problem 14.
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Thus, Bernoulli’s aim was to determine how many times an experiment ought to be repeated before one can be “morally” certain that the relatively frequency of an event is close enough to its true probability, given that the true probability of the event is a known quantity. In modern notation,{ let h be the frequency of an event with n probability p ¼ r/t, where t ¼ r þ s and n is the number of independent trials. Bernoulli’s aim is to show that for any given small positive number « ¼ 1=t and given large natural number c, we can find an n such that

 

Prfjh n pj 1=tg > c; ð8:3Þ Pr f j h n   p  j  >  1  =  t  g

which is equivalent to

 

Pr       1    c j h n p j > : t c þ 1

 

greater than That is, we can find an n such that h is within a tolerance 1   of n = t p with probability n c = ð c þ 1 Þ . Bernoulli first considers the expression ð p þ q Þ ¼ n n ð r þ s Þ t , where q ¼ 1 p ¼ s = t . We have

 

ð      n     X n       X ks n x n x r þ s Þ r s ¼ f             8 i ; ð:4Þ x x ¼ 0 i ¼ kr

where

 

f          kr þ ks   krþi ksi      

i                                                                                          1 r s ; i ¼ kr ; kr þ; . . . ; ks: kr þ i

In the above, k ¼ n=t is chosen to be a positive integer, for convenience. To prove Eq. (8.3), Bernoulli shows that the central term of the series in Eq. (8.4) plus k terms on each side is larger than c times the sum of the kðr 1Þ terms of the left tail and the kðs 1Þ terms of the right tail. Since f ð           ð i k ; r ; s Þ f ik; s; rÞ for i ¼ 0; 1; . . . ; kr, it suffices for Bernoulli to rigorously prove that

P k

i   1       c; ¼ fi

P ks

i   kþ1 ¼   fi

which he was able to do as long as

 

n                1 st ð m 1 Þ     rtðm2 1Þ max m 1 t þ ; m 2 t þ r þ 1 s þ 1

 

{ Bernoulli’s original method is fully described in Stigler (1986, pp. 66–70), Uspensky (1937, Chapter VI), Henry (2004), R enyi (2007, p. 195), Schneider (2005b), Liagre (1879, pp. 85–90), Montessus (1908, pp. 50–57).
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with

 

m1            ;   m2           : 1 ln f cðs 1Þg         lnfcðr 1Þg ln ð 1 þ r Þ 1 ln ð 1 þ s Þ

Next, Bernoulli gives an example with r ¼ 30, s ¼ 20, so that p ¼ 3/5. He wants to have a high certainty that jhn 3=5j 1=ð30 þ 20Þ, that is, 29=50 hn 31=50. Bernoulli chooses c ¼ 1000 that corresponds to a moral certainty of 1000/1001. Then, how large a sample size is needed so that

 

Pr 3 1 1000 h n < > 5 50 1001

is satisfied? With these numbers, Bernoulli obtains m1 ¼ 301, m1t þ stðm1 1Þ=ðr þ 1Þ ¼ 24,750, and m2 ¼ 211, m2t þ rtðm2 1Þ=ðs þ 1Þ ¼ 25,500. Therefore, with a sample size of n ¼ 25,500, there is more than a 1000/1001 probability (i.e., it is morally certain) that 29=50 h 31 n=50.

The sample size of n ¼ 25,500 that Bernoulli calculates is disappointingly large and may have been a major reason why he did not finish the Ars Conjectandi before he died.{ As Stigler (1986, p. 77) explains

. . .Bernoulli’s upper bound was a start but it must have been a disappointing one, both to

Bernoulli and to his contemporaries. To find that 25,550 experiments are needed to learn

the proportion of fertile to sterile cases within one part in fifty is to find that nothing reliable

can be learned in a reasonable number of experiments. The entire population of Basel was

then smaller than 25,550; Flamsteed’s 1725 catalogue listed only 3,000 stars. The number

25,550 was more than astronomical; for all practical purposes it was infinite. I suspect that

Jacob Bernoulli’s reluctance to publish his deliberations of twenty years on the subject was

due more to the magnitude of the number yielded by his first and only calculation than to

any philosophical reservations he may have had about making inferences based upon

experimental data.

The abrupt ending of the Ars Conjectandi (Figure 2.1) would seem to support this-

Bernoulli literally quit when he saw the number 25,550. . .

However, this should in no way belittle Bernoulli’s major achievement. His law was the first limit theorem in probability. It was also the first attempt to apply the calculus of probability outside the realm of games of chance. In the latter, the calculation of odds through classical (or mathematical) reasoning had been quite successful because the outcomes were equally likely. However, this was also a limitation of the classical method. Bernoulli’s law provided an empirical framework

 

{ It was thus left to Nicholas Bernoulli (1687–1759), Jacob Bernoulli’s nephew, to publish the Ars Conjectandi in 1713, 8 years after his uncle’s death. Nicholas Bernoulli later refined Jacob Bernoulli’s rather loose bound for the law of large numbers (Montmort, 1713, pp. 388–394), and also interested de Moivre in the problem, which culminated in de Moivre’s discovery of the normal approximation to the binomial distribution (see Problem 10 for more details). Meusnier (2006) writes “Concerning his uncle, his cousins, the historiography, the bernoullian probabilistic project in its different components, for all of it, Nicolas is an outstanding nephew, in all the meanings of the term.”
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that enabled the estimation of probabilities even in the case of outcomes that were not equally likely. Probability was no longer only a mathematically abstract concept. Rather, now it was a quantity that could be estimated with increasing confidence as the sample size became larger. It is not that the latter fact was completely unknown: most mathematicians before had tacitly assumed it to be “obvious.” But Bernoulli was the first to rigorously prove that this should be so. Tabak (2004, p. 36) further adds

In his book Jacob Bernoulli showed that there was a robust and well-defined structure for

the class of independent random processes. . . Bernoulli succeeded in demonstrating the

existence of a deep structure associated with events that until then had simply been

described as unpredictable.

Nowadays, few textbooks give Bernoulli’s original proof because there is a much simpler one using Chebyshev’s inequality that was discovered in 1853, { much later than Bernoulli’s times. Chebyshev’s inequality states for any random variable X with mean m and variance s2 < ¥, we have

 

Pr                 s2 fjX mj «g 2 «

for any « > 0. Setting X ¼ Sn=n we have m ¼ p and s2 ¼ pq=n, so that

 

PrS      1 n pq p « ! 0; as n ! ¥; n n « 2 4 n « 2

 

and Bernoulli’s WLLN is proved. { Although Chebyshev’s inequality is very useful, it is cruder than Bernoulli’s result. To see this, let us write the above inequality as

 

Pr S n      pq p < « 1 : n n « 2

 

We now solve 1 pq=ðn«2Þ ¼ 1000=1001, where p ¼ 1 q ¼ 3/5 and « ¼ 1=50, obtaining n ¼ 600,600. This is much larger than the sample size of n ¼ 25,500 from Bernoulli’s result. In Problem 10, we shall see that the sample size can be greatly reduced by using the Central Limit Theorem (CLT).

We mentioned before that Bernoulli’ law belongs to the class of weak laws. It is worth noting that there is a stronger form of Bernoulli’s law, known as Borel’s Strong Law of Large Numbers (SLLN). } The latter also considers n independent tosses of a

 

{ The inequality was first proved in 1853 by Iren ee-Jules Bienaym e (1796–1878) and later in 1867 by Pafnuty Lvovich Chebyshev (1821–1894). Chebyshev’s inequality is thus often more appropriately called Bienaym e-Chebyshev’s inequality.

{ Here we have used the fact that the maximum value of pq ¼ p(1 p) is 1/4. } Due to the eminent French mathematician Emile Borel (1871–1956).
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Figure 8.4   For a given large n, one particular sequence for which the proportion of heads is very close to                                         0 p . However, for an even larger n (say n ) the proportion of heads for that sequence drifts away

from p. The question is: what do the weak and strong laws say about such a scenario? The weak law cannot guarantee it will not happen; on the other hand, the strong law says it has probability zero.

 

coin with probability of heads p and total number of heads S . Borel’s SLLN states n that the proportion of heads converges almost surely to p, that is,

 

Pr       S n lim 

n ¼ p ¼ 1: ð8:5Þ  !  ¥  n

 

The reader might find it difficult to understand the difference between Eqs. (8.2) and (8.5). So let us spend some time to explain this. Again, consider an experiment that consists of tossing a coin a large number n times, yielding a sequence of heads and tails. The experiment is repeated a large number of times, resulting in a large number of sequences of heads and tails. We look at the proportion of heads for each sequence. Bernoulli’s law states that, for a given large n, the fraction of sequences for which the proportions of heads is arbitrarily close to p is large, and increases with n. Thus, for a given large n and a given sequence, there is a high probability that the proportion of heads will be close to p. Now consider the following scenario: for a given large n, one particular sequence is among those for which the proportion of heads is very close to                                  0 p , but for an even larger n (say n) the proportion of heads for that sequence drifts away from p (see Fig. 8.4). Can Bernoulli’s law guarantee this will not happen? The answer is no. Bernoulli’s law only tells us that most sequences will be close to p for a given large n, but cannot assure us that they will each remain close for even larger n. This is where the strong law comes in. It explicitly states that scenarios like the one we have just described above are so unlikely that they have a probability of zero. That is, the strong law not only states that, for a given sequence, the proportion of heads will most likely be close to p for a reasonably large n, but also that the proportion of heads will most likely remain close to p for all larger values of n in that sequence. In contrast to Bernoulli’s WLLN, Borel’s SLLN thus deals with the whole infinite sequence of heads and tails, and asserts that the set of sequences for which 74   Problem 8   Jacob Bernoulli and his Golden Theorem (1713)

 

jS j=j pj > « for j > n, where n is reasonably large, has probability zero. Eq. (8.3) { can therefore also be written as

 

n lim   S j Pr p     for j ¼ þ 1 ! > « ; n; n þ 2; . . . ¼ 0: ¥ j

 

n The reader should realize that just because the event fj S , where  j  =  j   p  j  >  «  ;  j  >  n  g  {  is large, has a probability of zero does not mean it is  impossible  .  Rather, it means that

the event is so rare that assigning it any nonzero probability, however small, would overestimate its chance of occurring. In fact, as a consequence of the first Borel-Cantelli lemma,} the probability of zero also means that, as the number of repetitions of the experiment of tossing the coin is increased without bound, the event fjSj=j pj > «; j > ng occurs over only finitely many such repetitions. Thus, we speak of “almost sure convergence” rather than “sure convergence” when we refer to the strong law of large numbers. Let us give an explicit example, again in the context of coin tossing, to make this point clear. Consider a coin-tossing experiment for which Xi ¼ 1 if the ith toss is a head (with probability p) and Xi ¼ 0 otherwise (with probability 1 p). In the long run, we would expect the proportion of heads to be p, that is, we would expect

 

n lim X1 þ X2 þ    þ Xn ¼ p;   for all v 2 W: ! ¥ n

But this is not true for all v 2 W. For example, let v* ¼ f0; 0; . . .g, the sequence of all tails. For this v*,

 

n lim X1 þ X2 þ    þ Xn ¼ 0: ! ¥ n

The strong law, though, tells us that v* is so unlikely that Prfv*g ¼ 0. Therefore, we speak of “almost sure convergence” because we do not have convergence for all v, but have convergence for almost all v, such that the set of v’s for which convergence does not occur has probability zero.

One question that still needs to be answered in Borel’s SLLN is, how do we model an infinite sequence of heads and tails? In Bernoulli’s WLLN, we toss a coin a large (and finite) number of times n, repeat this experiment several times, and show convergence in probability as n increases, but still remains finite. On the other hand, in Borel’s SLLN, the proportion of heads in the whole infinite sequence is p almost surely. One way of conceptualizing an infinite sequence of heads and tails is to identify

 

{ We also note that another way of stating Eq. (8.3) is lim n ! ¥ PrfjSj=j pj > «; for j ¼ n; n þ 1; . . .g ¼ 0, which can be written more compactly as lim n! ¥ Pr fsupj j nSj=j pj > «g ¼ 0. The latter equation implies that almost sure convergence of Sn=n is the same as convergence in probability to zero of supj j nSj=j pj.

{ To give a simple example of why this is true, consider choosing a real number X uniformly in [0, 1]. All events of the form { X ¼ x} are so rare that they are assigned zero probability. Yet some x ¼ x0 gets chosen after all, showing that { X ¼ x0} is not impossible. For more details, see Sz ekely (1986, p. 198).

P } The first Borel-Cantelli lemma states that if A ; A ; . . . is a sequence of arbitrary events such that

j                     g ¼ ¥                                   1    2 1       j Pr f

A < ¥, then Pr{Aj occurs infinitely often} ¼ 0.
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the sequence of heads (1’s) and tails (0’s) with the binary expansion of a real number in [0,1]. That is, the sequence X1; X2; X3; . . . of heads and tails corresponds to the real number U in [0,1] such that

 

U    þ þ þ   2 ¼ X1   X2   X3 3 2 2 2

For example, the sequence HHTH (i.e., 1,1,0,1) corresponds to 1/2 þ 1/4 þ 0/8 þ 1/16 ¼ 13/16. Conversely, .23 is .001111101 . . . in binary and corresponds to the sequence                 { TTHHHHHTH . . .

To summarize, Bernoulli’s WLLN is about weak convergence (or convergence in probability): it states that, for a given large number of tosses n, there is a large fraction of sequences for which the proportion of heads will be close to the true p, and that this fraction gets ever closer to one as n increases. However, this leaves out the possibility for the proportion of heads in a particular sequence to drift away from p for a larger n. On the other hand, Borel’s SLLN is about strong (or almost sure) convergence: it states that, with probability one, the proportion of heads in a sequence will be close to p for a reasonably large n and remain close to p for every larger n. Borel’s SLLN thus says more about the behavior of the sequences, and also implies Bernoulli’s law.

Of course, several key developments and extensions were made by others since the pioneering works of Bernoulli and Borel. It is important to note that these investiga-tions did not delve into the further detection of stability of proportions (and of means in general), but rather into the conditions under which such stability could be achieved.

Let us outline extensions to Bernoulli’s law first. A major development came through Sim                  { eon Denis Poisson’s (1781–1840) (Fig. 8.5) proof that the Bernoulli’s law of large numbers still holds if the probability of heads is not held constant from trial to trial (Poisson, 1837). Then, in 1867, Pafnuty Lvovich Chebyshev (1821–1894) observed that it was not necessary for S to be the sum of random variables  n  Bernoulli

for the law of large numbers to hold (Chebyshev, 1867) (Fig 8.6). He showed that if X1; X2; . . . ; X is a sequence of n any independent random variables such that EXi ¼ mi

 

and varX      2 i ¼ s K < ¥, where K                             s2 is a uniform upper bound for each, then i i lim    (         ) 1 X n 1 X n Pr

n                 X i      mi < «   ¼ 1: ! ¥ n n i ¼ 1 i ¼ 1

 

{ The reader might also wonder what type of numbers in [0, 1] correspond to sequences that do not converge to p almost surely. This issue is addressed on p. 198 when we discuss Borel’s normal numbers. { Poisson’s other significant contributions include the introduction of the concepts of a random variable, of a cumulative distribution function, and of the probability density function as the derivative of the distribution function (Sheynin, 1978). Moreover, he derived the so-called Poisson distribution (Poisson 1837, pp. 205–206). Poisson’s proof is based on approximating the Bð n; pÞdistribution as p tends to zero and n

 

tends to infinity such that np ¼ l remains constant. He showed that if X Bðn; pÞ then, under the conditions P m l x just stated, Pr f X m g ¼ ð Þ x ¼ 0 e l = x ! The Poisson probability mass function is thus l x Pr f X ¼ x g ¼ ð e l Þ = x ! for l > 0 and x ¼ 0, 1, 2, . . . However, a form of the Poisson distribution had already previously appeared in de Moivre’s De Mensura Sortis (Hald, 1984, p. 219). 76   Problem 8   Jacob Bernoulli and his Golden Theorem (1713)

[image: ]

 

Figure 8.5   Sim eon Denis Poisson (1781–1840).

To prove the last result, Chebyshev used his famous inequality, as follows. Applying Chebyshev’s inequality

 

Pr(       )     P 1 X n 1 X nn var ½ = n 1 i ¼1 X X i m i i « n n « 2 i ¼ 1 i ¼ 1 P n var X i ¼ i ¼ 1 n 2 « 2 P n s 2 i ¼ ¼ 1 i : n 2 « 2

 

Since s 2 i K < ¥, we have (         ) 1 X n n 1 X Pn i

Pr                                  ¼1 s X i m i 2 i « n n n 2 « 2 i ¼ 1 i ¼ 1

 

 2 n nK «2

¼ K

n«2

! 0;

as n ! 0.
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Figure 8.6   Pafnuty Lvovich Chebyshev (1821–1894).

 

In 1906, Andrei Andreevich Markov (1856–1922) (Fig. 8.7), who was

 

Chebyshev’s student, showed that independence of the X ’s was not necessary for P i the last equation to hold as long as ð var X Þ n 2 ! 0 when ¥ (Markov, 1906). i i = n ! In 1929, Aleksandr Yakovlevich Khintchine (1894–1959) (Fig. 8.9) proved that when the X ’s are independent and identically distributed (IID), the sufficient condition for i

the WLLN to hold is simply Ej j X i < ¥ (Khintchine, 1929). However, the necessary and sufficient condition for the WLLN for any sequence of random variables was given in 1927 by Andrey Nikolaevich Kolmogorov (1903–1987) (Kolmogorov, 1927) (Figs. 8.8)

 

n lim       L2 n E     ¼ 0; !

! ¥   1 þ L2 n

 

where                          Pn L ¼ ð n S n E S Þ and n = n S ¼    . n X i ¼ 1 i

Regarding Borel’s SLLN, the first key generalization was provided by Francesco Paolo Cantelli (1875–1966) in 1917 (Cantelli, 1917) (Fig. 8.10). He showed that if 78   Problem 8   Jacob Bernoulli and his Golden Theorem (1713)
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Figure 8.7   Andrei Andreevich Markov (1856–1922).

 

X1; X2; . . . ; X is a sequence of independent random variables with finite fourth  n  4  moment and  E  j  X  k   E  X  , then  k  j   C  <  ¥   S   n  E  S  n  Pr  lim  ¼  0  ¼  1  :  n  !  ¥  n

[image: ]

 

Figure 8.8   Andrey Nikolaevich Kolmogorov (1903–1987).
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Figure 8.9   Aleksandr Yakovlevich Khintchine (1894–1959).

 

In 1930, Kolmogorov provided another sufficient condition for a sequence

X1; X2; . . . ; X of independent random variables with finite variance to converge  n  {  almost surely  (Kolmogorov, 1930):

 

var Xk < ¥: k 2

Finally, Kolmogorov showed in his landmark book that Ej j X was both  i  <  ¥

necessary and sufficient for a sequence of IID random variables to converge almost surely to m (Kolmogorov, 1933).

Having come thus far, it would be unfortunate if we did not comment on yet another important limit theorem, namely the Law of the Iterated Logarithm (LIL). Consider the sum S ¼         þ    þ n X 1 þ X 2 X of IID random variables, where without n

 

{ In analogy with Chebyshev, Kolmogorov used his own inequality to prove his version of the strong law.

Kolmogorov’s inequality states that for any sequence X1; X2; . . .; Xn of independent random variables such P that var X ¼ k s 2 2 Þ 2 k < ¥ , then Pr f max 1 j g  ð k j n S k E S k « k s k = « :
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[image: ]

 

Figure 8.10   Francesco Paolo Cantelli (1875–1966).

 

states that for large n, S     gets close to zero and subsequently n = n remains close to it. The p ffiffiffi { Central Limit Theorem states that for large n loss of generality we assume each X has mean zero and variance one. The SLLN i

 

distribution, so that the probability that p , S has an approximate N(0, 1)  ffiffiffi  n  =  n  S  n  =  n  exceeds any given value can be  p  ffiffiffi  estimated. However, none of these give the magnitudes of fluctuations of  S  n  =  n  about

zero. This where the LIL comes in, by giving bounds for the fluctuations. It was first proved by Khintchine (1924) for independent and identically distributed Bernoulli random variables and later generalized by Kolmogorov (1929). Using the above notation, Khintchine’s LIL states that

 

p The implication is that the magnitude of fluctuations of n lim         S n sup p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ¼ 1: ! ¥ 2 n ln ln n             pffiffiffi S n = n is of the order ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n 2 ln ln . Further, suppose the constants c 1 and c 2 are such that c 1 > 2 ln ln n > c p ffiffiffi 2 . Then the LIL implies that, with probability one, S n = n will exceed c 2 infinitely often but will exceed c1 only finitely often.

 

{ To be further discussed in Problem 10.

Problem 9

 

De Moivre’s Problem (1730)

 

Problem. A fair die is thrown n independent times. Find the probability of obtaining a sum equal to t, where t is a natural number.

 

Solution. Let X be the score on the die on the      ¼ 1, 2,    , j j th ( j . . . n) throw and let T be n the sum of the scores obtained. Then

 

T ¼ n X1 þ X2 þ    þ Xn;

 

where, for all j ¼ 1, 2, . . . , n,

 

Pr X                    1 2 j ¼ x ¼ ; for x ¼ ;; . . . ; 6: 6     1

 

We now take the probability generating function of T , remembering that the n X ’s are j independent and have the same distribution:

 

E T       X s n þ ¼ E s 1X2þþXn

¼ X    X        X E s 1 E s 2 E sn ¼   X n ð E s j Þ:

Now

 

E X     X 6 x s j ¼ sPrfX ¼ j xg

x¼1

¼ 1      2         6 ð s þ s þ    þ sÞ

6

 

¼      ; jsjG1: 6 1         6 s ð 1 sÞ

1 s
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Therefore,

 

E T     1      n s ð 1 s 6 Þ s n ¼ n 6 ð 1 s Þ  !         ! X 1 n n X ¥ n n i ¼ s ð s 6    k Þ ð s Þ n 6 i ¼ 0 i k k ¼ 0  ! ! X 1 n n X ¥ n þ k 1 i ¼ ð 6 i þ n k 1 Þ s s; n 6 i ¼ 0 i k k ¼ 0

 

where we have made use of the fact that     n    n þ k 1    k       

 

Pr                             t             Tn f T in n ¼ t g is the coefficient of s E s and can be obtained by multiplying the i 6 þ n t ð i þ n Þ coefficient of s in the first summation above with the coefficient of s 6 in the n second summation, then summing over all k ð1Þ . Now,  k

i, and finally dividing by 6 , that is,

 

1 bðt   n                           n þ ð X Þ = 6 c nt 6i nÞ 1 i 0 1   0          1

Pr fT ¼ g ¼         @ Að1Þ @                A n t n 6 i ¼ 0 i t 6 i n

 

¼ 1 bðt   n =6 X Þc                       i n t 6 i 1 ð 1 Þ:             ð9:1Þ n 6 i n 1 i ¼ 0

 

In the above, bðt nÞ=6c is the greatest integer smaller than or equal to ðt nÞ=6 and is obtained by setting n 1 t 6i 1.

 

9.1 Discussion

This classic problem was first investigated in much detail but with no general formulas by Jacob Bernoulli in the Ars Conjectandi (Bernoulli, 1713, p. 30). In his analysis, Bernoulli first gives all the ways of producing a certain total score with three dice. He then proceeds to outline principles through which the total scores with more than three dice can be enumerated.

The first explicit formula was given by the eminent French mathematician Abraham de Moivre{ (1667–1754) in the De Mensura Sortis (de Moivre, 1711 Hald, 1984). As part of Problem 5, de Moivre considers the problem of finding “the

{ Although de Moivre was born in France, he emigrated to England when he was very young due to religious persecution. He spent the rest of his life and career in England. See Hacking (1980b) for more biographical details.
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number of chances by which a given number of points may be thrown with a given number of dice.” De Moivre considers n dice each with f faces such that the total required is p þ 1. He then gives without proof the following formula for the number of ways of obtaining a total of p þ 1:

 

                          p p 1 p 2 q q 1 q 2 n r r 1 r 2 n n 1 þ 1 2 3 1 2 3 1 1 2 3 1 2

 

 ð9 :2Þ   s  s   1  s   2  n  n   1  n   2  þ    1  2  3  1  2  3

 

where p f ¼ q, q f ¼ r, r f ¼ s, and so on. The above formula needs to be continued until a zero or negative factor is obtained. If we generalize the formula we derived in Eq. (9.1) to the case of a die with f faces, we obtain

 

Pr                       1                  X ¥ i n t fi f T ¼ 1 j n t þ f faces g ¼ ð 1 Þ: f n i n 1 i ¼ 0

 

When the latter is expanded, we obtain the same expression as in Eq. (9.2) above. While de Moivre did not prove his result in the De Mensura Sortis, he later did so in the Miscellanea analytica (de Moivre, 1730). He is thus the first to make use of probability generating functions, a technique that was to be later given its name and fully developed by Laplace (1812, 1814b, 1820). It is interesting to note that, in between de Moivre’s two aforementioned publications, Montmort claimed that he had already derived the formula on p. 141 of the 1708 edition of his book (Montmort, 1713, p. 364). Although this is not actually true, Montmort seems to have been aware of the formula before it came out in de Moivre’s De Mensura Sortis (Todhunter, 1865, pp. 84–85).

De Mensura Sortis is also noteworthy because it is there that de Moivre first gave his explicit definition of classical probability (de Moivre, 1711; Hald, 1984):

If p is the number of chances by which a certain event may happen, and q is the number of

chances by which it may fail, the happenings as much as the failings have their degree of

probability; but if all the chances by which the event may happen or fail were equally easy,

the probability of happening will be to the probability of failing as p to q.

De Moivre was also the first to explicitly define independence (de Moivre, 1718) and conditional probability (de Moivre, 1738). On p. 4 of the first edition of the Doctrine of Chances (de Moivre, 1718), de Moivre states

. . .if a Fraction expresses the Probability of an Event, and another Fraction the Probability

of another Event, and those two Events are independent; the Probability that both Events

will Happen will be the Product of those two Fractions.

84   Problem 9   De Moivre’s Problem (1730)

On p. 7 of the second edition of the                      { Doctrine of Chances (de Moivre, 1738), de Moivre writes

. . .the Probability of the happening of two Events dependent, is the product of the

Probability of the happening of one of them, by the Probability which the other will have of

happening, when the first shall have been consider’d as having happened; and the same

Rule will extend to the happening of as many Events as may be assign’d.

In modern notation, the conditional probability of an event A, given that an event B has already occurred, is given by

 

Pr         Pr fA \ Bg f A j B g ; Pr f B g

where Prf BgH0. If A and B are independent, then PrfAjBg ¼ PrfAg so that Pr fA \ Bg ¼ PrfAgPrfBg.

Let us now make some remarks on the method of probability generating functions. This method turns out to be useful in at least three commonly encountered situations. The first has to do when one is dealing with the sum of independent discrete { random variables, as was the case in Problem 9. The second occurs when one wishes to calculate slightly more complex probabilities than those requiring the simple binomial, negative binomial, or hypergeometric distribution. An example of the second situation is the following classic problem, also discussed in slightly modified form by de Moivre in the second edition of the Doctrine of Chances (de Moivre, 1738):

Find the probability of obtaining a first run of three heads (i.e., three consecutive heads) in n tosses of a coin for which the probability of a head is p.

Let h be the probability above. A standard way of solving the problem is to n

condition on the first tosses. By looking in this “backward” manner, there are only three ways of obtaining a first run of three heads in n tosses: the first toss could be a tail and then a first run of three heads occurs in the remaining (n 1) tosses, or the first two tosses could be head and tail in that order and then a first run of three heads occurs in the remaining ( n 2) tosses, or finally the first three tosses could be two heads and one tail in that order and then a first run of three heads occurs in the remaining (n 3) tosses, that is,

 

h ¼ ð9 3 n  qh  n   1  þ  pqh  þ  2  n   2  p  qh  n   3  ;  :Þ

with q ¼ 1-p; h1 ¼ h2 0 and h3 p3. Although Eq. (9.3) can be solved recursively

 

for any h , a better alternative is to define the probability generating function P n ¥ n H 3 ð s Þ ¼ . Equation (9.3) then becomes n ¼ 1 h n s

 

{ De Moivre also treated conditional probability in the first edition of the Doctrine of Chances (de Moivre, 1718, pp. 6–7), but he did not explicitly state the definition there. { Note that continuous random variables do not have probability generating functions since Pr{X ¼ x} ¼ 0 for all x if X is continuous.
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X ¥     X ¥     X ¥      X ¥ n n n n h n þ 3 s ¼ q h 2 n þ 2 s þ pq h n þ 1 s þ p q h n s n¼1            n¼1             n¼1              n¼1

 

s 1 ¥ X       X ¥      X ¥       X ¥ q pq n n n n h n s ¼ h s h s 2 h 3 n s 2 n þ n þ p q s s n ¼ 4 n ¼ 3 n ¼ 2 n ¼ 1

 

s 1        q     pq H 3 ð s Þ p 3 s 3 ¼ H 3 ð s Þ þ H3ðsÞ þ p2qH3ðsÞ 3 s 2 s

 

H3 sÞ ¼                    : 2 ð               p3s3                    ð9:4Þ 1 qs qps qp 2 s 3

 

above, then expand To obtain an exact expression for h , one can factorize the denominator in the n n H 3 ( s ) into partial fractions, and finally extract the coefficient of s . Alternatively, a standard mathematical package can be used to expand H3(s) up to any powers of s. For example, the first ten terms of H3(s) are listed in Table 9.1.

We can proceed in a similar manner to find the generating function H ( rs) of N , the r number of tosses until the first run of r heads occurs. It can be shown that (e.g., see DasGupta, 2011, p. 27),

 

HrðsÞ ¼                             ¼               : r r r þ 1 p r r                               r r s p sð1 psÞ

 qsf1 þ ps þ    þ ðpsÞ 1g              1 1 s þ qp s

 

Since H=                      == r 1                1 ð Þ ¼ E N r and H r ðÞ ¼ ENr ðNr 1Þ, we also have

 

EN ¼ r       ; p X r j 1

j¼1

 

var       1            r p 1 þ 2 r qpð1 þ 2rÞ ¼ N r : q 2 p 2 r

 

Table 9.1   The Probability h of Three Consecutive Heads in   Tosses of a Coin n n (the Probability of a Head is p)

Value of                                                                       n n h n ¼ coefficient of s 3                                                 p3 4                                                 p3 p4 5                                                 p3 p4 6                                                 p3 p4 7                                                 p7 p6 p4 þ p3 8                                                 p8 þ 3p7 2p6 p4 þ p3 9                                                 2 p8 þ 5p7 3p6 p4 þ p3 10                                                   3 p8 þ 7p7 4p6 p4 þ p3

The expressions were obtained by expanding n  H  s  s  s

3 ( ) in Eq. (9.4) as powers of ; the coefficient of then

gives hn.
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A third instance where probability generating functions can be useful is in the calculation of the expectation of rational functions of a random variable. A classic example is the following{:

Given that X B(n, p), calculate E 1 . 1 þ X

First note that the probability generating function of X is

 

E X    X n x s ¼ sPrfX ¼ xg

x¼0

 

¼ X n n      x x nx s p ð 1 p Þ x x ¼ 0

 

¼ X n n   x    nx ð ps Þ ð 1 p Þ x x ¼ 0

¼ ðps þ 1     n p Þ:

 

Integrating the above with respect to s,

ð t           ð t

E X                     n s ds ¼ ð ps þ 1 p Þ ds;

0             0

 

)   tX        ð t þ 1             n E ¼ ð ps þ 1 p Þ ds: X þ 1

0

Setting t ¼ 1, we have,

1     ð 1

E     ¼ ðps þ 1     n p Þ ds 1 þ X

0

¼ "           #1 n þ ð ps þ 1 p Þ 1

ðn þ 1Þp     s¼0

 

¼ 1          nþ1 1 ð p Þ ð            : þ n 1 Þp

As a final illustration of the usefulness of probability generating functions, we solve the                                 { Generalized Problem of Points:

 

{ See also Grimmet and Stirzaker (2001, p. 162). { For a full discussion of the Problem of Points for two players and some discussion for three players, see Problem 4.
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Players A 1, A2, . . . , An play a game such that their respective probabilities of winning P one round are p 1 , p 2 , . . . , p n , where i p i ¼ 1. At some point in the game, the players

are respectively a1, a2, . . . , an rounds short of winning the game. What is the

probability that player A 1 will win the game?

This problem was first solved through the method of generating functions by Pierre-Simon Laplace (1749–1827) in the Th eorie Analytique des Probabilit es (Laplace, 1812, p. 207). Let u be the required probability. By conditioning  a  1  ;  a  2  ;  ...  ;  a  n

on the next round, we obtain the difference equation

u a1        ¼ ; a 2 ; ... ; a n p1ua11;a2      þ ; ... ; a n p2u             þ    þ a 1 ; a 2 1 ; ... ; a n pnua1;a2;...;an1:

The boundary conditions are

u0          1                0 ; a 2 ; ... ; a ¼ n ; a 2 ; . . . ; a n H; u         0 a 1 ; 0                   0 ; ... ; a ¼ n ; a 1 ; a 3 ; . . . ; a n H;

...

ua1;a2;...;0 ¼ 0;    a1; . . . ; an1H0:

We define the multivariate probability generating function Gðs1; s2; . . . ; s Þ  ,  n  G

where

 

G X ¥X ¥ X ¥     a a ¼ u 12   an a 1 ; a 2 ;:::; a n s 1 s 2 s n

a1¼1a2¼1    an¼1

¼ X ¥X ¥ X ¥                     a a p 1 u a 1 1 ; a 2 ; ... ; a þ n p 2 u2   a a 1 ; a 2 1 ; ... ; a þ   þ n p n u 1n a 1 ; a 2 ; ... ; a n 1 s 1 s 2 s n

a1¼1a2¼1    an¼1

¼ X ¥X ¥ X ¥            X ¥X ¥ X ¥ a a p 1 u 1 2 a n       a1 a2   a a 1 1 ; a 2 ; ... ; a n s 1 s 2 s n þ pn 2 u a 1 ; a 2 1 ; ... ; a n s 1 s 2 s n

a1¼1a2¼1    an¼1                                   a1¼1a2¼1    an¼1


þ þ X ¥ X ¥ X ¥      a a   a p 1 n u a 1 ; a 2 ; ... ; a n 1 s s 2n 1 2 s n

 

X X ¥ X ¥           X ¥ X ¥ a ¥                                                           ! a1¼1a2¼1    an¼1

¼                     a p 12    a                a    a 1 s 1 u n a 1 1 ; a 2 ; ... ; a n s 1 s 2 s n þ s 2 1 un 0 ; a 2 ; ... ; a n s 2 s n

 

a1¼1a2¼1    an¼1                                   a2¼1    an¼1 XX ¥ X ¥           X ¥ X ¥ X ¥ a ¥                                                                 !

þp2 s2             u           1 a2     an                           a1   a      a a 1 ; a 2 1 ; ... ; a n s 1 s 2 ... s n þ s 2 u a 1 ; 0 ; ... ; a n s s 3 3 sn 1 n

a1¼1a2¼1    an¼1                                   a1¼1a3¼1    an¼1

þ þ XX ¥ X ¥           X ¥ X ¥ X ¥ a ¥ !  a  a  p  n  s  1  2  n  a  a  a  n  u  a  1  ;  a  2  ;  ...  ;  a  n   1  s  1  s  2  s  þ  n  s   n  u  1  2  n  1  a  1  ;  a  2  ;  ...  ;  0  s  1  s  2  s  n   1

a1¼1a2¼1    an¼1                                   a1¼1a2¼1    an1¼1

¼        X X ¥          X ¥X ¥ X ¥ a ¥                 !                         ! a 1 a p 1 s 1 G þ s 1 1 : s 2 a 2 s n n þ p 2 s 2 G þ s 2 0 : s s 3 a 3 s n 1 n

a2¼1    an¼1                                  a1¼1a3¼1    an¼1

þ  þ        XX ¥ X ¥ a a    a p ¥                            ! n                                      1      2               n1 s n G þ s n 0 : s 1    2        n s s 1

a1¼1a2¼1    a n1¼1

¼        X ¥ X ¥ a   a p 1 s 1 G þ p 1 s 1 s 2n 2 s þ ð np2s2 þ  þ p Þ n s nG:

a2¼1    an¼1
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Therefore,

 

G p   P   P ¥¥ a   a 1 s 1 s 2 sn a ¼ a ¼ n ¼ 2 1 n 1 2 1 p 1 s 1 p 2 s 2 p n s n P P ¥ a ¥ a p 1 s 1 s 2 n a 1 ¼ 2 ¼ 2 s a n ¼ 1 n 1 p 1 s 1 p 2 s 2 p n s n

 

¼            p1s1s2 sn              : ð 1 s 2 Þ ð 1 s 3 Þ ð 1 s Þ ð 1 n p 1 s 1 p 2 s 2 p n s Þ n

Therefore the probability that player A1 wins the game is

u                of a   a       a 1 2n in a 1 ; a 2 ¼ coeff ; ... ; a n : s 1 s 2 s n

 

ð p1s1s2     sn                          :  1   s  2  Þ  ð  1   s  3  Þ    ð  1   s  n  Þ  ð  1   p  1  s  1   p  2  s  2  p  n  s  n  Þ

Similarly, the probabilities that players A2, A3, . . . , A win the game are, n respectively,

 

coeff      a1 a       a                               p s s     s 2 1 2n : n of s 1 s 2 2 s in                          ; n ð 1 s 1 Þ ð 1 s 3 Þ   ð 1 s n Þ ð 1 p 1 s 1 p 2 s 2 p n s n Þ p a a coeff : of s 2 s a 3 1 s 2 1 s n n 1 s 2 s in        ; n ð 1 s 1 Þ ð 1 s 2 Þ ð 1 s 4 Þ   ð 1 s n Þ ð 1 p 1 s 1 p 2 s 2 p n s n Þ

 

...                                                                                                                                                                                                     p a a    s a n n coeff : of s 1 1 s 21s2            sn 2 s in                                                                             : n ð 1 s 1 Þ ð 1 s 2 Þ   ð 1 s n 1 Þ ð 1 p 1 s 1 p 2 s 2 p n s n Þ

Thus, in Problem 4, we had for two players p1 ¼ p2 ¼ 1=2 and a1 ¼ 1; a2 ¼ 3. Therefore, the probability that A wins is{

 

coeff        3                  1 2 2 s s =                7 of : s 1 s in 2 ¼ ; ð 1 s 2 Þ ð 1 s 1 = 2 s 2 = 2 Þ 8

giving a division ratio of 7:1 between A and B. This is the same answer we obtained in Problem 4. On p. 30, we also considered an example with three players such that p1 ¼ p2 ¼ p3 ¼ 1=3 and a1 ¼ 1; a2 ¼ 2; and a3 ¼ 2. Therefore, the probability that Awins is

 

coeff                                 s2s =3 of : s 1 s 2 2 s 2 s 1 3                     17 in 3 ¼ : ð 1 s 2 Þ ð 1 s 3 Þ ð 1 s 1 = 3 s 2 = 3 s 3 = 3 Þ 27

The probability that B wins is

 

coeff        2                           s1s2s3=3                      5 2 : of s 1 s 2 s in 3 ¼ ; ð 1 s 1 Þ ð 1 s 3 Þ ð 1 s 1 = 3 s 2 = 3 s 3 = 3 Þ 27

resulting in a division ratio of 17/27:5/27:5/27 ¼ 17:5:5 between A, B, and C, again the same answer we obtained previously.

 

{ This answer was obtained by doing two successive series expansions of (s s /2)/[(1s )(1s /2s /2)] 1 2            2        1      2

using the software Scientific Workplace 5.50, Build 2890.

Problem 10

 

De Moivre, Gauss, and the

 

Normal Curve (1730, 1809)

 

P                   n roblem. Consider the binomial expansion of ð 1 þ 1 Þ, where n is even and large. Let M be the middle term and Q be the term at a distance d from M. Show that

Q    d2=n M e 2:                   ð10:1Þ

 

Solution. We let n ¼ 2m, where m is a positive integer. Then

 

Q    m þ d     m d ¼ 2m       2m   ¼ 

M    2m      2m

m       m

¼ ð2mÞ!=½ðm þ dÞ!ðm d Þ!

ð            2 2 m Þ ! = ½ð m ! Þ

 

¼          : ð ð m!Þ2

m þ dÞ!ðm dÞ!

 

Applying Stirling’s formula       p ffiffiffiffiffiffi Nþ =   N N ! 2 p N 1 2 efor large N, we have

 

M     mþdþ =          mdþ = ð Q             m m 2þ1 e2m

m þ dÞ    1 2emd ðm d Þ    1 2 emþd

 

 m þ d Þ   1 2      m d ð m d Þ 1 2 m 2 m d m d : ¼     mþd þ =       þ = ð m mþ 21

m2 d 2    m þ d
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Taking logarithms on both sides, with d/m small, we have

 

ln Q                   2 d 1 d = m m ln 1 þ d ln M m 2 1 þ d = m

 

 ð      2 d 2 d m Þ þ ð d Þ m 2 m

¼ d2

:

m

 

Writing                           d =n m ¼ n = 2, we have Q ¼ M e 2 2, as required.

 

10.1 Discussion

The above result was first obtained by Abraham de Moivre (1667–1754) (Fig. 10.3) in an attempt to approximate the symmetric binomial distribution. De Moivre started this work in the Miscellanea analytica (de Moivre, 1730) and finished it in a

 

(a n . De Moivre later himself translated the paper in English  þ  b)  in seriem expansi  {  and incorporated it in the second edition of his  November 13, 1733 paper entitled Approximatio ad summam terminorum binomii

Doctrine of Chances (de Moivre,

1738) (see Figs. 10.1 and 10.2). De Moivre’s derivation was slightly different from the one presented above and is worth revisiting. From Q=M ¼ ðm!Þ2=½ðm þ d Þ!ðm d Þ! (see solution), it follows that

 

M Q           m!           mðm 1Þ    ðm d þ 1Þðm d Þ! ¼ ð m þ d Þð m þ d 1 Þ    ð m þ 1 Þ m ! ð m d Þ !

¼ mðm 1Þ    ðm d þ 1Þ

ðm þ dÞðm þ d 1Þ    ðm þ 1Þ

 

¼ m   ðm 1Þðm 2Þ    ðm d þ 1Þ : m þ d ð m þ 1 Þð m þ 2 Þ    ð m þ d 1 Þ

 

{ The Doctrine of Chances appears in Grattan-Guinness’ Landmark Writings in Western Mathematics, and a full analysis is written by Schneider (2005a). See also Stigler (1986, pp. 70–88).
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Figure 10.1   Cover of the first edition of the Doctrine of Chances.

 

Taking logarithms on both sides,

 

ln Q         1 m ð m Þð m 2 Þ    ð m d þ 1 Þ ¼ ln M m þ d ð m þ 1 Þð m þ 2 Þ    ð m þ d 1 Þ

 

¼            d 1 1 X m i ln þ ln 1 þ d = m m þ i i ¼ 1

 

¼        X d 1    1 i = m ln ð 1 þ d = m Þ þ ln: 1 þ i = m i ¼ 1

 

i Now, ln                                         i = m ð 1 þ d = m Þ d = m for small d = m 1 , and ln     2 1i=m for small þ i = m  =  m  . Therefore,  92   Problem 10   De Moivre, Gauss, and the Normal Curve (1730, 1809)

[image: ]

 

Figure 10.2 Extract from de Moivre’s approximation of the binomial distribution, taken from the

second edition of the Doctrine of Chances (de Moivre 1738).

 

ln Q       X d d 1 2i M m i ¼ 1

d    2   ðd 1Þd

¼ 

m m    2

¼ d2

:

m

Since                                     d =n m ¼ n = 2, de Moivre obtains Q ¼ Me 2 2.

If we divide both sides of de Moivre’s result by 2 n and let X Bðn; 1=2Þ, in modern notation we obtain

 

Pr n       o    n    o n n d2=n X ¼ þ d Pr X ¼ e 2:           ð10:2Þ 2 2

To be able to approximate the symmetric binomial distribution, de Moivre had first also calculated the ratio of the middle term M to the sum of all the terms in the
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Figure 10.3   Abraham de Moivre (1667–1754).

 

expansion of (1       n þ 1), where n is large and even. This ratio is the same as the following probability, which we derived in Problem 8:

 

Prn    o n    2 X ¼ p ffiffiffiffiffiffiffiffi   ðn largeÞ:                ð10:3Þ 2 2 p n

Again, de Moivre’s method was different from the one we used in Problem 8 and will now be described. With n ¼ 2m, we have

!     !

n        2m

M ¼     ¼

n=2        m

¼ ð2 mÞð2m 1Þ    ðm þ 2Þðm þ 1Þ

mðm 1Þ    ð2Þð1Þ

 

¼                 : ð 2 ðm þ 1Þ ðm þ 2Þ   m þ ðm 1Þ m 1 Þ ð m 2 Þ m ð m 1 Þ
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Taking logarithms on both sides,

 

ln                  1 þ 1 = m 1 þ 2 = m 1 þ ð m 1 Þ = m  M  ¼  ln 2  þ  ln  þ  ln  þ    þ  ln: 1 1 = m 1 2 = m 1 ð m 1 Þ = m

 

Now,                                 ln 1 þ 1=m      1    1     1 ¼ 1           2    þ    þ    þ   ; 1 = m m 3 3 m 5 m 5 5

ln 1                                 3 þ 2 = m 2 2 2 ¼ 2 þ þ þ   ; 1 3 2 = m m 3 m 5 m 5

 

ln 1                 "                         # 3 þ ð m 1 Þ = m m 1 ð m 5 1 Þ ð m 1 Þ ¼ 2 þ þ þ   : 1 ð m 1 Þ = m m 3 2 m 5 m 5

By adding the above equations “vertically” (i.e., adding together the first term on the right side of each equation, then the second term, and so on),

 

ln 2 h i  2  3  M  ¼  ln 2  þ  ½  1  þ  2  þ    þ ð  m   1  Þ  þ  3  3  1  þ  2  þ    þ ð  m   1  Þ  m  3  m  3

2 h                      i

þ    5 1 þ 5 2 þ    þ ðm 1Þ5 þ   5 5 m

Now, each of the sums in the square brackets above multiplied by the corre-sponding term before the brackets can be written as a polynomial in m (involving the so-called “Bernoulli numbers”). De Moivre adds the highest powers of each polyno-mial and obtains (2 m 1)ln(2m 1) 2m ln m. For the sum of the second highest powers, he obtains (1/2)ln(2 m 1). The sum of the other highest powers are more difficult to obtain, but de Moivre shows that, as m ! ¥, these become 1=12, 1=360, 1 =1260, 1=1680, . . .Therefore, de Moivre is able to write

 

ln M                                      1 ln 2 þ ð f 2m 1Þ lnð 2m 1Þ 2 m ln m g þ lnð2m 1Þ þ ln T;

2

where ln T ¼ 1=12 1=360 þ 1=1260 1=1680 þ   , so that

 

M       n    n            n 1 ð n Þ 1 = 2 T ð n 1 Þ 1 ð n = 2 Þ 2 2 T ð n 1 Þ ¼ p ffiffiffiffiffiffiffiffiffiffiffi : n n 2 2 n n n 1

Now      n    n      1 ð n 1 Þ = n ! e as n ! ¥, and de Moivre lets T =e ¼ 1=B, so that the

above equation becomes            

n

n=2       2

2n      p ffiffiffi ;

B n

where ln B ¼ 1 1=12 þ 1=360 1=1260 þ 1/1680 Regarding the constant  B,

de Moivre (1738, p. 236) says (see Fig. 10.2)
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When I first began that enquiry, I contended myself to determine at large the Value of B,

which was done by the addition of some Terms of the above-written Series, but as I

perceived that it converged but slowly, and seeing at the same time that what I had done

answered my purpose tolerably well, I desisted from proceeding farther, till my worthy and

learned friend, Mr. James Stirling, who applied himself after me to that enquiry, found that

the Quantity B did denote the Square-Root of the Circumference of a Circle whose Radius

is Unity, so that if that Circumference be called c, the Ratio of the middle Term to the Sum p ffiffiffiffiffi of all the Terms will be expressed by 2/ nc . . .

 

Using this and since Pr In the above, de Moivre says his friend James Stirling has found that pffiffiffiffiffiffi {  B  ¼  2  p  .    n   n  f  X  ¼  n  =  2  g ¼  2  de Moivre is thus able to reach  n  =  2

Eq. (10.3).

Combining Eqs. (10.2) and (10.3), de Moivre is finally able to show in his 1733 paper that

 

Prn       o n    2   d2=n X ¼ þ d p ffiffiffiffiffiffiffiffi e 2;               ð10:4Þ 2 2 p n

where XBin(n, 1/2). This is the normal approximation to the binomial distri-bution for the case p ¼ 1/2. Speaking of the above result, de Moivre (1738, p. 234) says

I’ll take the liberty to say, that this is the hardest Problem that can be proposed on the

Subject of Chance, for which reason I have reserved it for the last, but I hope to be forgiven

if my Solution is not fitted to the capacity of all Readers; however I shall derive from it

some Conclusions that may be of use to every body.

To say that the conclusions may be of use to everybody is an understatement, for de Moivre’s result is the first Central Limit Theorem (CLT).{ This suggests that he was actually the first to discover the normal curve (Pearson, 1924), although the credit is usually given to Carl Freidrich Gauss (1777–1855).} In all fairness, it must be

 

{                                               pffiffiffiffiffiffi   þ1= Stirling had actually shown that n ! 2 2 p n n en in Example 2 of Proposition 28, in his Methodus differentialis (Stirling, 1730). This was the same year that de Moivre published his Miscellanea analytica. Although de Moivre had first discovered       nþ1=   n n ! / n 2 efor large n, the formula later earned the name of

only Stirling. Pearson (1924) says “I consider that the fact that Stirling showed that de Moivre’s arithmetical p ffiffiffiffiffiffi constant was 2 p does not entitle him to claim the theorem, and that it is erroneous to term it Stirling’s Theorem.” On the other hand, Bressoud (2007, p. 293) writes “Even though it was a joint effort, the formula that we will find is called Stirling’s formula. This is primarily de Moivre’s own fault. When he published his result he gave Stirling credit for finding the constant, but his language was sufficiently imprecise that the attribution of the constant to Stirling could easily be misread as crediting him with the entire identity.” { The name “Central Limit Theorem” was given by Po´lya (1920). Two books entirely devoted to the CLT are Adams (2009) and Fischer (2010).

} Some might consider the normal or Gaussian curve to be an example of Stigler’s law of eponymy: no scientific discovery is named after its original discover (Stigler, 1980). By self-application, Stigler attributed his law to the sociologist Robert King Merton (1910–2003). De Moivre seems to have been “dealt a double blow” in so far as due credit is concerned, given his substantial work in establishing Stirling’s formula (see footnote above).
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mentioned that de Moivre recognized neither the universality nor importance of the normal curve he had discovered. In particular, he did not recognize that he had derived

 

the N( n=2, n=4) as an approximation to the B(n, 1=2) distribution, although he did p ffiffiffi realize the importance of the quantity n . He noted that the accuracy of an estimated p ffiffiffi { proportion was inversely proportional to the quantity n . About 50 years later, Pierre-Simon Laplace (1749–1827) generalized de Moivre’s results for general p in Chapter 3 of his Th eorie Analytique des Probabilit es (Laplace, 1812, pp. 275–282), by showing that, for XB(n, p),

 

n lim   (          ) ð z      1 u2 X = n p Pr p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi z ¼ p ffiffiffiffiffiffi exp du: ! ¥ p ð 1 p Þ = n 2 p 2 ¥

The above formula is the celebrated de Moivre–Laplace Theorem. It is a case of convergence of distribution, which is an even weaker form of convergence than convergence in probability.

De Moivre’s result in Eq. (10.4) is also a refinement of Bernoulli’s law of large numbers for the symmetric case (                               { p ¼ 1/2). To see why, recall that Bernoulli’s law states, for any natural number c, one can find a sample of size n such that

 

Pr       1   c j P s p j H ; t c þ 1

where

 

n                            1 st ð m 1 Þ rt ð m 2 1 Þ max m 1 t þ ; m t r þ 2 þ; 1 s þ 1

 

m1            ;   m2           ;  lnfcðs 1Þg         lnfcðr 1Þg ln ð 1 þ r 1 Þ 1 ln ð 1 þ s Þ

p    ;   t ¼ r þ s: ¼ r

t

For example, let us take r ¼ 30, s ¼ 30, and c ¼ 1000. We have p ¼ 1=2 and we wish to find how large a sample size is needed so that

 

Pr 1 1 1000 P s H : 2 60 1001

 

Using the values of r, s, and c, we obtain m1 ¼ m2 ¼ 336, so that, according to Bernoulli’s result, the required sample size is n ¼ 39,612. Now let us re-estimate the required sample size using de Moivre’s result in Eq. (10.4). Letting

 

{ pffiffiffi  Today, we would say that the  standard deviation  of an estimated proportion is inversely proportional to  n.

{ See Problem 8, p. 70.
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P ¼ s X=n, we have

 

Pr        1        d 1 d 1 d P ¼ s Pr P þ s 2 n 2 n 2 n     ð n o10:5Þ n n ¼ Pr d X þ d : 2 2

Using de Moivre’s result in Eq. (10.4), Eq. (10.5) becomes

 

Pr 1 ð d    d 2 2 2        p uffiffiffi P s p ffiffiffiffiffiffiffiffi exp du ¼ 1 2 F ð 2 d = nÞ; ð10:6Þ 2 n 2 p n n d

where Fð  Þ is the cumulative distribution function of the standard normal distribu-tion. If we substitute « ¼ d =n, Eq. (10.6) becomes

 

Pr 1     pffiffiffi P s « 1 2 F ð 2 « nÞ: 2

 

1 Let us now take « ¼ 1=60 and set the probability above to 1000=1001. Solving p ffiffiffi   2  F  ð  n  =  30  Þ ¼  1000  =  1001 using standard normal tables, we obtain, according

to de Moivre’s result, a sample size of n ¼ 9742. This is much less than Bernoulli’s sample size of n ¼ 39,612.

De Moivre also considered the nonsymmetrical binomial case ðp 6¼ 1=2Þ. He sketched a generalization of his method and showed how the terms in the general binomial expression        n , ð a þ b Þ a 6¼ b, could be approximated, but his investigations here did not go very far.

We now describe some of the studies leading to Gauss’ own derivation of the normal distribution, which occurred in the context of putting the method of least squares on a theoretical foundation. The method of least squares was first published by Adrien-Marie Legendre (1752–1833) (Legendre, 1805, pp. 72–80) (Fig. 10.4). { Legendre introduces the method in a purely algebraic way as one of finding the n unknown quantities x1; x2; . . . ; x such the following set of equations are satisfied  n  m

as “nearly” as possible (see Fig. 10.5):

a11 x1 þ a12 x2 þ    þ a1nxn ¼ y1; a21 x1 þ a22 x2 þ    þ a2nxn ¼ y2;

am1x1 þ am2x2 þ    þ amnx ¼ n ym:

Legendre explains that, if {  m  ¼  n  , it is easy to uniquely determine the unknowns.

However, in many physical and astronomical problems we have m H n. In these cases,

 

{ For a comprehensive survey of the early history of the method of least squares, see the book by Merriman (1877).

{ Provided the set of equations is consistent.
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Figure 10.4   Adrien-Marie Legendre (1752–1833).

 

one wishes to minimize the errors «1; «2; . . . ; « , where m

«1 ¼ a11x1 þ a12x2 þ    þ a1 nxn y1; «2 ¼ a21x1 þ a22x2 þ    þ a2 nxn y2;

 

«m ¼ am1x1 þ am2x2 þ    þ amnxn ym:

 

In the above, the a ’s are known constants. Legendre then states the ij least squares principle as follows (Legendre, 1805, p. 72; Smith, 1929, p. 577) (see Fig. 10.5):

Of all the principles which can be proposed for that purpose, I think there is none more

general, more exact, and more easy of application, than that of which we have made use in

the preceding researches, and which consists of rendering the sum of the squares of the

errors a minimum. By this means there is established among the errors a sort of equilibrium

which, preventing the extremes from exerting an undue influence, is very well fitted to

reveal that state of the system which most nearly approaches the truth.

Thus, one wishes to minimize

 

X m   X m 2 «               2 i ¼ ð a i 1 x 1 þ a i 2 x 2 þ    þ a in x n y i Þ:      ð10:7Þ i¼1         i¼1

By differentiating Eq. (10.7) partially with respect to each of x1; x2; . . . ; x and n equating to zero each time, one obtains the following normal equations:
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Figure 10.5   Legendre’s Method of Least Squares, taken from the Nouvelles M ethodes (Legendre, 1805).

 

X    X m       X m     X m 2 a m    !         !            ! x þ a a x þ    þ a i 1 1 i 1 i 2 2 i 1 a in x n ¼ai1yi; i¼1               i¼1                         i¼1                i¼1

 

X     X m      X m     X m 2 a m      !       !            ! i 2 a ¼ i 1 x 1 þ a aa i 2 x 2 þ    þ a i 2 in x ni2yi; i¼1                  i¼1                      i¼1                i¼1

 

X     X m       X m    X m 2 m      !         !          ! a in a þ i 1 x a 1 in a i 2 x 2 þ    þ a x ¼a y in n ini: i¼1                  i¼1                         i¼1             i¼1

 

The above n equations can now be solved for the n unknowns x1; x2; . . . ; x . As a n special case of the above method, Legendre considers the case when n independent

 

observations a1; a2; . . . ; a are made on an unknown quantity n x. The method of least 2 squares then tries to minimize the quantity ð x a 1 Þ þ ð x a 2 2 Þ þ    þ ð x a , n Þ 2 which happens when the latter’s derivative with respect to x is set to zero, that is,

ðx a1Þ þ ðx a2Þ þ    þ ðx a Þ ¼ 0 n:
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Figure 10.6   Carl Friedrich Gauss (1777–1855).

 

) x ¼    a i ¼ a; n 1 n X

i¼1

which is the sample mean of the     { a ’s. i

Legendre’s clarity of exposition and the usefulness of least squares ensured that his method quickly gained wide acceptance. However, his claim of priority on the method was soon challenged by Gauss. Both Legendre and Gauss were among the greatest mathematicians of their times. In the Theoria motus corporum coelestium (Gauss, 1809, English edition, p. 270), Gauss states (Fig. 10.6)

Our principle, which we have made use of since the year 1795, has lately been published by

LEGENDRE in the work Nouvelles methodes pour la determination des orbites des

cometes, Paris, 1806, where several other properties of this principle have been explained,

which, for the sake of brevity, we here omit.

 

{ To confirm that the sum of squares is indeed minimized at x ¼ a, one can show that its second derivative, evaluated at x ¼ a, is positive.
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Legendre took umbrage at Gauss’ claim, especially his use of the term “our principle.” In an 1809 letter to Gauss, Legendre writes{

I will therefore not conceal from you, Sir, that I felt some regret to see that in citing my

memoir p. 221 you say principium nostrum quo jam inde ab anno 1795 usi sumus etc.

There is no discovery that one cannot claim for oneself by saying that one had found the

same thing some years previously; but if one does not supply the evidence by citing the

place where one has published it, this assertion becomes pointless and serves only to do

a disservice to the true author of the discovery. In Mathematics it often happens that one

discovers the same things that have been discovered by others and which are well

known; this has happened to me a number of times, but I have never mentioned it and I

have never called principium nostrum a principle which someone else had published

before me.

It seems that Gauss did indeed use least squares before Legendre’s publication{ but did not get his work published before 1805. Similarly, the Irish-born mathemati-cian Robert Adrain (1775–1843) independently developed and used least squares around 1806. However, the priority of discovery goes to Legendre for having first published the method.

In the Theoria motus, Gauss set out to give a probabilistic justification for the principle of least squares (Gauss, 1809, English edition, pp. 257–260) (see Fig. 10.7). Recall that, when n observations a1; a2; . . . ; a are made on an unknown quantity , n x Legendre’s principle of least squares states the sum of squares of the errors, that is ð        2               2                      2 x a Þ þ ð x a Þ þ    þ ð x a Þ                         x ¼ a

1              2                         , is minimized when        . However, n

Legendre provided no theoretical basis as to why the sum of squares of the errors ought to be minimized. Gauss’ aim was to find the type of distribution, given a set of independent measurements a1; a2; . . . ; an for an unknown value x, which leads to the sample mean as the most probable value of x. In doing so, he formally derived the normal distribution, a feat that enabled him to coin his name on this distribution.} Moreover, he was also able to justify the method of least squares. We now describe his derivation.** Given the independent observations a1; a2; . . . ; a on , let the proba- n  x

bility density of the ith error «i ¼ a       be i x

f ð                 Þ ¼   ð « « j Þ ¼ i x f ð « i fa i xÞ:

Therefore, the density of each a is i

faðaijxÞ ¼ f«ð«ijxÞ ¼ fðai xÞ:

 

{ The following English translation is taken from Plackett (1972). { See, for example, Adams (2009, p. 28).

} The first derivation of the normal law of error was actually given one year earlier by Adrain in the paper Research concerning the probabilities of the errors which happen in making observations (Adrain, 1808). The paper went largely unnoticed until it was reprinted in 1871. For more details, see Merriman (1877, pp. 163–164).

** See also Whittaker and Robinson (1924, pp. 218–220).
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Figure 10.7 Gauss’ derivation of the normal distribution, taken from the English translation of

Gauss’ Theoria motus (Gauss, 1809).

 

Then Gauss uses Laplace’s form of Bayes Theorem{ to obtain the posterior distribution of x, given the observations

 

f                                   f ða1; a2; . . . ; a njxÞf ðxÞ ð x j a 1 ; a 2 ; . . . ; a Ð n Þ ¼    :              ð10:8Þ f ð a 1 ; a 2 ; . . . ; a j n x Þ f ð x Þ dx

Next, Gauss follows Laplace again by assuming a uniform prior on x, that is, f ðxÞ ¼ 1, based on the principle of indifference.{ Since the observations are inde-pendent, Eq. (10.8) becomes

 

f                                    f aða1jxÞfaða2jxÞ   faðanjxÞ ð x j a 1 ; a 2 ; . . . ; a Þ ¼ Ð n f ð j a a 1 x Þ f ð Þ   a a 2 j x f ð a a j Þ n x dx Q n f ð a x Þ Ð Q i ¼ ¼ 1 i : n ð i ¼ 1 f a i x Þ dx

Now, f ðxja1; a2; . . . ; a Þ, hence ln f ðxja1; a2; . . . ; a Þ, is maximized when ¼  n  x   a. n

This happens when

 

X n d ln fða i xÞ ¼ 0:               ð10:9Þ dx i ¼ 1

 

{ See Problem 14, p. 141.

{ See Problem 14, pp. 135–137.
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When x ¼ a, we also have

X n

ða 10  10  i   x  Þ ¼  0  :  ð  :Þ

i¼1

Comparing Eqs. (10.9) and (10.10), we see that

 

dx d ln fða i xÞ ¼ k1ða i xÞ;

where k1 is a constant. To solve the above differential equation, we write

Ð                           Ð

d ln fða                 ð i x Þ ¼ k 1 ð a Þ     Þ i x d a i x

 

ln                k ð f a Þ ¼ 1 i x ða Þ2 þ i x k2 2

f          k ða xÞ2= ð a i x Þ ¼ k 1 i 3 e2

)         k « = f ð « i Þ ¼ k 2 12 i 3 e;

 

where                        Ð                      Ð ¥ ¥    k « = k 2 ; k 3 are constants. Since f ð « d « ¼ k2 i     ¼ i Þ 1, we can i i ¥ 3 e 2 1 d « p ffiffiffiffiffiffiffiffiffiffi Ð ¥ p ¥ ffiffiffi u make the substitution u ¼ « k 2 1 = 2 and use i e du ¼ p to show that p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi p ffiffiffiffiffiffiffiffiffiffi ¥ k 3 ¼ k 1 = ð 2 p Þ . Writing h k 1 = 2 , Gauss finally obtains the normal density Nð0; 1 2 h2Þ (see Fig. 10.7):

 

f     h   h2«2 ð « p i i Þ ¼ ffiffiffi e:                      ð10:11Þ p

Having derived the normal density, it is then easy for Gauss to argue that the joint

density                                                  P 

h   n        n

fð«1Þfð«2Þ   fð« Þ ¼   pffiffiffi    e    i¼ n h2   «2 i

p        1

 

is maximized when the sum of squares of the errors, that is, Pn   « 2, is minimized, i ¼ 1 i just justifying the principle of least squares. In his own words (Gauss, 1809, English edition, p. 260)

It is evident, in order that the product

 

W ¼ m m= hh h p 2            0    0       00    00 ð vv þ v v þ v vþÞ e

may become a maximum, that the sum

vv    0   0         00   00 þ v v þ v v þ etc:;

must become a minimum. Therefore, that will be the most probable system of values of the

unknown quantities p, q, r, s, etc., in which the sum of the squares of the differences

between the observed and computed values of V, V 0      00 , V, etc. is a minimum. . . 104   Problem 10 De Moivre, Gauss, and the Normal Curve (1730, 1809)

This completes Gauss’ probabilistic justification of the method of least squares.

Any description of Gauss’ derivation of the normal curve would be incomplete without any mention of Laplace, a French mathematician of unrivalled analytic superiority. As early as 1774, on his work on the theory of errors, Laplace had proposed the double exponential function {

 

f           m mjxj ð x Þ ¼ e;    ¥GxG¥;   mH0; 2

as a law of error (Laplace, 1774a, pp. 634–644). Now, as we have described, Gauss had proved that the distribution that results in the sample mean as the most likely value of a set of observations is the normal distribution in Eq. (10.11). In the M emoire sur les approximations des formules qui sont fonctions de tr es grands nombres et sur leur application aux probabilit es (Laplace, 1810a), Laplace provided the first formal statement of the CLT after de Moivre’s work in the Miscellanea analytica (de Moivre, 1730). Laplace considered the sum S ’s are  n  ¼  X  1  þ  X  2  ;  . . .  þ  X  , where the  n  X  i

independent and identically distributed discrete random variables with probability mass function

 

Pr        1 ih X ¼ ¼    for   0 i ; h H; i ¼ 0; 1; . . . ; 2m: 2 m 2 m þ 1

By using characteristic functions{ for the first time, Laplace showed that, for large n,

 

Pr              p ffiffiffi ð u S 2 n x2=ð2s2Þ u m u p ffiffiffi edx; n s p

0

where m ¼ EXi ¼ h=2 and s2 ¼ var Xi ¼ 1=3. Equipped with this result, Laplace was able to further reinforce Gauss’ result on the normal curve. In the Suppl ement au M emoire sur les approximations des formules qui sont fonctions de tr es grands nombres (Laplace, 1810b), Laplace essentially argued that if the errors in Gauss’ derivation were the sum of a large number of random variables, then the CLT implies that the errors are approximately normally distributed. This fact gives further validity to Gauss’ derivation of the normal curve.

Let us now outline some of the key developments in the CLT after de Moivre’s and Laplace’s initial works on it. Just like in the case of the law of large numbers,} the aim of these investigations was to further relax the conditions under which the CLT can hold. The first rigorous proof of the CLT was provided by Alexander Mikhailovich Lyapunov (1857–1918) (Fig. 10.8) in 1901 for the case of mutually

 

independent random variables X1; X2; . . . ; X such that ,  n  E  X  i  ¼  m  , var  X  s  2  i  i  ¼  G  ¥  i  2  and  E  j  X  i  j  þ  d  G  ¥  where  d  H  0 (Lyapunov, 1901). Let  S  n  ¼  X  1  þ  X  2  þ    þ  X  ,  n

 

{ Now called Laplace’s (first) distribution.

{                                                                                                                pffiffiffiffiffiffiffi itX The characteristic function of a random variable X is defined by f ð X t Þ ¼ E e , where i ¼ 1. } See Problem 8.
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Figure 10.8   Alexander Mikhailovich Lyapunov (1857–1918)

 

m ¼ þ            2 n m , and 1 m 2 þ    þ m B ¼ s2 þ s2 þ    þ s2. Then if n n 1 2 n

 

n lim   1    n X         2 þd E X j m ¼ 0 þ ! ¥ B 2 j; d n j ¼ 1

we have

 

n lim          ð z        S n m 1 n u 2 Pr z ¼ p ffiffiffiffiffiffi exp du: ! ¥ B n 2 p 2 ¥

Note that Liapunov’s CLT requires the existence of moments beyond the second order. A simpler but less general form of the above is due to the Finnish mathematician Jarl Waldemar Lindeberg (1876–1932) (Lindeberg, 1922) and the 106   Problem 10 De Moivre, Gauss, and the Normal Curve (1730, 1809)

 

French mathematician Paul Pierre L evy (1886–1971) (L evy, 1925): If X1; X2; . . . ; X n are IID random variables with common mean EX ¼ and common variance  i  m

var X ¼ i s2G¥, then

 

n lim                    ð z      1 X 1 þ X 2 þ    þ X n n m u2 Pr p ffiffiffi z ¼ p ffiffiffiffiffiffi exp du: ! ¥ s n 2 p 2 ¥

Sufficient and necessary conditions for the CLT were provided by Lindeberg (1922) and William Feller (1906–1970) (Feller, 1935), respectively: Let

 

X1; X2; . . . ; X    be independent random variables such that n EXi ¼ m   and i 2 var X i ¼ s G ¥ . Let S ¼ X X i n 1 þ 2 þ    þ X , n m n ¼ m 1 þ m , and 2 þ    þ m n B 2 ¼ s 2 s 2 2 . Then n 1 þ 2 þ    þ s n

 

n lim          ð z        S 2 1 n m n u Pr z ¼ p ffiffiffiffiffiffi exp du ! ¥ B n 2 p 2 ¥

and

 

n lim      si max ¼ 0 ! ¥ 1 i n B n

if and only if, for any «H0,

 

n lim (                  ) ð n 1 X ð x m Þ 2 f dx         ð : Þ i X ð Þ 0 10 i x ¼ : 12 ! ¥ B 2 n j x j i ¼ 1 m i H « B n

 

In the above, f ð Þis the probability density of each    . X i x X i

What are the implications of the CLT? Briefly, it implies that, for the simplest case, the sum (or sample mean) of IID random variables with finite second moments can be approximated by a normal distribution for “large enough” sample sizes. It is immaterial whether the original random variables themselves have a normal distri-bution or not, or whether they are discrete or continuous.{ This result is of tremendous importance in as much as it enables us to make probability statements about sums or means of random variables. It also leads, under certain conditions, to useful normal approximations for various distributions such as the binomial, the Poisson, the chi-square, and the gamma distributions. Finally, the CLT is extremely important in inferential problems involving the sample mean.

A look at Eq. (10.12) reveals the basic condition for the CLT to hold in large enough sample sizes. First note that{

 

{ Note that the theorem does not say that any random variable will become approximately normal for large sample sizes, it makes a statement of approximate normality regarding the sum (and sample mean) of the random variables.

{ In the formulas which follow, if the random variable is discrete we replace the density function with the mass function, and the integration with a summation.
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B 1                                 1   n X n ð ð X ð x m Þ 2 f ð Þ X x dx 2 i i        «2B2f ð Þ n X i xdx 2 n j i ¼ 1 j x m i H « B n B n i ¼ 1 j x m i j H « B n ð X n ¼ « 2 f X i ð x Þ dx j x m j H « B i ¼ 1 i n

¼ «   PrfjX i m jH«B g i n 2 X n

i¼1

 «2max PrfjXi m jH«B ing: 1 i n

 

Condition (10.12) therefore implies, as n ! ¥,

1 max PrfjX j i mH«B g ! 0 i n: i n

Thus for the CLT to hold, the Lindeberg–Feller conditions state that no single

 

random variable should dominate the sum, that is, each ðX    Þ i m=s is small relative i i { to the sum ð S n m Þ = B as n increases. n n

 

{ See Spanos (1986, pp. 174–175).

Problem 11

 

Daniel Bernoulli and the

 

St. Petersburg Problem (1738)

 

Problem. A player plays a coin-tossing game with a fair coin in a casino. The casino agrees to pay the player 1 dollar if heads appears on the initial throw, 2 dollars if head first appears on the second throw, and in general 2n1 dollars if heads first appears on the nth throw. How much should the player theoretically give the casino as an initial down-payment if the game is to be fair (i.e., the expected profit of the casino or player is zero)?

 

Solution. The player wins on the nth throw if all previous (n 1) throws are tails and n n the n 1 th thrown is a head. This occurs with probability ð 1 = 2 Þ ð 1 = 2 Þ ¼ 1 = 2 and the player is then paid 2 n1 dollars by the casino. The casino is therefore expected to pay the player the amount

 

X ¥ 1     X ¥ 1 n 1 2 ¼ ¼ ¥: n 2 2 n ¼ 1 n ¼ 1

 

Thus it seems that no matter how large an amount the player initially pays the casino, she will always emerge with a profit. Theoretically, this means that only if the player initially pays the casino an infinitely large sum will the game be fair.

 

11.1 Discussion

This problem has been undoubtedly one of the most discussed in the history of probability and statistics. The problem was first proposed by Nicholas Bernoulli
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Figure 11.1 Extract from letter sent to Montmort by Nicholas Bernoulli, taken from the second

edition of Montmort’s Essay (Montmort, 1713). The St. Petersburg Problem first appears here (Quatri eme Probl eme, Cinqui eme Probl eme).

 

(1687–1759) in a letter to Pierre R                                            { emond de Montmort (1678–1719) in 1713. It was published in Montmort’s second edition of the Essay d’Analyse sur les Jeux de Hazard (Montmort, 1713, p. 402) (see Fig. 11.1):

Fourth Problem. A promises to give one ecu to B, if with an ordinary die he scores a six,

two ecus if he scores a six on the second throw, three ecus if he scores this number on the

 

{ An even earlier version of the St. Petersburg Problem appears in Cardano’s Practice arithmetice and is as follows: “A rich and a poor man play for equal stakes. If the poor man wins, on the following day the stakes are doubled and the process continues; if the rich man wins once, the play is ended once and for all.” See Coumet (1965a) and Dutka (1988) for more details.
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third throw, four ecus if he gets it on the fourth throw, & so on. We ask what the expectation

of B is.

Fifth Problem. We ask the same thing if A promises B ecus according to the sequence 1, 2,

4, 8, 16, etc., or 1, 3, 9, 27, etc., or 1, 4, 9, 16, 25, etc., or 1, 8, 27, 64, etc., instead of 1, 2, 3, 4,

5, etc. like before.

The problem was then taken up again by Daniel Bernoulli (1700–1782){ and published in a similar form to Problem 11 in the St. Petersburg Academy Proceedings in 1738 (Bernoulli, 1738) (Fig. 11.2). Almost every prominent mathematician of the time discussed the problem, which from then on became known as the St. Petersburg Problem or the                           { St. Petersburg Paradox .

What is paradoxical about the problem? It is the solution. Our solution seems to imply that the player is expected to be paid an infinite amount of money, but in fact she will most likely be paid much less than that. To see why, let us calculate how likely it is that she will win within the first few tosses. Let Y be the random variable “the number of independent tosses of the fair coin till the player wins.” The probabilities of winning within, say, the first three, four, and five tosses are, respectively,

 

Prf Y 3g ¼ PrfY ¼ 1g þ PrfY ¼ 2g þ PrfY ¼ 3g

1         1                2 1 1 1   1

¼    þ      þ

2      2    2      2    2

¼ :875;

Prf Y 4g ¼ :938;

Prf Y 5g ¼ :969:

Thus, it is very likely that the player will have won within the five tosses. Given that this actually occurs, the player will be paid 2 4 ¼ 16 dollars by the casino. So paying the casino 16 dollars would seem fair for all intents and purposes. And yet our solution appears to imply that the player should pay the casino an infinite amount to make the game fair. On one hand, the theory seems to predict the player is expected to emerge with a huge profit however large a sum she pays the casino. On the other hand, even paying the casino 1000 dollars seems unfair since most certainly the player will end up being paid at most 16 dollars.

There have been numerous attempts to get around this conundrum. We now outline some of them. First let us consider Jean le Rond d’Alembert’s (1717–1783) take on the matter. d’Alembert rejected the solution we presented earlier, namely that the player should pay the casino an infinite amount. In the Croix ou Pile article

 

{ Daniel Bernoulli was the younger cousin of Nicholas Bernoulli. { The St. Petersburg paradox is also discussed in Clark (2007, p. 196), Samuelson (1977), Shackel (2008), Keynes (1921, pp. 316–323), Nickerson (2004, p. 182), Parmigiani and Inoue (2009, p. 34), Epstein (2009, pp. 111–113), Chernoff and Moses (1986, p. 104), Chatterjee (2003, p. 190), Sz ekely (1986, p. 27), and Everitt (2008, p. 117).
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Figure 11.2   Daniel Bernoulli (1700–1782).

 

of the                         { Encyclop edie he states, regarding the infinite solution (d’Alembert, 1754, Vol. IV, p. 513):

. . .& there is some scandal here that deserves to occupy the Algebraists.

Elsewhere, d’Alembert has claimed that there is no paradox at all, based on an argument that we now describe. First, d’Alembert distinguishes between two types of

 

{ See also Fig. 12.3.
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Figure 11.3   D’Alembert’s definition of metaphysical and physical probability, taken from the Opuscules (Vol. 2) (d’Alembert, 1761, p. 10).

 

probabilities, which he calls “metaphysical” and “physical” probabilities.{ According to d’Alembert, an event is metaphysically possible if its probability is mathematically greater than zero. On the other hand, an event is physically possible if it is not so rare that its probability is very close to zero. In the Opuscules Math ematiques (d’Alembert, 1761, p. 10), d’Alembert thus states (see Fig. 11.3)

One must distinguish between what is metaphysically possible, & what is physically

possible. In the first class are all things whose existence is not absurd; in the second are all

things whose existence not only has nothing that is absurd, but also has nothing that is very

extraordinary either, and that is not in the everyday course of events. It is metaphysically

possible, that we obtain a double-six with two dice, one hundred times in a row; but this is

physically impossible, because this has never happened, & will never happen.

In the famous article Doutes et Questions sur le Calcul des Probabilit es, d’Alembert (1767, pp. 282) addresses the St. Petersburg Problem:

Thus I ask if one has to look very far for the reason of this paradox, & if it does not belie the

eyes that this supposed                           { infinite sum owed by Paul [the player] at the beginning of the

game, is only apparently infinite, only because it is based on a false assumption; namely on

the assumption that head can never happen, & that the game can last forever?

 

{ See also Arne Fisher’s The Mathematical Theory of Probabilities (Fisher, 1922, pp. 51–52). { The use of Paul and Pierre (or Peter) as opponents in games of chances has its origins in Montmort’s Essay d’Analyse (Montmort, 1708). Gordon (1997, p. 185) makes the following amusing point: “Note that Pierre Montmort was hardly neutral between Pierre and Paul. We still root for Peter and tend to look at things from his point of view. For example, we shall use the letter p, which we have used for the probability of success, for the probability that Peter wins a game; q, corresponding to failure, is the probability Paul wins.”
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It is however true, & even clear, that this assumption is mathematically possible. Only

physically speaking is it false.

Finally, in the Opuscules, d’Alembert explains why he believes the “infinite-expectation” solution (which we presented in our solution) is wrong (p. 8):

. . . when the probability of an event is very small, it must be regarded & treated as zero;

& one must not multiply (as it has been prescribed till now) that probability with the gain,

so as to obtain the stake or expectation.

Thus d’Alembert believes that very small probabilities ought to be treated as zero. Although d’Alembert does not explicitly give a cutoff probability to decide when a metaphysically possible event becomes physically impossible, he gives an example of a coin that is tossed 100 times to illustrate the notion of physical impossibility (d’Alembert, 1761, p. 9). Let us therefore take a probability p 1= 100 2 to denote physical impossibility, and use d’Alembert’s arguments to solve the St. Petersburg Problem. In our solution, the casino is now expected to play the player an amount.

 

X 99 1      X ¥ n     n 1 2 þ 0 1 2 ¼ 49:5: n 2 n ¼ 1 n ¼ 100

Thus, according to d’Alembert and using a probability cutoff of 2100, the player should give the casino an upfront payment of $49.50 for the game to be fair. However, how should we decide at what point a probability becomes so small{ that it should be treated as zero? D’Alembert does not provide any convincing argument for a cutoff and his views on the St. Pertersburg Problem have largely been superseded today.

The great naturalist, Georges-Louis Leclerc, Comte de Buffon (1707–1788) favored a solution similar to d’Alembert, except that he considered a probability less than 1=             13.29 10,000 ( 1/2) to be “morally” impossible. With this prescription, the casino is expected to pay the player an amount{

 

X 13       ¥ 1 X n 1   n 2 þ 0 1 2 ¼ 6 :5; n 2 n ¼ 1 n ¼ 14

so that the player should give the casino an upfront payment of $6.50 for the game to be fair. Buffon was also one of the foremost empiricists of his times. He employed a child to toss a coin until a head was obtained, and the game was repeated 2084 times (Todhunter, 1865, p. 346). Buffon reports that there were 1061 games that produced one crown, 494 games that produced two crowns, and so on. The total amount was

 

{ The issue of small probabilities is also treated in Problem 24. {                                                                                                     n1 In his own calculations, Buffon seems to have arbitrarily changed the payment to (9/5) for a first head on the nth head (Coolidge, 1990, p. 174). In this way he is able to obtain an upfront payment of 5 crowns, which matches his empirical results.
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Table 11.1   A Modified St. Petersburg’s Game Where a Limit 2N is Placed on the Amount Owned by the Casino

Value of N             Maximum amount                Amount player must pay

owned by casino (2 N)            upfront for a fair game (N=2 þ 1)

1                        2                                1.5 2                        4                                2.0 3                        8                                2.5 4                        16                                 3.0 5                        32                                 3.5 10                      1,024                                   6.0 15                     32,768                                   8.5 20                                 6 1.03 10                         11.0

For a given value of N, the player must pay an amount (N=2 þ 1) for the game to be fair.

 

10,057 crowns in 2084 games, implying an average upfront payment of about 5 crowns.

On the other hand, mathematicians such as the Marquis de Condorcet (1743–1794), Sim eon Denis Poisson (1781–1840), and Eug ene Charles Catalan (1814–1894) argued that no casino could pay an infinite amount and that its fortune should be restricted. Let us therefore assume that the casino has a maximum of 2 N dollars, where N is a fixed integer. Furthermore, we assume that the player is paid 2 n1 dollars if heads first occurs on the nth toss for n N þ 1. For nHN þ 1, the player is always paid the same amount of 2 N dollars. For such a game, the bank is expected to pay the player an amount

 

1                        1  1  1  1  1  1  1  N  N   1  þ   2  þ    þ   2  þ  2  þ  þ    ¼  ð  2  N  þ  1  Þ þ  þ  þ    N  þ  1  N  þ  2  N  þ  3  2  2  2  2  2  2  4  8  N  ¼  þ  1  :  2

 

For the game to be fair, the player must therefore pay ( N=2 þ 1) dollars upfront. Table 11.1 lists several values of      N N, 2 , and N=2 þ 1. An upfront payment of (N=2 þ 1) seems much more reasonable than an “infinite” one.

However, Condorcet et al.’s position of restricting the casino’s fortune is criticized by Joseph Bertrand (1822–1900), who argues that this does not solve the problem. In the Caculs des Probabilit es, he writes (Bertrand, 1889, p. 61)

If we play for cents instead of francs, for grains of sand instead of cents, for molecules of

hydrogen instead of grains of sand, the fear of insolvency can be diminished without limit.

This should not make a difference to the theory. It does not also assume that the stakes be

paid before every throw of the coin. However much Peter [the casino] may owe, the pen can

write it, one can write the calculations on paper; the theory will triumph if the calculations

confirm its prescriptions. Chance will very probably, one can even say certainly, end by
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favoring Paul [the player]. However much he pays for Peter’s promise, the game is to his

advantage, and if Paul is persistent it will enrich him without limit. Peter, whether he is

solvent or not, will owe him a vast sum.

Gabriel Cramer (1704–1752) and Daniel Bernoulli (1700–1782) both favored a solution that involved the concept of                                      { mean utility (or moral expectation ). This is one of the more common solutions to the St. Petersburg Problem and needs some

 

explaining. Suppose a player has an initial fortune x0, and has a probability p Pj (for j ¼ 1, . . . , K ) of winning an amount a , where ¼ 1. If at any stage the j p j j x player’s fortune changes from to ( x þ dx ), then Bernoulli suggests that the change in the player’s utility U for that fortune is dU / dx=x. This means that, for a given change in the player’s fortune, the more money the player has the less will the change in utility be. From dU / dx=x, we get U ¼ k ln x þ C, where k and C are both constants, that is, the utility of the fortune x is a function of the log of x. Bernoulli then denotes the mean utility of the player’s final fortune by

 

X    K x 0 þ a j p ln j x 0 j ¼ 1

 

(Dutka, 1988). Compare this with the mathematical expectation of the player’s final P

fortune:    p ð   þ j j x 0 a Þ. For the j St. Petersburg Problem, suppose the player has an initial fortune x0 and pays an initial amount j for the game. Then, for a fair game, Bernoulli sets the player’s mean utility for her final fortune to be zero, obtaining

 

X ¥ 1     j ln ð x þ 2 jÞ ¼ x j 0 ln0: 2 j ¼ 1

This equation can be solved for j when the value of x0 is specified. For example, if the player’s initial fortune is x0 ¼ 10 dollars, then she should pay an upfront amount of j 3 dollars. On the other hand if x0 ¼ 1000 dollars, then j 6 dollars (Shafer, 2004, p. 8320). Again, these are much more reasonable upfront payments than that suggested in our solution. Note that this version of the St. Petersburg Problem does not restrict the casino’s fortune, but instead conditions on the player’s initial fortune.

A fourth solution due to the eminent Croatian-American mathematician William Feller (1906–1970) (Feller, 1937, 1968) (Fig. 11.5) ought to be men-tioned. Feller reasoned in terms of a variable entrance fee, that is, an entrance fee that is a function of the number n of tosses. He defined a fair game to be one such that, for any small «H0,

 

n lim    S n Pr 1   ; ! G « ¼ 1 ¥ e n

 

{ For more details, see Bernstein (1996, p. 105). See also Problems 4 and 25.
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Table 11.2 Feller’s Solution to the St. Petersburg Game, Whereby a Variable Amount is Paid

by the Player at the Start of the nth Toss

Value of n            Cumulative amount paid by           Actual amount paid by player

player on nth toss (n log2n)                on nth toss [n log2n 

( n 1)log2n(n 1), n H 1]

1                            .00                              .00 2                           2.00                             2.00 3                           4.75                             2.75 4                           8.00                             3.25 5                          11.61                             3.61 10                           33.22                               4.69 15                           58.60                               5.30 20                           86.44                               5.73

[image: ]

 

Figure 11.4   Plot of player’s upfront payment, 1=(2 s), against s for the modified St. Petersburg game where the player is paid n1 s (where 0 G s G 2) dollars if head occurs on the n th toss.

 

where S and   are the           amounts paid to and by the player, respectively. n e n cumulative { The last formula is analogous to the weak law of large numbers, Feller then proved that the game becomes fair for

 

en ¼ n log2 n:

 

{ See Problem 8.
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Figure 11.5   William Feller (1906–1970).

 

Table 11.2 shows values of the cumulative and actual amounts the player should play on the nth toss.

Finally, it is worthwhile reconsidering the original St. Petersburg game with one

 

modification: if a head appears first on the nth toss, then assume the casino pays the n player an amount of s 1 dollars, where 0 G s G 2. Then the casino is expected to pay the player an amount

 

X ¥ 1     1 X ¥ s n n s 1 ¼ n 2 s 2 n ¼ 1 n ¼ 1 s = 2 ¼ s ð 1 s = 2 Þ

¼ 1 ; 0 GsG2 :
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ð Therefore, for the game to be fair, the player must pay the finite amount of  2   s  Þ  1  dollars upfront. The graphs in Fig. 11.4 show the variation of the player’s

upfront payment with the value of s.

Of all the possible resolutions we have presented (including our own in the Solution), Daniel Bernoulli’s one based on the concept of utility seems the most appealing. A little “tweaking” of the original concept is needed, through, to avoid a “Super St. Petersburg Paradox” (Menger, 1934). The latter will occur with a log-utility formulation (i.e.,                                         n ( u x ) ¼ ln x ) if the casino pays exp ð1 2Þdollars when a head first appears on the nth toss. However, by bounding the utility function from above, the Super St. Petersburg Paradox can be avoided.{

 

{ For more details, see Ingersoll’s Theory of Financial Decision Making (Ingersoll, 1987, p. 19). Problem 12

 

d’Alembert and the

 

“Croix ou Pile” Article (1754)

 

Problem. In two tosses of a fair coin, what is the probability that heads will appear at least once?

 

Solution. Let H stand for heads and T for tails. Then the sample space when the coin is tossed is W ¼ fHH; HT ; TH; TTg. Each of these sample points is equally likely, so applying the classical definition of probability

 

Prf                       number of favorable outcomes heads at least onceg 

total number of outcomes

¼ 3 :

4

12.1 Discussion

Jean le Rond d’Alembert (1717–1783) was one of the foremost intellectuals of the 18th century and coedited the monumental Encyclop edie ou Dictionnaire Raisonn e des Sciences, des Arts et des M etiers (Figs. 12.1 and 12.2). { However, d’Alembert was often at odds (no pun intended) with his contemporaries on questions of probability. On the above problem, he denied that 3/4 could be the correct answer. He reasoned as follows: once a head occurs, there is no need for a second throw; the possible outcomes are thus H, TH, TT, and the required probability is 2/3. Of course, d’Alembert’s reasoning is wrong because he failed to realize that each of H, TH, TT is not equally likely. The erroneous answer was even included in his article Croix ou Pile{ of the Encyclop edie (d’Alembert, 1754, Vol. IV, pp. 512–513). Let us examine the first part of his article (see Fig. 12.3):

 

{ Encyclopedia of the Sciences, Arts, and Crafts. { Heads or tails.
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Figure 12.1   Jean le Rond d’Alembert (1717–1783).

Heads or tails ( analysis of chances). This game which is well known, & which has no need

of definition, will provide us the following reflections. One asks how much are the odds that

one will bring heads in playing two successive tosses. The answer that one will find in all

authors, & following the ordinary principles, is this one here: There are four combinations,

First toss. Second toss.

Heads. Heads.

Tails. Heads.

Heads. Tails.

Tails. Tails.

Of these four combinations one alone makes a loss, & three make wins; the odds are

therefore 3 against 1 in favor of the player who casts the piece. If he wagered on three

tosses, one will find eight combinations of which one alone makes a loss, & seven make

wins; thus the odds will be 7 against 1. See Combinaison & Avantage. However is this quite

correct? For in order to take here only the case of two tosses, is it not necessary to reduce to

one the two combinations which give heads on the first toss? For as soon as heads comes
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Figure 12.2   Cover of the Encyclop edie.

 

one time, the game is finished, & the second toss counts for nothing. So there are properly

only three possible combinations:

Heads, first toss.

Tails, heads, first & second toss.

Tails, tails, first & second toss.

Therefore the odds are 2 against 1. Likewise in the case of three tosses, one will find

Heads.

Tails, heads.

Tails, tails, heads.

Tails, tails, tails.

122
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Figure 12.3   d’Alembert article “Croix ou Pile,” taken from the Encyclop edie (Vol. IV) (d’Alembert, 1754).
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Therefore the odds are only 3 against 1: this is worthy, it seems me, of the attention of the

Calculators, & would go to reform well some unanimously received rules on the games of

chance.

d’Alembert comes back to the issue again, in his article          { Gageure (d’Alembert 1757, pp. 420–421), after having received objections to his Croix ou Pile article from a certain Mr. Necker, who was a Professor of Mathematics. Necker gives the correct reasoning, but the end of the article shows a still unconvinced d’Alembert.

d’Alembert notoriously also refuted the solution to the St. Petersburg’s Problem (see Problem 11) and fell in the trap of the Gambler’s Fallacy (see Problem 13). Bertrand (1889, pp. ix–x) did not mince his words about d’Alembert’s various faux pas in the games of chance:

When it comes to the calculus of probability, d’Alembert’s astute mind slips completely.

Similarly, in his History of Statistics, Karl Pearson writes (Pearson, 1978, p. 535)

What then did d’Alembert contribute to our subject? I think the answer to that question

must be that he contributed absolutely nothing.

In spite of Bertrand’s and Pearson’s somewhat harsh words, it would be misleading for us to think that d’Alembert, a man of immense mathematical prowess, was so na € ve that he would have no strong basis for his probabilistic reasoning. In the Croix ou Pile article, a sample space of {HH, HT, TH, TT} made no sense to d’Alembert because it did not correspond to reality. In real life, no person would ever observe HH, because once an initial H was observed the game would end. By proposing an alternative model for the calculus of probabilities, namely that of equiprobability on observable events, d’Alembert was effectively asking why his model could not be right, given the absence of an existing theoretical framework for the calculus of probabilities. d’Alembert’s skepticism was partly responsible for later mathematicians to seek a solid theoretical foundation for probability, culminating in its axiomatization by Kolmogorov in 1933 (Kolmogorov, 1933).{

 

{ Wager.

{ See Problem 23.

Problem 13

 

d’Alembert and the Gambler’s

 

Fallacy (1761)

 

Problem. When a fair coin is tossed, given that heads have occurred three times in a row, what is the probability that the next toss is a tail?

 

Solution. Since the coin is fair, the probability of tails (or heads) on one toss is 1/2. Because of independence, this probability stays at 1/2, irrespective of the results of previous tosses.

 

13.1 Discussion

When presented with the problem, d’Alembert insisted that the probability of a tail must “obviously” be greater than 1/2, thus rejecting the concept of independence between the tosses. The claim was made in d’Alembert’s Opuscule Math ematiques (Vol. 2) (d’Alembert, 1761, pp. 13–14) (see Fig. 13.1). In his own words

Let’s look at other examples which I promised in the previous Article, which show the lack

of exactitude in the ordinary calculus of probabilities.

In this calculus, by combining all possible events, we make two assumptions which can,

it seems to me, be contested.

The first of these assumptions is that, if an event has occurred several times successively,

for example, if in the game of heads and tails, heads has occurred three times in a row, it is

equally likely that head or tail will occur on the fourth time? However I ask if this

assumption is really true, & if the number of times that heads has already successively

occurred by the hypothesis, does not make it more likely the occurrence of tails on the

fourth time? Because after all it is not possible, it is even physically impossible that tails

never occurs. Therefore the more heads occurs successively, the more it is likely tail will

occur the next time. If this is the case, as it seems to me one will not disagree, the rule of

combination of possible events is thus still deficient in this respect.
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Figure 13.1   Extract of d’Alembert’s article, taken from the Opuscules, Vol. 2 (d’Alembert, 1761). Here d’Alembert contends that if a fair coin has come up heads three times in a row, then the next throw is more likely to be a head.

 

d’Alembert states that it is physically impossible for tails never to occur in a long series of tosses of a coin, and thus uses his concepts of physical and metaphysical probabilities{ to support his erroneous argument.

In his later article                                                           { Doutes et Questions sur le Calcul des Probabilit es d’Alembert (1767, pp. 275–304) (see Fig. 13.2) further elaborated his objections to the applica-tions of the calculus of probabilities, but his arguments were essentially the same

The calculus of Probabilities is based in this assumption, that all the various combinations

of the same effect are equally likely. For example, if we throw a coin in the air 100

consecutive times, one assumes that it is equally likely that heads occurs one hundred

consecutive times or that heads & tails are mixed, by moreover following whatever

particular sequence one wishes, for example, heads in the first toss, tails on the next two

tosses, heads in the fourth, tails on the fifth, heads on the sixth & seventh, &c.

These two cases are no doubt mathematically equally possible; this is not the difficult

point, & mediocre Mathematicians of whom I spoke before have made useless efforts to

 

{ See Problem 11, p. 112. Recall that, according to d’Alembert, an event is metaphysically possible if its probability is greater than zero, and is physically possible if it is not so rare that its probability is very close to zero.

{ Doubts and questions on the calculus of probabilities.
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Figure 13.2   Extract of d’Alembert’s article “Doutes et Questions sur le Calcul des Probabilit es,” taken from the M elanges de Litt erature (d’Alembert, 1767).

write lengthy dissertations to prove this equal possibility. But one must ask whether these

two cases, which are mathematically equally likely, are also physically as such, taken the

order of things into account.

The above remarks made by d’Alembert need some clarification, because the misconceptions are still widely believed. Consider the following two sequences when a fair coin is tossed four times:

Sequence 1: HHHH

Sequence 2: HHHT

Many would believe that the first sequence is less likely than the second one. After all, it seems highly improbable to obtain four heads in a row. However, the truth of the
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matter is that it is equally unlikely to obtain the second sequence in that specific order. While it is less likely to obtain four heads than to obtain a total of three heads and one tail,{HHHT is as likely as any other of the same length, even if it contains all heads or tails. To give another example, common lore probably suggests a sequence such as HHHTTHHTTH is much more likely than one such as HHHHHHHHHH. Yet they both have the same probability,{ because it is as unlikely to observe the specific first sequence as the second.

In general, “the belief that if an event has not happened for a long time it is bound to occur soon” is known as the Gambler’s Fallacy (e.g., Everitt, 2006, p. 168). The mistaken belief is the result of the erroneous application of the so-called “law of averages,” which is a colloquialism for the more formal weak law of large numbers (WLLN). For a fair coin, the WLLN states that as the coin is tossed again and again, the probability that the actual proportion of heads deviates from 1/2 by more than a certain small amount gets closer to zero.} Thus, if the coin gives three heads in a row, believers in the Gambler’s Fallacy think that the coin will try to compensate for this by being more likely to give tails so as to get closer to 1/2 for the proportion of heads. However, coins have no memory nor do they work through compensation: the WLLN operates through swamping rather than compensation. That is to say, once an initial string of heads occurs there is no tendency for the coin to give more tails in further tosses to make up for the initial excess. Rather, the ratio of 1/2 is approached as the effect of the initial excess of heads is overwhelmed by the sheer number of future tosses.

We should mention that, if d’Alembert was merely skeptical of the ways probability calculations were being applied in real-life situations,** the philosopher Auguste Comte (1798–1857) was much more acerbic regarding the merits of this doctrine. The following extract clearly shows his thoughts on probability (Comte, 1833, p. 371):

The calculus of probabilities has seemed to me to be really, by its illustrious inventors, only

a convenient text for ingenious and difficult numerical problems, which nonetheless

preserves all of its abstract value, like the analytical theories which it has then occasioned,

or, if we wish, been the origin for. As to the philosophical conception on which this doctrine

rests, I consider it radically false and susceptible to lead to the most absurd consequences.

Commenting on Comte’s criticism, Coumet (2003) rightly states

The theory of chances – I could use, I stress, the expression probability theory, calculus of

probabilities, which is also in the writings of Auguste Comte in the period 1820–1840 – is

not a tired theory that the scientific world can neglect, it is not an emerging theory on which

various judgments are allowed – optimistic or pessimistic – but it is a theory with a

 

{ Remember the specific sequence HHHT is one of four possible ways of obtaining a total of three heads and one tail.

{ In d’Alembert’s language, both sequences have the same physical probability.

} The WLLN is fully discussed in Problem 8. ** d’Alembert’s critique of probability theory is further discussed in Daston (1979), Brian (1996), Paty (1988), Henry (2004, pp. 219–223), Samueli and Boudenot (2009, pp. 169–181), and Gorroochurn (2011). 128   Problem 13 d’Alembert and the Gambler’s Fallacy (1761)

prestigious past, not least by the personalities who devoted themselves to it, Pascal,

Fermat, Huygens, the Bernoullis, De Moivre, Condorcet; and especially, since recently, as

Auguste Comte is very young, the theory has its monument, the Th eorie Analytique des

Probabilit es of Laplace.

Other well-known critics of the theory of probability include the Scottish philosopher David Hume{ (1711–1776), and the Prussian historian and statesman Johann Peter Friedrich Ancillon{ (1767–1837).

 

{ See Problem 14.

{ See Todhunter (1865, p. 453) and Keynes (1921, p. 82).

Problem 14

 

Bayes, Laplace, and

 

Philosophies of Probability

 

(1764, 1774)

 

Problem. Assume that the probability p of an event A is equally likely to be any number between 0 and 1. Show that, conditional on A having previously occurred in a out of n independent and identical trials, the probability that p lies between p1 and p2 is

 

a ð         ð p 2 þ n 1 Þ !           a na p ð 1 p Þdp: ! ð n a Þ ! p 1

Solution. Let X be the number of times that the event A occurs in trials. Since  n  n  p  is

equally likely to be between 0 and 1, we let p have a probability density function that is uniform on [0,1], that is,

f ðpÞ ¼ 1;           0 p 1

To find Prfp1 < p < p2 j X n ¼ ag, let us first obtain the conditional density f ðpjX ¼ Þ n a by using Bayes’ Theorem {:

 

f                             Prf Xn ¼ a j pgf ðpÞ ð p j X n ¼ a Þ ¼ Ð 1 Pr f j ð 0 X ¼ n a p g f p Þdp

¼   n    a       na p ð 1 p Þ 1 a

 

Ð 1    n              na a ð 1 0 p p Þ 1 dp a

 

{ Which will be explained in the Discussion section.
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¼ pa          na ð 1 p Þ    : Ð 1 n a a ð 1 0 p p Þ dp

Now, we have{

 

ð 1                     ð a n Ga þ 1ÞGðn a þ 1Þ   a!ðn aÞ! a p ð 1 p Þ dp ¼ ¼ : G ð n þ 2 Þ ð n þ 1 Þ ! 0

 

Therefore,

 

f                        ð         a          na n þ 1 Þ ! p ð 1 p Þ ð p j X n ¼ a Þ ¼ : a ! ð n a Þ !

Hence,

ð p 2

Prf p1 < p < p2 j Xn ¼ ag ¼   f ðp j Xn ¼ aÞdp

 

¼ n   1Þ!     a        na p ð 1 p Þ dp; a ! ð n a Þ ! p p1 ð         p ð 2 þ 1

as required.

 

14.1 Discussion

This is essentially the problem that the English clergyman, Reverend Thomas Bayes (1702–1761), solved in his famous essay entitled An Essay towards Solving a Problem in the Doctrine of Chances (Bayes, 1764) (Fig. 14.2).{ The density f ðpÞ is called the prior density of p while the density f ðp j X .  n  ¼  a  Þ  is called its  posterior density

In actual fact, Bayes framed his problem as follows (see Fig. 14.1): a ball W is thrown on a unit square table on which one of the sides is the x-axis. Suppose W stops at a point with x-coordinate p. Another ball O is then thrown n times and if the x-coordinate of the point where it stops each time is less than or equal to p, then the event A is said to have occurred. The problem then is to find the probability that p lies between p1 and p2, given that A has occurred a times and failed n a times. Bayes gave the answer as the ratio of the two areas that were then evaluated using infinite series expansions. In modern notation, his solution can be written as

 

{                                                                                             ¥ y a In the following equation, Ð G ( a ) is the gamma function defined by G ð a Þ ¼     . When   is a 0 e y 1 dy n positive integer, G(n) ¼ (n 1)!

{ Bayes’ Essay also appears in Grattan-Guinness’s Landmark Writings in Western Mathematics; see the article in it by Dale (2005).
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Figure 14.1   Bayes’ table as it appears in his paper (Bayes, 1764).

 

Pr                         Ð p2   a          na p ð 1 p Þ dp p f p 1 < p < p 2 j X ¼ n a g ¼ Ð 1 ;           ð14:1Þ 1 n a a ð 1 0 p p Þ dp

which when simplified gives the same expression as in our solution. Equation (14.1) can be viewed as Thomas Bayes’ version of what is known today as “Bayes’ Theorem” and assumes a uniform prior for p on [0,1].

The publication of Bayes’ paper has an interesting history. During his lifetime, Bayes’ published only two anonymous papers.{ Upon Bayes’ death, his friend Richard Price (1723–1791) decided to publish some of his papers to the Royal Society. Bayes’ Essay was the second posthumous paper and was augmented by an introduction and an appendix written by Price.{ This publication is now widely regarded as a major breakthrough not only in probability and statistics, but one that

 

{ Although Bellhouse has recently discovered more manuscripts by Bayes in the Royal Society and in the Equitable Life Assurance Society in London (Bellhouse, 2002). { Several reasons have been advanced for the posthumous publication. William Morgan who was Price’s nephew claimed Bayes did not publish out of modesty. Good (1988) gives three other reasons, the most serious of which is that Bayes was aware there was a “gap in his mathematics”: he had tacitly assumed that a discrete uniform distribution for the number of times an event A occurs in a given number of trialsimplies a uniform (0, 1) distribution for the probability of its occurrence, and this is not true in general.
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Figure 14.2   David Hume (1711–1776).

also touches the very core of the philosophy of science. One author, Dupont (1979) has called it

. . .a gem in the history of the Sciences. . .

In his Statistical Theory: The Relationship of Probability Credibility and Error, Lancelot Hogben (1957, p. 111) says

As matters stand, most subsequent writers on statistical theory up to and including the

present time recognize the Essay towards solving a Problem in the Doctrine of Chance as a

landmark, and its contents as a challenge or programme, according to taste.

Bayes’ Essay can be regarded as the third major breakthrough after Pascal and Fermat’s initial work, and Jacob Bernoulli’s{ Ars Conjectandi (Bernoulli, 1713). Recall that while Pascal and Fermat’s analyses were restricted to symmetric situations in games of chance, Bernoulli extended the concept of probability to asymmetric situations applicable to diverse real-life problems. In Bernoulli’s framework, the probability of an event was a known quantity and the problem he tackled was how

 

{ Whose theorem was then later refined by de Moivre, as we noted in Problem 8.
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Figure 14.3   Thomas Bayes (1702–1761).

many times an experiment ought to be repeated before one can be “morally” certain that the relative frequency of the event is close enough to the probability. Bayes attacked the inverse problem. Here the numbers of times an event occurred and failed to occur are known quantities, but the probability of that event is unknown. The task is then to determine how likely it is for the unknown probability to lie between any two given probabilities, based on the known number of times the event occurred and did not occur, and some a priori notion of the likelihood of the event. Bayes’ Essay was thus concerned with                   { inverse probability . As Price puts it in his introduction to Bayes’ paper

. . .the problem enquired after in this essay is no less important than it is curious. It may be

safely added, I fancy, that it is also a problem that has never before been solved. Mr. De

Moivre, indeed, the great improver of this part of mathematics, has in his Laws of Chance,

after Bernoulli, and to a greater degree of exactness, given rules to find the probability there

is, that if a very great number of trials be made concerning any event, the proportion of the

number of times it will happen, to the number of times it will fail in those trials, should

differ less than by small assigned limits from the proportion of the probability of its

happening to the probability of its failing in one single trial. But I know of no person who

has shewn how to deduce the solution of the converse problem to this; namely, ‘the number

of times an unknown event has happened and failed being given, to find the chance that the

 

{ Not to be confused with the inverse use of Bernoulli’s Theorem, which we explain later in this Discussion. 134   Problem 14 Bayes, Laplace, and Philosophies of Probability (1764, 1774)

probability of its happening should lie somewhere between any two named degrees of

probability.’ What Mr. De Moivre has done therefore cannot be thought sufficient to make

the consideration of this point unnecessary: especially, as the rules he has given are not

pretended to be rigorously exact, except on supposition that the number of trials made are

infinite; from whence it is not obvious how large the number of trials must be in order to

make them exact enough to be depended on in practice.

Bayes revolutionary idea was to transition from the old task of finding how probable a particular event is to the new task of finding how probable the probability assigned to the event is. The new task can thus be viewed as attempting to find the “probability of probabilities” or the probability of causes, as it was often called in the literature at one time. It is of fundamental importance because it could potentially provide a method for making probability statements about population parameters (such as population proportions, means, and variances), this being one of the prime objectives of statistical inference. In the words of Hacking (1980a, p. 532)

If Bayes’ conclusion is correct, we have a basis for the whole of statistical inference. . . However, it is also no exaggeration to say that Bayes’ work has been as controversial as it has been revolutionary.

Let us now consider two key aspects of Bayes’ Essay and discuss the extent to which his conclusion was correct. First, we should note Bayes’ definition of probability as it appears in his paper

The probability of any event is the ratio between the value at which an expectation

depending on the happening of the event ought to be computed, and the value of the thing

expected upon its happening.

This definition is dramatically different from the definition used or given by Bayes’ predecessors, namely that of the ratio of favorable cases to the total number of possible cases when all of the latter are equally likely. However, Bayes’ definition is at the core of the epistemic or Bayesian view of probability: if a contract pays $A when it occurs and $0 otherwise, and we are willing to spend up to $B on the contract, then our subjective probability that the contract occurs is B/A. The latter is called the subjective Bayesian interpretation of probability. It treats probability as a personal measure of belief and has been championed by the likes of Bruno de Finetti (1906–1985) and Leonard J. Savage (1917–1971). Now a closer look at Bayes’ definition shows that he uses the qualifier “ought to be,” which suggests that he was more in line with the objective Bayesian interpretation (Earman, 1992, p. 8). The latter treats probability as a rational or justified measure of belief, and has been supported by the economist John Maynard Keynes (1883–1946) and the physicist Sir Harrold Jeffreys (1891–1989).

The second key aspect of Bayes’                 { Essay is the care with which he set up his ball-and-table example so that p would logically be equally likely to take any value in [0,1]. Thus Bayes writes (Bayes, 1764)

 

{ Gillies thus calls Bayes a “cautious” Bayesian (Gillies, 1987).
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I suppose the square table or plane ABCD to be so made and levelled, that if either of

the balls O or W be thrown upon it, there shall be the same probability that it rests

upon any one equal part of the plane as another, and that it must necessarily rest

somewhere upon it.

Therefore, under the conditions put forward in the body of his Essay, Bayes’ use of a uniform prior for the density of p is justified. Consequently, his main result is correct. However, it is in the scholium to his paper that the controversy is to be found:

From the preceding proposition it is plain, that in the case of such an event as I there call

M, from the number of times it happens and fails in a certain number of trials, without

knowing anything more concerning it, one may give a guess whereabouts it’s

probability is, and, by the usual methods computing the magnitudes of the areas there

mentioned, see the chance that the guess is right. And that the same rule is the proper

one to be used in the case of an event concerning the probability of which we absolutely

know nothing antecedently to any trials made concerning it, seems to appear from the

following consideration; viz. that concerning such an event I have no reason to think

that, in a certain number of trials, it should rather happen any one possible number of

times than another. For, on this account, I may justly reason concerning it as if its

probability had been at first unfixed, and then determined in such a manner as to give

me no reason to think that, in a certain number of trials, it should rather happen any one

possible number of times than another. . . In what follows therefore I shall take for

granted that the rule given concerning the event M in prop.9 is also the rule to be used in

relation to any event concerning the probability of which nothing at all is known

antecedently to any trials made or observed concerning it. And such an event I shall call

an unknown event.

Bayes here suggests that, in general, when we have no prior evidence about the probability of an event, our ignorance would place us in a position tantamount to the one in his example where the prior is known to be uniform. Ignorance about the probability of an event is thus equated with an equally likely distribution. This is an

example of the                        { principle of indifference and a major reason why Bayes’ paper overall { is controversial.

Because the principle of indifference is so important in the calculus of probabili-ty, let us make some comments on it. The principle can be traced to Jacob Bernoulli’s Ars Conjectandi (Bernoulli, 1713, p. 219), where we read

 

{ The principle of indifference is also discussed in Zabell (2005, pp. 22–27), Porter (1986, pp. 82–83), Van Fraassen (1989, Chapter 12), Chatterjee (2003, p. 220), and Howson and Urbach (2006, pp. 266–272). { The “Bayesian controversy” thus has nothing to do with Bayes’ theorem itself. The latter is perfectly valid. The controversy arises from the choice of a suitable prior to be used in the theorem.
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All cases are equally possible, that is to say, each can come about as easily as any other.

Later the principle was explicitly used by Laplace to define classical probability. { The principle of indifference had at first been called the “principle of insufficient reason” (possibly as a word play on Leibniz’s principle of sufficient reason{) by the German physiological psychologist Johannes Adolf von Kries (1853–1928) in the Die Principien der Wahrscheinlichkeitsrechnung (von Kries, 1886). However, in 1921, Keynes stated in his Treatise on Probability (Keynes, 1921, p. 41)

A rule, adequate to the purpose, introduced by James [Jacob] Bernoulli, who was the real

founder of mathematical probability, has been widely adopted, generally under the title of

The Principle of Non-Sufficient Reason, down to the present time. This description is

clumsy and unsatisfactory, and, if it is justifiable to break away from tradition, I prefer to

call it The Principle of Indifference. Later in his book, Keynes provided the following clear definition (Keynes, 1921, p. 42):

The principle of indifference asserts that if there is no known reason for predicating of our

subject one rather than another of several alternatives, then relatively to such knowledge

the assertions of each of these alternatives have an equal probability.

Let us now explain how the application of the principle of indifference can easily lead to contradictions,} which explains why Bayes’ paper is controversial. Consider, for example, the classic example given by von Mises (1981, p. 77):

We are given a glass containing a mixture of water and wine. All that is known about the

proportions of the liquids is that the mixture contains at least as much water as wine, and at

most, twice as much water as wine. The range for our assumptions concerning the ratio of

water to wine is thus the interval 1 to 2. Assuming that nothing more is known about the

mixture, the indifference or symmetry principle or any other similar form of the classical

theory tells us to assume that equal parts of this interval have equal probabilities. The

probability of the ratio lying between 1 and 1.5 is thus 50%, and the other 50% corresponds

to the probability of the range 1.5 to 2.

But there is an alternative method of treating the same problem. Instead of the ratio

water/wine, we consider the inverse ratio, wine/water; this we know lies between 1/2 and 1.

We are again told to assume that the two halves of the total interval, i.e., the intervals 1/2 to

3/4 and 3/4 to 1, have equal probabilities (50% each); yet, the wine/water ratio 3/4 is equal

to the water/wine ratio 4/3. Thus, according to our second calculation, 50% probability

corresponds to the water/wine range 1 to 4/3 and the remaining 50% to the range 4/3 to 2.

 

{ See later in this Discussion, p. 141.

{ In contrast, the principle of sufficient reason states: “Everything that is the case must have a reason why it is the case. Necessarily, every true or at least every contingent true proposition has an explanation. Every event has a cause” (Pruss, 2006, p. 3).

} According to Keynes (1921, p. 85), the first person to object to the principle of indifference was the British mathematician Robert Leslie Ellis (1817–1859): “Mere ignorance is no ground for any inference whatever. Ex niliilo nihil” (Ellis, 1850).
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According to the first calculation, the corresponding intervals were 1 to 3/2 and 3/2 to 2.

The two results are obviously incompatible.

A second, more technical, example is due to Fisher (1956, p. 16), one of the key critics of Bayesianism. Suppose nothing is known about the distribution of p and we use the principle of indifference to assign it a uniform distribution on [0, 1]. Now let p ¼   2 sin f, where 0 f p=2. Since nothing is known about p and the latter is a one-to-one function of f, we can equally say that nothing is known about f. Applying the principle of indifference to f this time, we assign a uniform distribution to it on ½0 ; p=2, that is,

 

f fÞ ¼   ;   0 f : 2 ð      2            p p

But then

 

f                       1 dp ð p Þ ¼ f ð f Þ d f

¼ 2        1 

p 2 sin f cos f

¼    1 p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ;   0 < p < 1 :

p pð1 pÞ

This contradicts our earlier statement that, by the principle of indifference, p should have a uniform distribution on [0,1]. This and other similar examples show why the principle of indifference is usually regarded as deficient.{ However, we should note that mathematicians such as Edwin T. Jaynes (1922–1998) have defended this principle strongly by using maximum entropy and invariance arguments (Jaynes, 1973).

Coming back to Bayes, what was the philosophical impact of his Essay? Fifteen years before its publication, the eminent Scottish philosopher David Hume (1711–1776) (Fig. 14.2) wrote the groundbreaking book An Enquiry Concerning Human Understanding (Hume, 1748). In this work, Hume formulated his famous problem of induction, which we now explain. Suppose out of a large number n of occurrences of an event A, an event B occurs m times. Based on these observations, an inductive inference would lead us to believe that approximately m/n of all events of type A is also of type B, that is, the probability of B given A is approximately m/n. Hume’s problem of induction states that such an inference has no rational justification, but arises only as a consequence of custom and habit. In Hume’s own words (Hume, 1748)

That there are no demonstrative arguments in the case [of inductive arguments], seems

evident; since it implies no contradiction, that the course of nature may change, and

that an object, seemingly like those which we have experienced, may be attended with

 

{ Other well-known paradoxes arising from the principle of indifference can be found in von Kries (1886), Bertrand (1889), and Keynes (1921).
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different or contrary effects. May I not clearly and distinctly conceive, that a body,

falling from the clouds, and which, in all other respects, resembles snow, has yet the

taste of salt or feeling of fire? Is there any more intelligible proposition than to affirm,

that all the trees will flourish in December and January, and decay in May and June?

Now whatever is intelligible, and can be distinctly conceived, implies no

contradiction, and can never be proved false by any demonstrative argument or

abstract reasoning a priori.

Earlier in his book, Hume gave the famous “rise-of-the-sun” example which was meant to illustrate the shaky ground on which “matters-of-fact” or inductive reasoning rested (Hume, 1748):

Matters of fact, which are the second objects of human reason, are not ascertained in

the same manner; nor is our evidence of their truth, however great, of a like nature

with the foregoing. The contrary of every matter of fact is still possible; because it can

never imply a contradiction, and is conceived by the mind with the same facility and

distinctness, as if ever so conformable to reality. That the sun will not rise tomorrow

is no less intelligible a proposition, and implies no more contradiction, than the

affirmation, that it will rise. We should in vain, therefore, attempt to demonstrate its

falsehood. Were it demonstratively false, it would imply a contradiction, and could

never be distinctly conceived by the mind.

Hume not only attacked the use of induction in probability, he also expressed skepticism regarding the occurrence of miracles. This might have prompted Reverend Bayes to write the paper.

Philosophically, Bayes’ paper is a possible solution to Hume’s Problem of Induction. It is unclear to what extent Bayes himself was aware of Hume’s skepticism, but Price was certainly cognizant of the issue. As Price pointed out in his introductory letter to Bayes’ paper (Bayes, 1764):

Every judicious person will be sensible that the problem now mentioned is by no means

merely a curious speculation in the doctrine of chances, but necessary to be solved in order

to [provide] a sure foundation of all our reasonings concerning past facts, and what is

likely to be hereafter. Common sense is indeed sufficient to shew us that, from the

observation of what has in former instances been the consequence of a certain cause or

action, one may make a judgment what is likely to be the consequence of it another time,

and that the larger [the] number of experiments we have to support a conclusion, so

much the more reason we have to take it for granted. But it is certain that we cannot

determine, at least not to any nicety, in what degree repeated experiments confirm a

conclusion, without the particular discussion of the beforementioned problem; which,

therefore, is necessary to be considered by any one who would give a clear account of

the strength of analogical or inductive reasoning.

Price’s argument here essentially is that Bayesian reasoning does provide a rational justification for making inductive reasoning regarding the future based on past facts. To illustrate his point, Price considered the following problem:

Given that an event has occurred n times in n identical and independent repetitions of

an experiment, what is probability that the event has more than an even chance of

occurring in the next repetition of the experiment?
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Price solved this by simply applying Eq. (14.1) with a ¼ n:

 

Pr 1                     Ð 1    n               1 1 = 2 p dp f = 2 < p < 1 j X n ¼ n g ¼ Ð ¼ 1             ð 1 :14:2Þ n þ 1 n p 0 dp 2

Note that this calculation also assumes that the probability of the event in a single repetition is uniformly distributed in [0, 1]. Table 14.1 shows the values of this probability for different values of n.

We now address the inevitable question of priority: who first discovered Bayes’ Theorem? The issue was raised by Stigler in a 1983 paper{ (Stigler, 1983). Stigler referred to an interesting paragraph in the 1749 book Observations on Man by the British scientist David Hartley (1705–1757) (Hartley, 1749, p. 338):

Mr. de Moivre has shewn, that where the Causes of the Happening of an Event bear a fixed

Ratio to those of its Failure, the Happenings must bear nearly the same Ratio to the

Failures, if the Number of Trials be sufficient; and that the last ratio approaches to the first

indefinitely, as the Number of Trials increases. . .. An ingenious Friend has communicated

to me a Solution of the inverse Problem, in which he has shewn what the Expectation is,

when an Event has happened p times, and failed q times, that the original Ratio of the

Causes for the Happening or Failing of an Event should deviate in any given Degree from

that of p to q. And it appears from this Solution, that where the Number of Trials is very

great, the Deviation must be inconsiderable: Which shews that we may hope to determine

the Proportions, and, by degrees, the whole Nature, of unknown Causes, by a sufficient

Observation of their Effects.

Stigler argues that the “ingenious friend” is actually the first to have discovered Bayes’ Theorem. After going through several possible contenders, Stigler concludes in a tongue-in-cheek manner that the odds are 3 to 1 in favor of Nicholas Sanderson, a professor of Mathematics at Cambridge, rather than Bayes for being the real

 

Table 14.1 Probability that an Event has More than an Even Chance of Occurring in the Next

Repetition of an Experiment, Given that it has Already Occurred n Times in n Identical and Independent Repetitions of an Experiment

Value of n                                                             Pr{1/2 < p < 1}

1                                                              .750

2                                                              .875

3                                                              .938

4                                                              .969

5                                                              .984

10                                                                  .999

100                                                                1.00 The probabilities are obtained from Price’s formula in Eq. (14.2).

 

{ The paper also appears in Stigler’s book Statistics on the Table (Stigler, 1999, Chapter 15). 140   Problem 14 Bayes, Laplace, and Philosophies of Probability (1764, 1774)

discoverer of Bayes’ Theorem. However, a few years after Stigler’s paper, both Edwards (1986) and Dale (1988) weighed in on the matter, and concluded that Hartley was not actually referring to Bayes’ Theorem in his book. They suggest that Hartley was actually alluding to the “inverse use of Bernoulli’s law,” not to Bayes’ inverse probability as Stigler had thought, and that the ingenious friend was none other than de Moivre who seems to have been Bayes’ tutor at one time. Let us explain this inverse use of Bernoulli’s law. Recall that in Bernoulli’s law, the probability of an event was a known quantity and the problem he tackled was how many times an experiment ought to be repeated before one can be “morally” certain that the relative frequency of the event is close enough to the true probability. Now, in the case the probability of the event is unknown and one has a given number of successes and failures, one can use Bernoulli’s law inversely by taking the relative proportion of successes as an approximation to the true but unknown probability. As Todhunter (1865, p. 73) explains

Suppose then that we have an urn containing white balls and black balls, and that the

ratio of the number of the former to the latter is known to be that of 3 to 2. We learn

from the preceding result that if we make 25550 drawings of a single ball, replacing

each ball after it is drawn, the odds are 1000 to 1 that the white balls drawn lie between

31/50 and 29/50 of the whole number drawn. This is the direct use of James [Jacob]

Bernoulli’s theorem. But he himself proposed to employ it inversely in a far more

important way. Suppose that in the preceding illustration we do not know anything

beforehand of the ratio of the white balls to the black; but that we have made a large

number of drawings, and have obtained a white ball R times, and a black ball S times:

then according to James [Jacob] Bernoulli we are to infer that the ratio of the white balls

to the black balls in the urn is approximately R/S. On the other hand, Bayes’ aim was to determine the probability that an unknown probability lies between any two given probabilities, based on the known number of times the event occurred and did not occur.

The difference between Bernoulli’s law, the inverse use of Bernoulli’s law and Bayes’ Theorem can be summarized as follows. Let p be the probability of the event in one trial of an experiment, and let X be the number of events in n identical trials of the n

experiment. Then

. Bernoulli’s Law: for given p and « > 0; we can find an n such that

Prf p « < Xn=n < p þ « j pg is arbitrarily close to 1:

. Inverse Use of Bernoulli’s Law: when p is unknown, for given X and n, where n n

is large,

Pr fp « < Xn=n < p þ «g is close to 1; so that Xn=n p:

. Bayes’ Theorem: when p is unknown, for given p1, p2, X , if we assume that n p

is a random variable with some prior distribution, then we can calculate

Prf p1 < p < p2jX g n:
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We next turn our attention to Pierre-Simon Laplace (1749–1827), a real giant in mathematics about whom Lancelot Hogben (1957, p. 133) has said

The fons et irigo of inverse probability is Laplace. For good or ill, the ideas commonly

identified with the name of Bayes are largely his.

Indeed, although we have identified Eq. (14.1) as a version of Bayes’ Theorem, the form it usually appears in textbooks, namely

 

Pr       Prf B j AjgPrfAjg A j ¼ j B P n   ;            ð14:3Þ Pr f B j A g Pr f g i ¼ 1 i A i

is due to Laplace. In Eq. (14.3) above A1; A2; . . . ; A is a sequence of mutually  n

exclusive and exhaustive events, PrfA   is the prior probability of j g A , and Pr jfA      is j j B g the posterior probability of A given . The continuous version of Eq. (14.3) can be  j  B

written as

 

f u j xÞ ¼ Ð ð            f ðx j uÞf ðuÞ ¥    ; f ð x j u Þ f ð u Þ d u ¥

where f ðuÞ is the prior density of u, f ðx j uÞ is the likelihood of the data x, and f ðu j xÞ is the posterior density of   { u .

Before commenting on Laplace’s work on inverse probability, let us recall that it is with him that the classical definition of probability is usually associated, for he was the first to have given it in its clearest terms. Indeed, Laplace’s classical definition of probability is the one that is still used today. In his very first paper on probability, M emoire sur les suites r ecurro-recurrentes et leurs usages dans la th eorie des hazards (Laplace, 1774b), Laplace writes

. . . if each case is equally probable, the probability of the event is equal to the number of

favorable cases divided by the number of all possible cases.

This definition was repeated both in Laplace’s Th eorie Analytique and Essai Philosophique. It is interesting to note that, in spite of Laplace’s monumental contributions to probability, he was an absolute determinist. According to Laplace, any event is causally determined, and a probability is solely our measure of ignorance regarding this event. In the Essai Philosophique, we thus read (Laplace, 1814a, English edition, p. 6)

The curve described by a simple molecule of air or vapor is regulated in a manner just as

certain as the planetary orbits; the only difference between them is that which comes from

our ignorance.

 

{ Thus, the posterior density is proportional to the product of the prior density and the likelihood. 142   Problem 14 Bayes, Laplace, and Philosophies of Probability (1764, 1774)

Probability is relative, in part to this ignorance, in part to our knowledge.

Laplace appeals to a “vast intelligence,”{ which has been dubbed Laplace’s Demon, to explain universal determinism. In his own words (Laplace, 1814a, English edition, p. 4)

We ought then to regard the present state of the universe as the effect of its anterior state and

as the cause of the one which is to follow. Given for one instant an intelligence which could

comprehend all the forces by which nature is animated and the respective situation of the

beings who compose it—an intelligence sufficiently vast to submit these data to analysis—

it would embrace in the same formula the movements of the greatest bodies of the universe

and those of the lightest atom; for it, nothing would be uncertain and the future, as the past,

would be present to its eyes.

Laplace’s views on universal determinism are no longer tenable today. For more discussions, see Roger Hahn’s Pierre-Simon Laplace, 1749–1827: A Determined Scientist (Hahn, 2005).

Coming back to our Bayesian discussion, Laplace’s definition of inverse proba-bility was first enunciated in the 1774 M emoire de la Probabilit e des Causes par les Ev enements (Laplace, 1774a). This is how Laplace phrases it:

If an event can be produced by a number n of different causes, the probabilities of the

existence of these causes, calculated from the event, are to each other as the probabilities of

the event, calculated from the causes; and the probability of each cause is equal to the

probability of the event, calculated from that cause, divided by the sum of all the

probabilities of the event, calculated from each of the causes.

The above definition by Laplace is the same as Eq. (14.3), but with the added discrete uniform prior assumption that Pr{A }   1/ k ¼n for k ¼ 1,2, ..., n.

We should note that Eqs. (14.1) and (14.3) are both based on the same principle, although the first equation makes the additional assumption of a uniform prior. It is very likely that Laplace was unaware of Bayes’ previous work on inverse probability when he enunciated the rule in 1774. However, the 1778 volume of the Histoire de l’Acad emie Royale des Sciences, which appeared in 1781, contains an interesting summary by the Marquis de Condorcet { (1743–1794) of Laplace’s article Sur les Probabilit es, which also appeared in that volume (Laplace, 1781). While Laplace’s article itself makes mention of neither Bayes nor Price, } Con-dorcet’s summary explicitly acknowledges the two Englishmen (Laplace, 1781, p. 43) (see Fig. 14.4):

 

{ In spite of this, Laplace was an atheist. When asked by Napoleon why God did not appear in his Celestial Mechanics, Laplace said, “I have no need of that hypothesis,” and later remarked, “But it is beautiful hypothesis; it explains many things.” In contrast to Newton’s views, Laplace believed that there was no need for divine intervention to prevent the planets from falling into the sun through universal gravitation.

{ Condorcet was assistant secretary in the Acad emie des Sciences and was in charge of editing Laplace’s

papers for the transactions of the Academy.

} Laplace’s acknowledgment of Bayes appears in his Essai Philosophique (Laplace, 1814a) English edition, p. 189.
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Figure 14.4   Summary by Condorcet of Laplace’s Sur les Probabilit es memoir, taken from the 1778 volume of the Histoire de l’Acad emie Royale des Sciences (Laplace, 1781, p. 43). Here, Condorcet explicitly acknowledges the works of Bayes and Price on inverse probability.

 

These questions [on inverse probability] about which it seems that Messrs. Bernoulli

and Moivre had thought, have been since then examined by Messrs. Bayes and Price;

but they have limited themselves to exposing the principles that can be used to solve

them. M. de Laplace has expanded on them. . . Coming back to the 1774 paper, after having enunciated his principle on inverse probability, Laplace is famous for discussing the following classic problem:

A box contains a large number of black and white balls. We sample n balls with

replacement, of which b turn out to be black and n b turn out to be white. What is

the conditional probability that the next ball drawn will be black?

 

To solve the above problem,{ let X be the number of black balls out of the sample of n size n and let the probability that a ball is black be p . Also, let B be the event that the next ball is black. From Bayes’ Theorem, we have

 

f                            Prf Xn ¼ b j pgf ðpÞ ð p j X n ¼ b Þ ¼ Pr f X n ¼ b g

 

¼ Prf X ¼      ð Þ n b j p g f p Ð   : 1 Pr f ¼ 0 X n b j p g f ð p Þ dp

 

{ The proof presented here treats the total number of balls as being infinitely large. For a proof that treats the total number of balls as finite, see Jeffreys (1961, p. 127) and Zabell (2005, pp. 38–41).
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Then the required probability is

 

ð 1

Pr fB* j X ¼ g ¼ Pr             g ð j n b f B * j p ; X ¼ n b f p X ¼ n bÞdp

0

ð 1

p:PrfX ¼      ð Þ n b j p g f pdp

 

¼   0              : 1 ð

PrfX ¼ j     Þ n b p g f ð pdp

0

 

In the above, it is assumed that Prf B* j p; Xn ¼ bg ¼ p, that is, each ball is drawn independently of the other. Laplace also assumes that p is uniform in [0,1], so that

 

Pr                 Ð 1       n     b         nb p 0 p ð 1 p Þ 1dp b f B * j X ¼ n b g ¼ Ð 1 n n b b 1 Þ 1 0 p ð p dp b Ð 1 b þ 1 n b ð 1 ¼ 0 p p Þ dp Ð 1 n b b ð 0 p 1 p Þ dp

 

¼ Gðb þ 2ÞGðn b þ 1Þ       Gðn þ 2Þ G ð n þ 3 Þ G ð b þ 1 Þ G ð n b þ 1Þ

 

¼ ðb þ 1Þ!ðn bÞ!   ðn þ 1Þ! ð n þ 2 Þ ! b ! ð n b Þ! ¼ b þ 1

n þ

2 :

In particular, if all of the n balls turn out to be black, then the probability that the next ball is also black is ðn þ 1Þ=ðn þ 2Þ. The above problem has been much discussed in the literature and is known as                              { Laplace’s rule of succession . Using the rule of succession, Laplace considered the following question: given that the sun has risen everyday for the past 5000 years, what is the probability that it will rise tomorrow? Substituting n ¼ 5000 365.2426 ¼ 1,826,213 in the above formula, Laplace obtained the probability 1,826,214/1,826,215 (.9999994). Thus, in his Essai

 

{ Laplace’s rule of succession is also discussed in Pitman (1993, p. 421), Sarkar and Pfeifer (2006, p. 47), Pearson (1900, pp. 140–150), Zabell (2005, Chapter 2), Jackman (2009, p. 57), Keynes (1921, p. 376), Chatterjee (2003, pp. 216–218), Good (1983, p. 67), Gelman et al. (2003, p. 36), Blom et al. (1994, p. 58), Isaac (1995, p. 36), Chung and AitSahlia (2003, p. 129), and Gorroochurn (2011).
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Figure 14.5   Pierre-Simon Laplace (1749–1827).

 

Philosophique sur les Probabilit es (Figs. 14.5–14.7), { Laplace (1814a, English edition, p. 19) says

Thus we find that an event having occurred successively any number of times, the

probability that it will happen again the next time is equal to this number increased by unity

divided by the same number, increased by two units. Placing the most ancient epoch of

history at five thousand years ago, or at 1,826,213 days, and the sun having risen constantly

in the interval at each revolution of twenty-four hours, it is a bet of 1,826,214 to one that it

will rise again tomorrow.

Laplace’s calculation was meant to be an answer to Hume’s Problem of Induction, which we discussed earlier. Laplace, who so often has been called France’s Newton, was harshly criticized for his calculation. Zabell (2005, p. 47) says

Laplace has perhaps received more ridicule for this statement than for any other.

 

{ Philosophical essay on probabilities.
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Figure 14.6   Title Page of the first edition of the Essai Philosophique.

 

Somehow, Laplace must have felt that there was something amiss with his calculation. For his very next sentence reads

But this number is incomparably greater for him who, recognizing in the totality of

phenomena the principal regulator of days and seasons, sees that nothing at the present

moment can arrest the course of it.

Laplace here seems to warn the reader that his method is correct when based only on the information from the sample, but his statement is too timid. To understand the criticism leveled against Laplace’s calculation, consider the following example given by the famous Austro-British philosopher Karl Popper (1902–1994) (Popper, 1957; Gillies 2000, p. 73): Suppose the sun rises for 1,826,213 days (5000 years), but then suddenly the earth stops rotating on day 1,826,214. Then, for parts of the globe (say
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Figure 14.7   Title Page of the first edition of the Th eorie Analytique.

 

Part A), the sun does not rise on that day, whereas other parts (say Part B) the sun will appear fixed in the sky. What then is the probability that the sun will rise again in Part A of the globe? Applying the generalized form of the rule of succession with n ¼ 1,826,214 and l ¼ 1,826,213 gives a probability of .9999989, which is almost as high as the original probability of .9999994! The answer is preposterous.

The rule of succession is perfectly valid as long as the assumptions it makes are all tenable. Applying the rule of succession to the rising of the sun, however, should be viewed with skepticism for several reasons (see, for example, Schay, 2007, p. 65). First, it is dubious if the rising of the sun on a given day can be considered a random event at all. Second, the assumption of independence is questionable. A third criticism lies in the reliance of the solution on the principle of indifference: the probability of the sun rising is equally likely to take any of the values in [0, 1] because there is no 148   Problem 14 Bayes, Laplace, and Philosophies of Probability (1764, 1774)

reason to favor any particular value for the probability. To many, this is not a reasonable assumption.

Our final aim is now to address the question of the true meaning of probability. Previously, we noted that Bayes’ definition of probability was very different from his predecessors. Indeed, after Bayes’ times, several other different definitions of probability were put forward by other mathematicians. What then is the true nature of probability? The honest answer is that probability can mean different things to different people, depending on their points of view. There are two major competing theories { that can broadly be classified as objective and epistemic. Daston provides a clear distinction between the two{ (Daston, 1988, p. 197):

. . .in Cournot’s words, “objective possibility,” which denotes “the existence of a relation

which subsists between things themselves,” and “subjective [epistemic] probability,”

which concerns “our manner of judging or feeling, varying from one individual to

the next”.

The oldest concept of probability is based on the classical definition, which was used by Cardano, Pascal, Fermat, Jacob Bernoulli, Leibniz, de Moivre, and Laplace, } and treats probability as the ratio of the number of favorable cases to the total number of possible equally likely cases. Very often the equal likeliness of the total number of cases arises as a consequence of symmetry, such as when a fair die is rolled. When looked at in this way, the classical definition has an objective interpretation. However, the classical definition has an inherent circularity in it. As Bunnin and Yu (2004, p. 563) note:

. . .[the classical definition] involves a vicious circle because it defines probability in terms

of equipossible alternatives, but equipossibility presupposes an understanding of

probability.

Some mathematicians have tried to get around this difficulty by appealing to the principle of indifference. For example, suppose we wish to find the probability of a “four” when a balanced die is rolled. To avoid the circularity of stating that the probability of a “four” is 1/6 because all six outcomes {1, 2, 3, 4, 5, 6} are equally probable, an appeal to the principle of indifference would result in the same probability of 1/6 to each of the outcomes (and in particular to a “four”) because there is no reason to assign different probabilities to them. This line of reasoning was the one used by Laplace in his definition of classical probability (1774b):

 

{ The various theories and philosophies of probability are also discussed in Gillies (2000), Fine (1973), Lyon (2010), Galavotti (2005), Fitelson et al. (2006), Keuzenkamp (2004), Barnett (1999, Chapter 3), Chatterjee (2003, Chapter 3), Thompson (2007), Chuaqui (1991), and Mellor (2005). { Daston refers to the epistemic classification of probability as “subjective probability”, as is sometimes done. However, we will reserve the word “subjective” for a specific theory that together with the logical theory of probability form part of the epistemic classification. See later in this problem.

} Even Bayes made use of the classic definition of probability in his Essay.
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The probability of an event is the ratio of the number of cases favorable to it, to the number

of possible cases, when there is nothing to make us believe that one case should occur

rather than any other, so that these cases are, for us, equally possible.

Laplace’s definition appeals to the principle of indifference and relates to our beliefs. It is thus more in accordance with a subjective interpretation of the classical definition of probability. However, we have shown how the principle of indifference can easily lead to contradictions. Moreover, the classical definition cannot be applied to nonsymmetric situations. These factors therefore limit its usefulness.

The second concept of probability is perhaps the most popular one and is based on relative frequency, which is an objective concept. The frequency theory can be applied even if the possible events in an experiment are not equally likely. According to Keynes (Keynes, 1921, p. 92), the first logical investigation of the frequency theory of probability was done by the British mathematician Robert Leslie Ellis (1817–1859) (Ellis, 1844) and the French mathematician and philosopher Antoine Augustin Cournot (1801–1877) (Cournot, 1843, p. iii). Major proponents of the frequency approach include John Venn (1834–1923) (Fig. 14.8), Richard von Mises (1883–1953), (Fig. 14.9) and Sir Ronald Aylmer Fisher (1890–1962). According to Venn (1866, p. 163)
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Figure 14.8   John Venn (1834–1923).
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Figure 14.9   Richard von Mises (1883–1953). [Picture licensed under the Creative Commons Attribution-Share Alike 2.0 Germany license.]

 

. . .within the indefinitely numerous class which composes this series [i.e. ‘a large number

or succession of objects’] a smaller class is distinguished by the presence or absence of

some attribute or attributes. . . These larger and smaller classes respectively are commonly

spoken of as instances of the ‘event’ and of ‘its happening in a given particular way’ . . .we

may define the probability or chance (the terms are here regarded as synonymous) of the

event happening in that particular way as the numerical fraction which represents the

proportion between the two different classes in the long run.

Thus, the relative frequency definition of the probability of an event is the relative frequency of occurrence of the event in infinite repeated trials of an experiment. The frequency theory is an objective theory insomuch as it refers to the physical world. A key problem with this theory is that it cannot be applied to a one-off event. For example, consider the statement, “Bill is a smoking American with congenital heart disease, is 55 years old, and has a probability of .001 of living to 60.” According to the frequency theory, the probability of .001 means that, out of all people like Bill, one in a thousand will live to 60. But what does “all people like Bill mean”? Should we
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include only all 55 years old American with congenital heart disease? Surely there can be other factors that influence a person’s probability of living up to 60. Could we not also include all 55 years old American with congenital heart disease with the same diet and amount of exercise as Bill? What about including also those who live in the same geographical location as Bill? This is the so-called reference class problem and makes the frequency interpretation of the probability of a one-off event indeterminate.

To get around the reference class problem, von Mises put forward a hypothetical frequency theory of probability (von Mises, 1928). Whereas the concept of a “series” is central to Venn’s definition, von Mises’ frequency definition of probability is based on the notion of a “collective,” defined as (von Mises, 1981, p. 12)

. . .a sequence of uniform events or processes which differ by certain observable attributes,

say colours, numbers, or anything else.

A collective is thus a hypothetical infinite sequence of objects such that the probability of an event is the relative frequency of that event in the collective. A collective has two main properties:

. convergence, which ensures that the relative frequencies possess limiting values;

.                 { randomness, which ensures that the limiting values are the same in all arbitrary

subsequences.{

Although von Mises’ frequency theory based on a collective was a positive step toward an axiomatization of probability, it did not gain wide acceptance partly because it could not be empirically verified. Shafer and Vovk (Shafer and Vovk, 2001, p. 48) remark

In spite of von Mises’s efforts . . .the derivation of the rules of probability from the concept

of a collective remained messy, and the idea of an infinite sequence seemed to contribute

nothing to actual uses of probability.

The third concept of probability is Bayesian or epistemic probability, and can be further divided into subjective and logical probability. In the subjective interpretation, probability is regarded as the subject’s degree of belief in a proposition. It was first informally put forward by Bernoulli in his Ars Conjectandi (Bernoulli, 1713, pp. 210–211)}:

 

{ The randomness condition is also known as the impossibility of a gambling system principle. Thus, if an event has a certain odds, the condition implies that it is impossible to choose a particular subsequence to improve the odds.

{ As a simple example, denoting a head by a “1” and tail by a “0”, the infinite sequence of heads and tails 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0, . . . would qualify as a collective if the frequency of 1’s approaches 1/2 as the number of tosses increases and the same limiting frequency of 1/2 is achieved for any subsequence of the above sequence. On the other hand, the sequence 1, 0, 1, 0, 1, 0, 1, . . .cannot qualify as a collective because, although the relative frequency of 1’s in the sequence is 1/2, this not true for the subsequence of even terms: 0, 0, 0, . . .

} The translation is taken from Oscar Sheynin’s translations of Chapter 4 of the Ars Conjectandi (Sheynin, 2005).
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Certainty of some thing is considered either objectively and in itself and means none other

than its real existence at present or in the future; or subjectively, depending on us, and

consists in the measure of our knowledge of this existence . . .

Key proponents of the subjective theory include Bruno de Finetti (1906–1985) (Fig 14.10), Frank P. Ramsey (1903–1930), and Leonard J. Savage (1917–1971). The latter is credited for making subjective probability{ as one of the most influential theories of probability, especially in the Foundations of Statistics (Savage, 1972). On the other hand, de Finetti is famous for bluntly saying in the preface of his Theory of Probability (de Finetti, 1974, p. x):

My thesis, paradoxically, and a little provocatively, but nonetheless genuinely, is

simply this:

PROBABILITY DOES NOT EXIST

de Finetti’s point is that there is no such thing as an objective measure of probability because all probabilities are subjective. The force in de Finetti’s statement becomes apparent when we consider the following example. Suppose a coin in thrown in the air and one is asked for the probability that it lands heads. One would undoubtedly say half. Suppose, while the coin is still in the air, one is informed that the coin has two

[image: ]

 

Figure 14.10   Bruno de Finetti (1906–1985).

 

{ Which Savage called “personal” probability.
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heads and one is asked the question again, “What is the probability that the coin will land heads?” One would now say one. Why has the answer changed? Nothing has changed in the objective properties of the coin, only one’s state of knowledge.

de Finetti also advanced the following modern definition of subjective probability (de Finetti, 1937, p. 101):

. . .the degree of probability attributed by an individual to a given event is revealed by the

conditions under which he would be disposed to bet on that event.

Thus, my subjective probability of an event E is p if I am willing to bet up to $(px) for a payment of $x when E occurs.

It is important to note that, within the subjective framework, the degree of belief one assigns to an event is not completely arbitrary because it must be coherent, that is, it must satisfy the rules of probability. The justification of coherence is based on the so-called                         { Dutch-Book Argument , which was first put forward by Ramsey (1926). Whenever coherence is violated, one suffers a Dutch-book. For example, suppose player P believes that the event E has a probability p1 and the event E has a probability p2. What should the relationship between p1 and p2 be so that P does not incur a Dutch-book? This can be derived as follows. Based on her beliefs, P bets

. $ p1x for a payment of $x when E occurs, and

. $ p2x for a payment of $x when E occurs.

The total amount P bets is $(p1 þ p2)x. If E occurs P gets $x back. Similarly, if E occurs P gets $x back. Thus, whatever happens, P gets $x. To avoid a Dutch-book, we must have x  ðp1 þ p2Þx, that is,

p1 þ p2 1:                      ð14:4Þ

Now, based on her beliefs, P can also pay

. $ x to somebody who bets $ p1x on E, and

. $ x to somebody else who bets $ p2x on E .

The total amount received by P is $(p1 þ p2)x. If E occurs P pays $x. Similarly, if E occurs P pays $x as well. Thus, whatever happens, P pays $x. To avoid a Dutch-book, we must have ðp1 þ p2Þx   x, that is,

p1 þ p2   1:                          ð14:5Þ

By using Eqs. (14.4) and (14.5), we see that the only way for P to avoid a Dutch-book is to have p1 þ p2 ¼ 1, that is, PrfEg þ PrfEg ¼ 1, in accordance with the probabil-ity axioms.

 

{ A Dutch-book is a collection of bets that ensures a monetary loss. Although the idea was first used by Ramsey, the term “Dutch-book” was introduced by Lehman (1955). The Dutch-book argument is also discussed in Resnick (1987, p. 71), Sarkar and Pfeifer (2006, p. 213), Jeffrey (2004, p. 5), Kyburg (1983, p. 82), and Burdzy (2009, p. 152); for a critique see Maher (1993, p. 94).
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In spite of the coherence structure, the rationale for a subjective prior which can be used in the application of Bayes’ Theorem has been the subject of much criticism. Keuzenkamp (2004, pp. 93–94) writes

. . .personal approaches to epistemological probability have been criticized for a lack of

scientific objectivity. If scientific inference depends on personal taste or custom and

convention, it loses much of its appeal.

. . . Objectivity is not the real battleground. The real dispute is about pragmatic methods

and the robustness with respect to the choice of priors.

We next consider the fourth theory of probability that is based on a logical interpretation. This theory is objective in nature and some of its ideas were first put forward by the British logician William Ernest Johnson (1858–1931). However logical probability is usually associated with the works of Johnson’s student, the renowned economist John Maynard Keynes (1883–1946) (Fig. 14.11). In his A Treatise on Probability, Keynes gives the fundamental idea behind the logical interpretation (Keynes, 1921, p. 52),

Inasmuch as it is always assumed that we can sometimes judge directly that a conclusion

follows from a premiss, it is no great extension of this assumption to suppose that we can

sometimes recognize that a conclusion partially follows from, or stands in a relation of

probability to a premiss.
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Figure 14.11   John Maynard Keynes (1883–1946).
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Keynes thus uses the concept of the degree of partial entailment to denote logical probabilities. In logical terminology, if A entails B then whenever A is true, B is also true. Keynes modifies this idea and uses Pr{B | A} to denote the degree to which A entails B. When this probability is less than 1, then A only partially entails B. Thus, a logical probability is a statement about the logical relation about a hypothesis (B) and the evidence (A), and it does not make sense to speak of the probability of B all by itself. For example, if A is the statement that a die is fair and B is the statement that a “five” is obtained, then the logical probability Pr{B | A} ¼ 1/6.

The logical theory probability was further developed by the British physicist Sir Harold Jeffreys (1891–1989) and the German-born philosopher Rudolf Carnap (1891–1970). Jeffreys argued for the utilization of the principle of indifference when no evidence was available. Carnap’s key contribution was to allow many systems of logic that could be used to calculate logical probabilities. However, the logical theory cannot verify the ways of constructing a logical relation and cannot calculate probabilities in all situations. It has been largely superseded by other theories such as the subjective theory of probability.

There are still other theories of probability, such as the propensity and the fiducial theories. However, no single theory has proved to be completely satisfactory. Feller (1968, p. 19) thus says

All possible “definitions” of probability fall far short of the actual practice.

Although there is no single satisfactory theory of probability, one or more of the interpretations we have previously outlined will almost always prove to be useful in any given situation. More importantly, the modern axiomatic theory of probability as developed by Kolmogorov (1933) is valid irrespective of one’s interpretations of probability.{

 

{ See Problem 23 for more on Kolmogorov’s axiomatic theory of probability. Problem 15

 

Leibniz’s Error (1768)

 

Problem. With two balanced dice, is a throw of 12 as likely as a throw of 11?

 

Solution. The sample space W ¼ {(1, 1), (1, 2), . . ., (6,6)} is made up of 36 equally likely outcomes, where (a, b) are the numbers on the first and second dice, respectively, for a, b ¼ 1, 2, . . ., 6. A throw of 12 can be obtained in only one way, namely (6, 6). However, a throw of 11 can be obtained in two ways, namely (5, 6) and (6, 5). Therefore, Pr{a throw of 12} ¼ 1=36 but Pr{a throw of 11} ¼ 1=18, and the latter is twice as likely as the former.

 

15.1 Discussion

The renowned German mathematician and philosopher Gottfried Wilhelm Leibniz (1646–1716) (Fig. 15.1) is usually remembered as the coinventor of the differential calculus with archrival Isaac Newton. However, he was also very much interested in probability.

Regarding the question in Problem 15 above, Leibniz states in the Opera Omnia (Leibniz, 1768, p. 217)

. . .for example, with two dice, it is equally likely to throw twelve points, than to throw

eleven; because one or the other can be done in only one manner.

Thus, Leibniz believed the two throws to be equally likely, arguing that in each case the throw could be obtained in a single way. While it is true that a throw of 11 can be realized only with a five and a six, there are two ways in which it could happen: the first die could be a five and the second a six, or vice versa. On the other hand, a throw of 12 can be realized in only one way: a 6 on each die. Thus the first probability is twice the second.

The solution to the problem would seem quite elementary nowadays. However, it must be borne in mind that in the times of Leibniz and even afterward, notions about
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Figure 15.1   Gottfried Wilhelm Leibniz (1646–1716).

 

probability, sample spaces and sample points were quite abstruse. The classical definition of probability would come only more than a century later in 1812 in Pierre-Simon Laplace’s majestic Th eorie Analytique des Probabilit es (Laplace, 1812) (although a few have argued that Cardano actually stated this definition 300 years before). Commenting on Leibniz’s error, Todhunter states (Todhunter, 1865, p. 48)

Leibniz however furnishes an example of the liability to error which seems peculiarly

characteristic of our subject.

However, this should not in any way undermine some of the contributions Leibniz made to probability theory. For one thing, he should be credited as one of the very first to give an explicit definition of classical probability, phrased in terms of an expecta-tion (Leibniz, 1969, p. 161):

If a situation can lead to different advantageous results ruling out each other, the estimation

of the expectation will be the sum of the possible advantages for the set of all these results,

divided into the total number of results.
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In spite of being conversant with the classical definition, Leibniz was very interested in establishing a logical theory for different degrees of certainty. He may rightly be regarded as a precursor to later developments in the logical foundations of probability by Keynes, Jeffreys, Carnap, and others. Since Jacob Bernoulli had similar interests, Leibniz started a communication with him in 1703. He undoubtedly had some influence in Bernoulli’s Ars Conjectandi (Bernoulli, 1713). When Bernoulli communicated to Leibniz about his law of large numbers, the latter reacted critically. As Schneider (2005b, p. 90) explains

Leibniz’s main criticisms were that the probability of contingent events, which he

identified with dependence on infinitely many conditions, could not be determined by a

finite number of observations and that the appearance of new circumstances could change

the probability of an event. Bernoulli agreed that only a finite number of trials can be

undertaken; but he differed from Leibniz in being convinced by the urn model that a

reasonably great number of trials yielded estimates of the sought-after probabilities that

were sufficient for all practical purposes.

Thus, in spite of Leibniz’s criticism, Bernoulli was convinced of the authenticity of his theorem. This is fortunate because Bernoulli’s law was nothing less than a watershed moment in the history of probability.{

 

{ See Problem 8 for more on Bernoulli’s law.

Problem 16

 

The Buffon Needle

 

Problem (1777)

 

Problem. A needle of length l is thrown at random on a plane on which a set of parallel lines separated by a distance d (>l) have been drawn. What is the probability that the needle will intersect one of the lines?

 

Solution. Consider the diagram in Fig 16.1. Let the distance between the midpoint of the needle to the nearest line be Y (0 < Y < d/2), and the acute angle between the needle and the horizontal be F (0 < F < p/2). We assume that Y Uð0; d=2Þ and that F Uð0; p=2Þ. It is also reasonable to assume that Y and F are statistically independent. Therefore, the joint density of Y and F is

fY Fðy; wÞ ¼ fY ðyÞfFðwÞ

¼ 2 2 

d p

¼ 4 ; 0 < y < d=2; 0 < w < p=2:

pd

The needle will intersect one of the lines if and only if Y < ðl=2Þsin F (see Fig. 16.1). The probability of this event is the double integral of the joint density fYF over the area A (see Fig. 16.2):

Pr      l sin       Z Z

 

Y <    F ¼    f ð Y Fy; wÞdy dw 2 ¼ p A8         9 ð ð = 2 > l sin ð w Þ = < 2 > = 4 dy

>    pd > d w

0 :      ; 0

¼ 2l :                                                  ð16 :1Þ

pd

 

Hence the required probability is ð2lÞ=ðpd Þ.
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Ф

( l /2) sin Ф

Y

 

d

Needle

 

Figure 16.1   The Buffon Needle Problem.
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Figure 16.2   Graph of y ¼ (l/2) sin w vs. w (d > l case).

16.1 Discussion

A simpler solution than the previous can be obtained by first noting that (Y, F) is uniform on S ¼ fðy; wÞ : 0 < y < d =2; 0 < w < p=2g. Therefore the required probability is a “geometric” probability, namely the ratio of the area of A to that of                   { S (see Fig. 16.2):

 

Prob                  Ð p=2 ð = Þ    w   w : 0 l 2 sin d of intersection ¼ ð p = 2 Þð d = 2 Þ l 2 p = ¼ ½ w 2 cos w ¼ p d 0 2 l ¼ ; p d

as we obtained before in Eq. (16.1).

{ In general, suppose a region G contains a smaller region g. Then if a point is chosen at random in G, the (geometric) probability that the point lies within g is given by the ratio of the measure (e.g. volume, area or length) of g to that of G.
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Figure 16.3   Georges-Louis Leclerc, Comte de Buffon (1707–1788).

 

The                    { Buffon Needle Problem is considered to be the first problem in geometric probability, which is an extension of the mathematical definition of probability. It was enunciated in 1733 by Georges-Louis Leclerc, Comte de Buffon (1707–1788), French naturalist and mathematician (Fig. 16.3). The problem was afterward published with the correct solution in Buffon’s article Essai d’Arithm etique Morale (Buffon 1777, p. 96) (see Fig. 16.4). Laplace later observed that the formula p ¼ 2l=ðpdÞ (where p is the probability of intersection) could actually be used to estimate the value of p (Laplace, 1812, p. 360). If a needle is thrown N times and in n cases the needle intersects one of the lines, then n=N is an unbiased estimator of p. An estimator of p is therefore                                                { ð 2 lN Þ = ð nd Þ . However, this estimator is biased because ðndÞ=ð2lNÞ is an unbiased estimator of 1=p.

 

{ The Buffon needle problem is also discussed in Solomon (1978, p. 2), van Fraassen (1989, p. 303), Aigner and Ziegler (2003, Chapter 21), Higgins (2008, p. 159), Beckmann (1971, p. 159), Mosteller (1987, p. 14), Klain and Rota (1997, Chapter 1), Lange (2010, p. 28), and Deep (2006, p. 74).

{ If T is used as an estimator of a parameter t, then the bias of T is defined as Biast(T) ¼ ET t. 162   Problem 16 The Buffon Needle Problem (1777)
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Figure 16.4   Extract from Buffon’s Needle Problem, taken from Buffon’s Essai d’Arithm etique Morale (Buffon, 1777, p. 96).

Table 16.1 { lists several attempts to estimate the value of p. The one by Lazzarini (1902) is of special interest since it is accurate up to six places of decimal to the true value of   { p . Using reasonable assumptions, Coolidge (1925, p. 82) shows that the probability of attaining such an accuracy by chance alone is about .014 and concludes

It is much to be feared that in performing this experiment Lazzarini ‘watched his step’.

Indeed, as Kendall and Moran (1963, p. 71) point out, the accurate approximations in Table 16.1 suggest that “optional stopping” was used.}

 

{ Taken from Kendall and Moran (1963, p. 70).

{ And in fact coincides with 355/113, which is a more accurate value than 22/7 to approximate p and which was first discovered by the Chinese mathematician Zu Chongzhi (429–500). See Posamentier and Lehman (2004, p. 61) for more details.

} For a fuller analysis of most of these experiments, see Gridgeman (1960) and O’Beirne (1965, pp. 192–197).
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Table 16.1   Attempts to Estimate p Using Eq. (16.1)

Experimenter          Needle length      No. of throws      No. of hits    Estimate of p Wolf (1850)                .8                5000             2532       3.1596 Smith (1855)               .6                 3204            1218.5       3.1553 De Morgan (1860)        1.0                 600            382.5       3.137 Fox (1884)                 .75               1030              489       3.1595 Lazzarini (1902)             .83                3408              1808       3.1415929 Reina (1925)                .5419             2520               859       3.1795

 

We now present an intriguing alternative solution (e.g., see Uspensky, 1937, p. 253) to the Buffon Needle Problem, due to the French mathematician Joseph Emile Barbier (1839–1889) (Barbier, 1860). The peculiarities of the approach are that it does not involve any integration and can be generalized to arbitrary convex shapes. First we write p pðlÞto emphasize that the probability of intersection depends on the length of the needle. Suppose the needle is divided into two parts with lengths 0           00 l and l. Since a line intersects the needle if and only if it intersects either portion, we have p(l) ¼ p( 0               00 l ) þ p ( l). The latter equation is satisfied if

pðlÞ ¼ kl;                               ð16:2Þ

where k is a constant of proportionality. Now imagine a polygonal line (not necessarily convex) of total length l made up of n rectilinear segments a1; a2; . . . ; a   where each                                                     Þ ¼      of n a j < d . Each segment a has a probability ð j p j ka j intersecting one of the parallel lines. Let

 

I        1;   if segment a intersects the line j; ¼ 

j            0;     otherwise:

The total number of intersections is then

X n

T ¼   Ij;

j¼1

and the expectation of T is

X n

ET ¼   E Ij

j¼1 X n

¼   kaj

¼                  ð kl j¼1 : 16:

3Þ

For a circle with diameter d, we have T ¼ 2, ET ¼ 2, and l ¼ pd. Using Eq. (16.3), we solve for k and obtain k ¼ 2/(pd). Hence, Eq. (16.2) becomes

 

p lÞ ¼ kl ¼    ; ð           2l

pd

which is the same formula we obtained using integrals in Eq. (16.1).
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Digging deeper, if we consider a sufficiently small convex polygon with circumference C, then we can have only two intersections (with probability, say P) or zero intersection (with probability 1 P). Then the expected number of intersections is 2P. From Eq. (16.3), we have ET ¼ kl, where k ¼ 2=ðpdÞ as we showed previously. Substituting ET ¼ 2P, k ¼ 2=ðpdÞ, and l ¼ C in ET ¼ kl, we have

 

P     :                       ð16:4Þ ¼ C

pd

This gives a general formula for the probability P of intersection of a small convex polygon (of any shape) with circumference C when thrown on lines separated by a distance d. The formula is interesting because P does not depend either on the number of sides or on the lengths of the sides of the polygon. It therefore also applies to any convex contour. For an alternative derivation of Eq. (16.4), see Gnedenko (1978, p. 39).

Two variations of the classic Buffon Needle Problem are also worth considering. First

A needle of length l is thrown at random on a plane on which a set of parallel lines

separated by a distance d, where d < l. What is the probability that the needle will

intersect one of the lines?

This time, the length of the needle is greater than the separation of the lines but (Y, F) is still uniform on S ¼ fðy; wÞ : 0 < y < d=2; 0 < w < p=2g. Therefore the required probability, as a geometric probability, is the ratio of the area of   0 A to that of S (see Fig 16.5){:

 

Pr                 wd w þ   arcsin 2 2 l 2 l 0 Y arcsinð ðd=lÞ                                  l                    p              d    d sin

< sinF ¼ 2            p   d

2    2

 

¼     l           arcsinðd=lÞ     d             d 4                   

 

¼ 4        2 l d    d cos arcsin 1 þ arccos p d 2 l p l r p      ½cosw        þ arccos w ¼ d 0 2 2 l

¼ 2          ffiffiffiffiffiffiffiffiffiffiffiffiffi! 2 l d    2           d 1 1 þ arccos : p d l 2 p l            ð16:5Þ

 

{                                                                                                 pffiffiffiffiffiffiffiffiffiffiffiffiffi 2 In the following, we will use arcsin( x ) þ arccos( x ) ¼ p /2 and cos(arcsin( x )) ¼ 1 x.
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Figure 16.5   Graph of y ¼ (l/2)sin w vs. w (d < l case).

The second variation was first considered by Laplace{ (1812, pp. 360–362) and is as follows (Fig. 16.6):

Suppose a needle of length l is thrown on a plane that is made up of congruent rectangles

each of dimensions c and d (l < c, d). What is the probability that the needle will intersect

at least one of the sides of the rectangle?

Let the distances from the base of the needle to the next vertical line along the horizontal axis be X and to the next horizontal line along the vertical axis be Y. Let the angle made by the length of the needle with the horizontal be F. We assume that X, Y, and F are uniformly distributed on (0, c), (0, d), and (0, p/2), respectively. The needle will cross a vertical line if X < l cos F. The probability of this event is again calculated

 

through geometric probability: Ð   n         o 0 d   Ð p=2   cos

p         0                         2 l l w d w dy ¼ ¼ V : p cd = 2 p c

Similarly, the needle will cross a horizontal line if Y < l sin F, and this will happen with probability

 

p     Ð   n         o Ð c p = 2 l 0 0 sin w d wdx   2l ¼ ¼ H : p cd = 2 p d

Both horizontal and vertical intersections occur if X < l cos F and Y < l sin F, and the probability is

 

p       Ð ðp=2Þ Ð ðl sin    Ð w Þ ðl cos wÞ                   2 dxdyd 0 0 0 w l V H ¼ ¼ : p cd = 2 p cd

 

{ See also Arnow (1994), Solomon (1978, p. 3), and Uspensky (1937, p. 256).
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Y     l 

d

Ф

X

c

 

Figure 16.6   Laplace’s extension of the Buffon Needle Problem.

 

Hence, the probability of either a vertical or horizontal intersection is

p     ¼ V þ        H p þ V p H pVH

2           2 l 2 l l

¼ þ 

pc   pd   pcd

¼ 2l c ð þ dÞ l2 :                                   ð16:6 Þ

pcd

Note that, as c ! ¥, we have

 

c lim             2l c ð þ dÞ l2    2l ¼ p lim V þ ¼ H ; ! ¥ c ! ¥ p cd p d

which is the same probability as in Eq. (16.1).

We now consider the following issue. Out of the several possible uniform random variables in the Buffon Needle Problem, why did we choose the acute angle between the needle and the nearest line ( F), and the distance between the midpoint of the needle to the nearest line ( Y)? Would the probability of intersection have changed if we had instead chosen the vertical rise of the needle from its midpoint and the distance of the midpoint to the nearest line as uniformly distributed each, that is, F 0                                                                                      0 0 U ð ; l = 2 Þ and Y U ð 0 ; d = 2 Þ , where F ¼ ðl sin FÞ=2? The answer is yes. A similar calculation to the one presented in the solution shows that the probability of intersection would then be l=ð2d Þ, which is different from Eq. (16.1). This might seem quite disquieting. However, as van Fraassen (1989, p. 312) has shown, F Uð0; p=2Þ and Y Uð0; d=2Þ are choices that make the joint density of (Y, F) invariant under rigid motions. That is, if the lines were to be rotated or translated before the needle was thrown on them, these choices ensure we get the same probability of intersection.
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m

 

n

 

Figure 16.7   Procedure to estimate e geometrically. The big square is of dimension n n and each of the small squares is of dimension m m (n/m is assumed to be an integer).

The invariance of this probability under such translations seems to be a natural desideratum.{

Since we have shown how the value of p could be estimated through geometric probability (see first paragraph in Discussion section), we might ask a related question:

Can we also use a geometric procedure to estimate the exponential number e? Nahin (2000, p. 30) provides a geometric approach,{ which we adapt in the following. Imagine a big square of dimension n n made up of identical smaller squares each of dimension m m, as shown in Fig. 16.7. Let us choose m so that n/m is an integer. The number of small squares is thus       2 N ¼ n   2 / m.

Now, suppose N darts are thrown at random on the big square. Let X be the number of darts that land inside a particular small square. Then X BðN; 1=NÞ and

 

Pr              N     x    Nx 1 1 f X ¼ x g ¼ 1 ; x ¼ 0; 1; 2; . . . ; N: x N N

The probability that the small square receives no dart is

 

Pr                N 1   1      x f X ¼ 0 g ¼ 1 ! e as N ! ¥ : N

We thus have a method to estimate e. Let us make m small enough so that N is large. Suppose, after the N darts have been thrown, the number of small squares (out of the N) that receive no dart at all is s. Then s=N 1=e so that e N=s. Again, N/s is a biased estimator of e since s/N is unbiased for 1/e.

 

{ See Problem 19 for more on invariance.

{ Of course, if one is not interested in a geometric approach one can simply use e ¼ 1 þ 1/1! þ 1/2! þ 1/3! þ   .

}                                                              x      a Using the fact that lim x!¥ (1 þ a /x ) ¼ e

.
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L

 

l1                                       l2               l3

Figure 16.8   Geometric unbiased estimation of e.

 

There exists a second geometric approach { that can give an unbiased estimate of

 

e. Suppose a line of length L is divided into successively smaller segments i n I 1, 2, (see Fig. 16.8). n ¼ 1 n L ; L for n ¼ . . . n n þ 1

A sharp knife is then thrown at random perpendicular to the line and if it cuts the line across the jth segment, we then assign the random variable X the value 2 þ 1 =ðj 1Þ! We now show that EX ¼ e. We have

 

< j    j 1    1 8

Pr ¼     ; for x ¼ 2 þ 1=ðj 1Þ!; j ¼ 1; 2; . . .  f  X  ¼  x  g ¼  j  þ  1  j  j j  ð  þ  1  Þ  :  0  otherwise

 

so that

 

E    X       ¥ 1   1 X ¼ 2 þ ð j 1 Þ ! j j ð þ 1Þ j ¼ 1 X ¥ 2 2 1 ¼ þ j ð j þ 1 Þ ð j þ 1 Þ ! j ¼ 1 2 X ¥ 2 2 2 2 2   1 ¼ þ þ þ   þ 1 2 2 3 3 4 ð j þ 1Þ! j ¼ 1 X ¥ 1 ¼ 2 þ ð j þ 1 Þ ! j ¼ 1 X ¥ 1 ¼ j ! j ¼ 0 ¼ e :

 

Thus to obtain an unbiased estimate of e, we throw the knife on the line n times (where n is large), note the segment cut each time and record the corresponding values x1; x2; . . . ; x   of   . Then an unbiased estimate of n X e is x ¼ ðx1 þ x2 þ    þ xnÞ=n.

 

{ This method was communicated to me by Bruce Levin.

Problem 17

 

Bertrand’s Ballot

 

Problem (1887)

 

Problem. In an election, candidate M receives a total of m votes while candidate N receives a total of n votes, where m H n. Prove that, throughout the counting, M is ahead of N with probability (m n)/(m þ n).

 

Solution. We use mathematical induction to prove that the probability of M being ahead throughout is

 

p 17  m  ¼ m n  ;  n  :  ð:1Þ m þ n

 

If m H 0 and n ¼ 0, Awill always be ahead since N receives no votes. The formula is thus true for all m H 0 and n ¼ 0 because it gives p m;n ¼ m=m ¼ 1. Similarly, if m ¼ n H 0, M cannot always be ahead of N since they clearly are not at the end. The formula is thus true for all m ¼ n H 0 because it gives pm;n ¼ 0=ð2mÞ ¼ 0.

 

Now suppose pm1 and ; n pm;n1 are both true. Then M with m votes will always be ahead of N with n votes if and only if either (i) in the penultimate count, M with m votes is ahead of N with n 1 votes, followed by a last vote for N or (ii) in the penultimate count, M with m 1 votes is ahead of N with n votes, followed by a last vote for M. Therefore,{

 

{ Note that, since M and N receive a total of m and n votes, respectively, the probability that M wins any one vote is m/(m þ n).
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p n             m                      (17.2)  m  ;  n  ¼  p  m  ;  n   1  þ  p  m   1  ;  n  m  þ  n  m  þ  n

 

¼ m ðn 1Þ   n   ðm 1Þ n   m þ m þ ð n 1 Þ m þ n ð m 1 Þ þ n m þ n ¼ m n

m n                            ð17:2Þ þ :

 

Hence the result is established.

 

17.1 Discussion

The Ballot Problem is usually attributed to Joseph Bertrand (1822–1900) (Fig. 17.1) who proposed it in a half-page article (Bertrand, 1887). { In this article, Bertrand gave the correct formula for p but did not provide a proof. Instead, he provided the  m  ;  n

following recursive equation:

f   þ1;tþ1 ¼ f    þ                                 ð17 3 m m ; t f m þ 1Þ ; t : :

In the above equation, f is the number of ways M is always ahead of N when M  m  ;  t

receives a total of m out of t votes. Bertrand’s recursion in Eq. (17.3) is equivalent to Eq. (17.2) above, since

 

p        fm;mþn m ; n : m þ n

m

Thus, although Bertrand did not prove his formula, { he could easily have done so through induction. Bertrand, however, believed that there should be an even simpler proof, for he writes

. . .it seems probable that such a simple result could be shown in a more direct way.

The “more direct way” was provided only a few weeks later by the French mathematician D esir e Andr e (1887). Andr e reasoned in terms of favorable and unfavorable permutations of the m votes for M and n votes for N, where a favorable permutation is an ordered sequence of votes such that M is always ahead (e.g., MMNM). First, he notes that all permutations starting with an N are

 

{ The ballot problem is also discussed in Feller (1968, p. 69), Higgins (1998, p. 165), Meester (2008, p. 73), Blom et al. (1994, p. 128), Durrett (2010, p. 202), Gyo´ari et al. (2008, pp. 9–35), and Shiryaev (1995, p. 107).

{ However, Bertrand later did provide a complete demonstration of the result in his Calculs des Probabilit es (Bertrand, 1889, pp. 19–20), based on Andr e’s proof, which we will next describe.
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Figure 17.1   Joseph Louis Fran¸cois Bertrand (1822–1900).

 

necessarily unfavorable, and there are ðm þ n 1Þ!=½m!ðn 1Þ! of them. Then Andr e argues that each one of the unfavorable permutations starting with an M can be put into a one-to-one correspondence with a permutation of m M’s and (n 1) N’s. Therefore, the total number of favorable permutations is

 

ðm þ nÞ!    ðm þ n 1Þ!   ðm þ nÞ! m n 2 ¼ ; m ! n ! m ! ð n 1 Þ ! m ! n ! m þ n

 

whence the formula for p    follows. Several authors have stated that Andre actually m ; n used the so-called reflection principle in his proof (Doob, 1953, p. 393; Feller, 1968, p. 72; Loehr, 2004), but this is not the case, as we will soon show (see also Renault, 2008; Humphreys, 2010). Let us first explain the reflection principle. Refer to the diagram in Fig. 17.2. The vertical axis X denotes the number of votes by which n M is ahead of N after a total of n votes on the horizontal axis. The initial point (0, a) above the horizontal axis and the final point (n, b) correspond to candidate M being initially ahead by a votes, and finally ahead by b votes, respectively. Then the reflection principle states that the number of paths from (0, a) to (n, b) that touch or cross the horizontal axis is equal to the total number of paths from (0, a) to 172   Problem 17 Bertrand’s Ballot Problem (1887)

Xn

 

a

(n, b)

 

n

 

–a

 

Figure 17.2   The reflection principle. The number of paths from (0, a) to (n, b) which touch or cross the horizontal axis is equal to the total number of paths from (0, a) to (n, b).

 

(n, b).{ The reflection principle has its origin in the works of the physicists Lord Kelvin (1824–1907) and James Clerk Maxwell (1831–1879) (Gray, 1908; Max-well, 1873). It has since been applied in several fields of probability and statistics, including random walks, Brownian motion, and order statistics.

Using the reflection principle, we can easily solve Bertrand’s Ballot Problem. As before, we assume that candidates M and N receive a total of m and n votes, where m H n. We wish to find the probability p that M is always ahead of N. That is, we  m  ;  n

want to determine the fraction of the total number of paths from (0, 0) to (m þ n, m n) that always stays above the horizontal axis (except for (0, 0)). The latter total is the same as the number of paths from (1, 1) to (m þ n, m n) that always stay above the horizontal axis, that is, the total number of paths from (1, 1) to (m þ n, m n) minus the number of paths from (1, 1) to (m þ n, m n) that touch or cross the horizontal axis. Applying the reflection principle, the second quantity in the subtrac-tion is equal to the number of paths from (1, 1) to (m þ n, m n). Note that the

 

number of paths from ( i, j) to (k, l) is equal to the number of paths from (0, 0) to ! k i ð k i ; l j Þ , which equals k i þ l j . Therefore, the number of paths above

2

the horizontal axis is

 

{ The reflection principle is also discussed in Feller (1968, p. 72), Chuang-Chong and Khee Meng (1992, pp. 91–93), Jacobs (2010, p. 57), Finkelstein and Levin (2001, p. 54), Karlin and Taylor (1975, p. 345), and Khoshnevisan (2007, p. 175).
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            m þ n 1    m þ n 1   ðm þ nÞ! m n 

m              ¼          ; 1 m m ! n ! m þ n

 

so that p                         , as required. m ; n ¼ ð m n Þ = ð m þ n Þ

We are now in a position to explain why Andr e’s method is different from the reflection principle.{ In the latter, one unfavorable path is modified, namely the path that touches or crosses the horizontal axis is modified by reflection. However, in Andr e’s method, two unfavorable paths are modified, namely one that starts with an M and the other that starts with an N. These are very different procedures, as can be seen when one tries to solve the Generalized Ballot Problem:

M and N get m and n votes, respectively, such that m H kn, where k is a natural

number; find the probability that M is always ahead of N by a factor of at least k.

Here each vote M gets results in the random walk moving by (1, 1) and each vote N gets results in the random walk moving by (1, k). A solution using the reflection principle is not possible. This is because an upward movement of one unit is reflected as a downward movement of one unit, but the latter does not make sense here. However, a solution can be obtained by extending Andr e’s method, as follows. First, we note that there are k þ 1 types of “bad” paths, where the bad path of ith (i ¼ 0,1, . . ., k) type is defined as one for which the first bad step results in the random walk being i units below the x-axis. Now, it can be shown that the total number of bad paths of the ith type is exactly equal to the total number of permutations of m Ms and (n 1) Ns. Therefore, the total number of paths such that M is always ahead of N by a factor of at least k is

 

                   m þ n         m þ n 1    a kb m þ n 

m    ðk þ 1Þ            ¼              : m a þ b m

Hence, we obtain a probability of ða kbÞ=ða þ bÞ as the solution to the Generalized Ballot Problem.

Finally, a question of priority is in order. Nine years before Bertrand’s paper, William Allen Whitworth { (1840–1905) asked the following question (Whitworth, 1878):

In how many orders can m positive units and n negative units be arranged so that the sum to

any number of terms may never be negative?

Whitworth then gives the solution as ðm þ nÞ!ðm n þ 1Þ=½ðm þ 1Þ!n!. Whitworth’s question is essentially the same as Bertrand’s Ballot Problem, although the former indirectly asks for the number of ways candidate M is either ahead or on par with candidate N. To see the equivalence between the two problems, let p* be the  m  ;  n

 

{ See also Renault (2008).

{ Author of the popular Choice and Chance (Whitworth, 1901).
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probability that M with a total of m notes is never behind N with a total of n votes. Then Whitworth’s formula gives

 

p                      1 *       ð   þ Þ ð   þ Þ ½ð þ Þ n m n ! m n = m 1 ! !   m n þ 1 ¼ ¼ : m ; n ð m þ n Þ ! = ð m ! n ! Þ m þ 1

Now the event that M is always ahead of N is equivalent to the event that M gets the first vote and then, keeping this vote aside, M is never behind for the remaining m þ n 1 votes. Therefore,

 

p           m * m ; n ¼ p m ;n m þ n 1

 

¼   m   m n m þ n m ¼ m n

m n þ ;

which is the formula given by Bertrand. The Ballot Theorem is thus also sometimes rightfully called the Bertrand–Whitworth Ballot Theorem.




Problem 18

 

Bertrand’s Strange Three

 

Boxes (1889)

 

Problem. There are three boxes, each with two drawers. Box A contains one gold coin in each drawer, box B contains one silver coin in each drawer, and box C contains one gold coin in one drawer and one silver coin in the other.

(a) A box is chosen at random. What is the probability that it is box C? (b) A box is chosen at random and a drawer opened at random. The coin is removed.

Suppose it is a gold coin. What is the probability that the box chosen is box C?

 

Solution. (a) All three boxes have the same chance of being chosen. So, the probability that box C is chosen is 1/3.

 

(b) Let C be the event “box C is chosen”, and similarly for events A and B. Let G be the event “a gold coin is found in one of the drawers from the chosen box”. Then

Prf g ¼                1 A Prf g ¼ B Pr f g ¼ C ;

3

Prf                                         1 G j A g ¼ 1; Prf G j B g ¼ 0; Prf G j C g ¼ :

2

Using Bayes’ Theorem,{ we have

 

Pr                             Prf G j Cg PrfCg f C j G g ¼ Pr f G j C g Pr f C g þ Pr f G j B g Pr f B g þ PrfG j Ag PrfAg

¼       ð1=2Þð1=3Þ

ð1 =2Þð1=3Þ þ ð0Þð1=3Þ þ ð1Þð1=3Þ

¼ 1 :

3

{ See Problem 14
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18.1 Discussion

Although the name of Joseph Louis Fran ¸cois Bertrand (1822–1900) is usually

 

Probabilit { (Bertrand, 1889) is a treasure-trove of several interesting probability   es  {  problems. Of these, the box problem appears as the second problem in the book.  associated with the chord paradox (see Problem 19), his treatise Calculs des

However, the second part of the original question is in a slightly different form from that presented in (b) in the Problem. On p. 2 of his book, Bertrand says

A box is chosen. A drawer is opened. Whatever the coin I find, there are two cases that

remain possible. The drawer that was not opened either contains a similar or different

coin from the first one. Out of these two possibilities, only one is favorable to the box with

two different coins. The probability of having chosen the box with the different coins is

thus 1/2.

Is it possible, however, that the mere opening of a drawer could change the probability from

1/3 to 1/2?

Note that the above problem does not identify the initial coin that is drawn, as opposed to our question in (b) above where it is identified as gold. Nevertheless the answer to Bertrand’s question is the same in both cases: the mere opening of a drawer cannot change the probability from 1/3 to 1/2. The (intentional) error in Bertrand’s reasoning is this: whatever the coin that is first drawn, there are two cases that remain possible; in accordance with the principle of indifference, } each one should have the same probability. However, the two cases are not equally likely. The one that is favorable to the box with two similar coins is twice as likely as the one that is favorable to the box with two different coins. We have shown this in part (b) of the solution for the case when the first coin drawn is gold. We would have obtained the same probability of 1/3 if the first coin drawn was silver.

Bertrand’s box problem is important not only because its solution can be counterintuitive but also because it is in fact a precursor to the famous Monty-Hall Problem, which we will discuss in Problem 32.

We now consider the following classic problem, which is similar to Bertrand’s but which has an entirely different solution:

(a) Mr. Smith has two children and at least one of them is a boy. (b) Mr. Smith meets a friend and tells her, “I have two children and the older is

a boy.”

In each case, what is the probability that Mr. Smith has two boys?

To solve the above problem, we first define Y as the event “the younger child is a boy” and O as the event “the older child is a boy.” Then PrfY g ¼ PrfOg ¼ 1=2

{ Calculus of Probabilities.

{ The Bertrand Box Problem is also discussed in Shafer and Vovk (2006), Shackel (2008), and Greenblatt (1965, p. 107).

} See pp. 135–137.
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and, since Y and O are independent of each other, PrfY \ Og ¼ 1=4. For part (a), we have

 

Pr                   PrfðY \ OÞ \ ðY [ OÞg f Y \ O j Y [ O g ¼ Pr f Y [ O g

¼      Pr fY \ Og

Prf Yg þ PrfOg PrfY \ Og

¼    1 =4

1=2 þ 1=2 1=4

¼ 1 :

3

For part (b), we have

 

Pr               Prfð Y \ OÞ \ Og fY \ O j Og ¼     Pr

fOg

¼ Prf Y \ OÞg

Prf Og

1=4

¼

1=2

¼ 1 :

2

Intuitively, the sample space for the problem is shown in Table 18.1 (B ¼ boy, G ¼ girl). The sample space is W ¼ {BB, BG, GB, GG}, where each sample point is equally likely. Given that Mr. Smith has at least one boy, the new sample space is W ¼ {BB, BG, GB}, where the first and second letters for each sample point represent the gender of the younger and older children, respectively. The probability of two boys is therefore 1/3. On the other hand, given that we identify the older child to be a boy, the sample space changes to   W ¼ {BB, GB}. The probability of two boys is now 1/2.

It might at first seem counterintuitive that the second probability should be different from the first. However, by specifying one of the children to be the oldest, the

 

Table 18.1   Sample Space for the “Older Child” Problem

Younger child                   Older child

B                    B B                    G G                  B G                  G
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sample space changes. Consequently the probability cannot stay at 1/3. Martin Gardner (1914–2010), the Dean of mathematical puzzles, provides a most interesting illustration of why that should be so (1959, p. 51):

If this were not the case [i.e. if the second probability did not change from 1/3 to 1/2] we

would have a most ingenious way to guess the face of a concealed coin with better than

even odds. We would simply flip our own coin. If it came heads we would reason: “There

are two coins here and one of them (mine) is heads. The probability the other is heads is

therefore 1/3, so I will bet that it is tails.” The fallacy of course is that we are specifying

which coin is heads. This is the same as identifying the oldest child as the boy, and it

changes the odds in a similar fashion.




Problem 19

 

Bertrand’s Chords (1889)

 

Problem. A chord is randomly chosen on a circle. Calculate the probability that the chord is longer than the side of an equilateral triangle inscribed inside the circle.

 

Solution. There are at least three methods a chord can be randomly chosen on the circle, as shown in Fig. 19.1.

 

Solution 1: Random Endpoints Approach. Consider the first figure. We randomly choose two endpoints on the circumference of the circle and join them to obtain the chord. Because of symmetry, we assume one of the points coincides with one of the vertices of the inscribed triangle (at A). The remaining two vertices (B and C) of the triangle then divide the circumference of the circle into three equal arcs (AC, CB, and BA). The chord is longer than the side of the triangle if and only if it intersects the triangle. The required probability is thus 1/3.

 

Solution 2: Random Radius Approach. Consider the second figure. We randomly choose a radius of the circle and then select a point on it. The chord is obtained by drawing a perpendicular to the radius across the point. Because of symmetry, we assume the radius is perpendicular to one of the edges of the triangle. The chord is longer than the side of the triangle if and only if the selected point lies on the half of the radius that is closer to the center of the circle. The required probability is thus 1/2.

 

Solution 3: Random Midpoint Approach. Consider the third figure. We randomly choose a point inside the circle and obtain the chord so that the chosen point is its midpoint. The chord is longer than the side of the triangle if and only if the chosen point lies inside the inscribed circle of the triangle. Since the inner inscribed circle has radius half that of the outside circle, the required probability is (1/2)2 ¼ 1/4.
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Figure 19.1   Three of the ways in which a chord can be randomly chosen on a circle.

 

19.1 Discussion

This is the famous problem that comes to mind when the name of Joseph Bertrand is mentioned in probability.{ It features as the fifth problem in the Calculs des Probabilit es (Bertrand, 1889, p. 4) (see Fig. 19.2) and has gained nearly immortal status because it apparently shows the limitations of classical probability when applied to problems where the number of possible outcomes is infinite (see, for example, Papoullis, 1991, p. 9). Shafer and Vovk (2006) explain that Bertrand’s paradoxes were one of the reasons for the dissatisfaction with classical probability at the turn of the twentieth century,{ and such dissatisfaction provided an impetus for the later axiomatization of probability by Kolmogorov in 1933.} Indeed, the eminent German mathematician David Hilbert (1862–1943) gave a keynote talk, “Mathematical Problems,” in 1900 at the Second International Congress of Math-ematicians in Paris. In his talk, he outlined some of the most important unsolved problems of mathematics at that time. ** Hilbert recognized the need for a rigorous and coherent theory of probability, for his sixth problem reads (Yandell, 2002, pp. 159–160)

The investigations on the foundations of geometry suggest the problem: To treat in the

same manner [as Hilbert had treated geometry], by means of axioms, those physical

sciences in which mathematics play an important part; in the first rank are the theory of

probabilities and mechanics.

Coming back to our original Chord Problem, Bertrand gave an argument which has become the standard explanation of the paradox. In his own words (Bertrand, 1889, p. 4):

 

{ Bertrand’s paradox is also discussed in Clark (2007, p. 24), Shackel (2008), Ross (1997, pp. 203–204), Erickson and Fossa (1998, p. 21), von Mises (1981, p. 77), Yaglom and Yaglom (1987, pp. 34–35), Papoullis (1991, p. 9), Sz ekely (1986, p. 43), Grinstead and Snell (1997, p. 49), Andel (2001, p. 8), Stirzaker (2003, p. 324), Kaplan and Kaplan (2006, p. 56), and Stapleton (2008, p. 55). { See also the discussion in Tanton (2005, p. 417).

} See Problem 23.

** These later became part of Hilbert’s “program” of 23 canonical problems.
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Figure 19.2   Bertrand’s Chord Problem, taken from the Calculs des Probabilit es (Bertrand, 1889).

A further remark is necessary: the infinite is not a number; one should not, without any

explanation, introduce it into one’s reasoning. The illusion of precision brought about by

words can result in contradictions. Choosing at random from infinitely many possibilities

is not sufficiently defined.

The paradox thus stems from the fact that there are many ways to choose from an infinite sample space. The problem consequently appears ill-posed: it does not specify how the random chord should be chosen. Thus, each of the solutions provided is valid for the given method the chord was chosen.

The three different answers also seem to seriously undermine the principle of indifference.{ This principle was first used by Jacob Bernoulli (1654–1705) and Pierre-Simon Laplace (1749–1827). It states that if we have no a priori knowledge of how an event can occur, then we must assign equal probabilities to each possible way it can occur. The principle is contradicted here, for we have shown three different ways of applying it, and each results in a different answer. Hunter and Madachy (1975, pp. 100–102), give a fourth possible solution to the Bertrand Chord Problem, with a probability of approximately 14/23 that the chord is longer than the side of the triangle. Weaver (1982, p. 355) provides two other possible answers (2/3 and 3/4).

 

{ See Problem 14, pp. 135–137.
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pffiffiffi

Berloquin (1996, p. 90) mentions a seventh possible answer (1 2   3), and provides a proof that the problem possesses infinitely many solutions.

After Bertrand had adduced the Chord Problem, geometric probability was seemingly dealt a serious blow. However, the problem was taken up again a few years later by the eminent French mathematician Henri Poincar e (1854–1912) in his own Calculs des Probabilit   { (Poincar es e, 1912, p. 118). The invaluable contribution made by Poincar e (1912, p. 130) was to suggest that the arbitrariness in the interpretation of randomness could be removed by associating probability densities that remain invariant under Euclidean transformations. That is to say, the problem could become well-posed if we could find probability densities for random variables such that we would get the same answer if the circle and inscribed triangle were to be rotated, translated, or dilated. Poincar e (1912, p. 130), and later Jaynes (1973), concluded that such probability densities exist only for the random radius method (Figs. 19.3 and 19.4). Let us now explain Jaynes’ approach and show how invariance arguments lead to a probability of 1/2.{ Let the circle C have radius R and let the randomly drawn chord have its midpoint at (X, Y), relative to the center O of the circle. Suppose the probability density of (X, Y) is f ð                                                                  0 x ; y Þ , where ð x ; y Þ 2 C . We next draw a smaller concentric circle C with radius aR, where 0                                                     0 < a 1. Let the density of ( X , Y ) be h ð x ; y Þ for ð x ; y Þ 2 C.The two densities f and h should be the same except for a constant factor, because their supports are different. For          0 ð x ; y Þ 2 C, we have

 

h x; yÞ ¼ ÐÐ ð            f ðx; yÞ     : f ð x ; y Þ dx dy

C0

 

through the radial distance Rotational invariance implies that both f ðx; yÞ and hðx; yÞ depend on (x, y) only p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2 r ¼ x þ y 2 . Therefore, in polar coordinates ð r ; u Þ , the above equation becomes

 

h rÞ ¼ 2 ð           f ðrÞ ð p aR ð

rf ðrÞdr du

0 0

 

¼ f ðrÞ                                    ð19:1Þ  ð aR

2p    rf ðrÞdr

0   ð

aR

)f ðrÞ ¼ 2phðrÞ    f ðrÞr dr:                    (19.1)

0

 

{ Calculus of Probabilities. Strangely, Poincar e discussed only the first two of the three solutions Bertrand had given.

{ See Jaynes (2003, pp. 388–393), and also Howson and Urbach (2006, pp. 282–286), and Sz ekely (1986, pp. 44–47).
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Figure 19.3   Henri Poincar e (1854–1912).

 

We now invoke scale invariance. Imagine the larger circle is shrunk by a factor a, 0 < a 1, to give the smaller circle. Then scale invariance implies

 

f ðrÞr dr d u ¼ hðarÞar dðarÞdu

f ðrÞr dr d u ¼ a2hðarÞr dr du                      ð19:2Þ

)f ðrÞ ¼ a2hðarÞ: (19.2)

From Eqs. (19.1) and (19.2), we have for 0 < a 1 and 0 < r R,

 

aR ð

a2f ðarÞ ¼ 2pf ðrÞ   rf ðrÞdr:

0
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Figure 19.4   Edwin T Jaynes (1922–1998).

 

If we differentiate the last equation with respect to a, then set a ¼ 1, we obtain the differential equation

2        0 f ð r Þ þ rfðrÞ ¼ 2pR2f ðrÞf ðRÞ

with general solution

 

f rÞ ¼       ; 2 ð      qrq2 p R q

where q is a positive constant. It can be shown that translational invariance implies q ¼ 1. Hence we finally obtain

 

f             1 ð r Þ ¼   ;    0 r R; 0 u 2 p:               ð19:3 Þ

2 pRr

Assuming the above invariance arguments, the probability that the chord is longer than the side of the inscribed triangle can be calculated as
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2    2 p ð R ð =                2 ð pR ð =2   1 f ð r Þ r dr d u ¼   r dr du 2 p Rr 0 0                    0 0

 

¼ ð     R    1 2 p Þ 2 2 pR ¼ 1 :

2

Thus, adherence to the invariance principle results in an answer of half. Moreover, this is the answer that Jaynes obtained when he carried out experiments of actually throwing straws into a circle (Jaynes, 1973). However, we hasten to add that not all situations where the principle of indifference breaks down are amenable to the kind of invariance treatment we provided above, as Jaynes himself conceded. { Additionally, debate on the Chord Problem is not over: in 2007, Shackel published a paper casting some doubts on Jaynes’ solution and maintained that the Chord Problem remains still unsolved (Shackel, 2007). Shackel’s main contention is that Jaynes’ solution is not to the original Bertrand Chord Problem and that it amounts to “substituting a restriction of the problem for the general problem.”

 

{ For example, von Mises water-and-wine example, mentioned on p. 136, is not resolved by using invariance.

Problem 20

 

Three Coins and a Puzzle

 

from Galton (1894)

 

Problem. Three fair coins are tossed. What is the probability of all three coins turning up alike?

 

Solution. The sample space W ¼ {HHH, HHT, . . ., TTT} is made up of eight equally likely outcomes. Of these, all three coins turn up alike with either HHH or TTT. The required probability is therefore 2/8 ¼ 1/4.

 

20.1 Discussion

Sir Francis Galton (1822–1911) is considered to be the father of eugenics and one of the most renowned statisticians of his time (Fig. 20.1). His name is usually associated with the notions of correlation and the regression effect.{ In the February 15, 1894 issue of Nature, Galton presented both the correct solution and an intentionally wrong solution to the above problem (Galton, 1894). Concerning the wrong solution, he writes

I lately heard it urged, in perfect good faith, that as at least two of the coins must turn up

alike, and it is an even chance whether a third coin is heads or tails; therefore the chance of

being all-alike is as 1 to 2, and not as 1 to 4. Where does the fallacy lie?

 

{ Also known as regression to the mean. Galton noted that tall parents tend to produce tall offspring but who, on average, are shorter than their parents. Similarly, tall offspring tend to have tall parents but who, on average, are shorter than their offspring. The regression effect thus describes the natural phenomenon of a variable that is selected as extreme on its first measurement and tends to be closer to the center of the distribution for a later measurement. For more details, see, for example, Campbell and Kenny (1999) who devote a whole book to the subject.
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Figure 20.1   Sir Francis Galton (1822–1911).

 

The argument does seem to contain an infallible logic. The fallacy, however, lies in the assumption that, given that at least two coins turn up alike, then there is an even chance for the remaining coin to be alike too. We can show this as follows. To fix ideas, let us consider the situation for heads.

Let U be the event “at least two coins are heads,” and V be the event “the last coin is a head.” Then,

 

Table 20.1 Illustration of Why the Probability of Obtaining Three Heads, Given that at Least

Two Heads have been Obtained, is 1/4 Instead of 1/2

First coin       H         H        H        H        T        T        T        T Second coin   H       H       T        T       H       H       T       T Third coin     H        T        H        T        H        T        H        T

Case 1   Case 2   Case 3   Case 4   Case 5   Case 6   Case 7   Case 8 188   Problem 20 Three Coins and a Puzzle from Galton (1894)

 

Pr           PrfV \ Ug f V j U g Pr f U g

Prfthree headsg

¼

Prftwo headsg þ Prfthree headsg

¼     ð1 = Þ3 2

3ð1=2Þ2ð1=2Þ þ ð1=2Þ3

¼ 1 :

4

Similarly for tails. Thus, given that at least two coins turn up alike, it is three times more likely for the remaining coin to be different than to be alike too.

A more visual proof is provided by Northrop (1944, p. 238) (see Table 20.1). Suppose at least two of three coins are heads. As can be seen from Table 20.1, this happens in four of the eight equally cases, namely cases 1, 2, 3, and 5. However, only in one of these four cases do we have all three heads, namely case 1. Thus, once we condition on at least two of the coins being the same, the probability of the third coin being the same is 1/4, not 1/2.




Problem 21

 

Lewis Carroll’s Pillow Problem

 

No. 72 (1894)

 

Problem. A bag contains two counters that are each equally likely to be either black or white. Can you ascertain their colors without taking them out of the bag?

 

Solution. The problem is ill-posed: it is impossible to ascertain the colors of the counters from the given information.

 

21.1 Discussion

This problem was adduced by the famous English writer, logician, and mathematician Lewis Carroll{                                                { (1832–1898) in his book Pillow Problems (Dodgson, 1894) (Figs. 21.1 and 21.2). The latter contains a total of 72 problems of which 13 are of a probabilistic nature. Of all these problems, Problem 72} has attracted the most attention. It appears under the rather mysterious heading Transcendental Probabili-ties. In the preface of his book, Carroll says (p. xiv)

If any of my readers should feel inclined to reproach me with having worked too

uniformly in the region of Common-place, and with never having ventured to wander out

of the beaten tracks, I can proudly point to my one problem in Transcendental

Probabilities - a subject on which very little has yet been done by even the most

enterprising of mathematical explorers. To the casual reader it may seem abnormal

or even paradoxical, but I would have such a reader ask himself candidly the question,

‘Is not life itself a paradox’?

 

{ Pseudonym used by Charles Lutwidge Dodgson. { So-called because Carroll apparently conceptualized and solved them at night while in bed. } Carroll’s Pillow Problem 72 is also discussed in Weaver (1956), Seneta (1984, 1993), Pedoe (1958, p. 43), Mosteller (1987, p. 33), and Barbeau (2000, p. 81).
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Figure 21.1   Cover of the Third edition of the Pillow Problems.

 

On p. 27 of his book, Carroll gives the wrong answer to Problem 21:

One is black, and the other is white.

Subsequently, Carroll goes on to provide an erroneous argument why the bag must contain one black and one white counter. His proof is as follows (Dodgson, 1894, p. 109):

We know that, if a bag contains 3 counters, 2 being black and one white, the chance of

drawing a black one would be 2/3; and that of any other state would not give this chance.
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Figure 21.2   Lewis Carroll (1832–1898).

 

Now the chances, that the given bag contains (a) BB, (b) BW, (g) WW, are respectively

1/4, 1/2, 1/4.

Add a black counter.

Then the chances, that it contains (a) BBB, (b) BWB, (g) WWB, are respectively 1/4,

1/2, 1/4.

Hence the chance, of now drawing a black one,

 

¼ 1      1 2    1   1   2 1 þ þ ¼ :

4      2 3    4   3   3

Hence the bag now contains BBW (since any other state of things would not give this

chance).

Hence before the black counter was added, it contained BW, i.e. one black counter

one white.
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Q.E.F. {

Carroll has received some flak for his reasoning. Weaver (1956) in particular has been quite harsh:

Dodgson’s solutions of the problems in this collection are generally clever and accurate,

but one of them [Problem 72] ludicrously exposes the limitations in his mathematical

thinking. . ..

An earlier author, Eperson (1933) writes

But for this serious tone, one would have suspected the author [Carroll] of indulging in a

little leg-pulling at the expense of his readers, since it is curious that so logical a mind as his

could have overlooked the fallacy in his solution.

On the other hand, Gardner claims that Carroll intentionally gave the wrong answer to Problem No. 72 as a joke (Gardner, 1996, p. 64):

The [Carroll’s] proof is so obviously false that it is hard to comprehend how several top

mathematicians could have taken it seriously and cited it as an example of how little

Carroll understood probability theory! There is, however, not the slightest doubt that

Carroll intended it as a joke.

Although the latter argument seems less likely, one has to admit that Carroll’s reasoning indeed seems very convincing. Through an example, let us see where the error lies. Suppose a bag contains only one counter which is equally likely to be white or black. The probabilities the bag contains B and W are 1/2 and 1/2. We now add one black counter to the bag so that we now have two counters. The probabilities of BB and WB are 1/2 and 1/2. Therefore, the probability of drawing a black counter is (1)(1/2) þ (1/2)(1/2) ¼ 3/4. Using Carroll’s reasoning, this would imply that the bag must contain three black and one white counter, a total of four counters. But this cannot be correct because the bag now contains only two counters! The error in this example lies in the inference that was made from the probability of 3/4. This cannot tell us anything about the actual content of the bag. What the probability of 3/4 tells us is the following. Suppose we repeat an experiment of putting a counter (which half of the time is white and half of the time is black) in a bag, followed by adding a black counter. Then when a counter is taken out of the bag which now contains two counters, it will be black 3/4 of the time.

Similarly, in Carroll’s case, the probability of 2/3 of drawing a black counter does not imply that the bag must contain two black and one white counter. Suppose we repeat the following experiment a large number of times: we put two counters (each of which is equally likely to be black or white) in a bag, then we add a third black counter, and finally we count the number of black counters. Then, we can say that in the long run, the average number of back counters we will count is two. But for a given experiment the number will not necessarily be two. Therefore, it is impossible to make the conclusion that, before the black counter was added, there must have been one

 

{ Q.E.F. means “quod erat faciendum” which is the Latin for “which had to be done”. More usually, Q.E.D. is used after a proof and means “quod erat demonstrandum” or “which had to be proved.”
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white and one black counter in the bag. What we can say is that the expected number of white and back counters is each one.

Hunter and Madachy (1975, pp. 98–99) and Northrop (1944, p. 192) give the correct explanation to the Carroll puzzle. However, many authors have either given the wrong solution or have contented themselves with saying that Carroll’s reasoning is “obviously” wrong. Eperson, for example, states (1933):

As I expect you would prefer to enjoy that feeling of intellectual superiority by discovering

the fallacy for yourself, I will refrain from pointing it out, but will content myself with

remarking that if one applies a similar argument to the case of a bag containing 3 unknown

counters, black or white, one reaches the still more paradoxical conclusion that there

cannot be 3 counters in the bag!

Similarly, Seneta (1984; 1993) and Sze´kely (1986, p. 68) do not give a definite resolution of the issue. Finally, Vakhania (2009) claims:

Lewis Carroll’s proof of his problem No.72 is really ambiguous, and it has been tacitly

accepted that the proof was incorrect. However, it seems that no clear and convincing proof

of the incorrectness has been given, and the question “where is the fallacy” continues to be

of interest and even challenging for many years already.

The fallacy, however, ceases to be challenging once one realizes that the calculated probability of 2/3 can only give the expected, not the actual, number of counters.




Problem 22

 

Borel and a Different Kind

 

of Normality (1909)

 

P                   { roblem. A real number in [0,1] is said to be normalin a given base if any finite pattern of digits occurs with the same expected frequency when the number is expanded in that particular base. Thus a number in [0,1] is normal in base 10 if, in its decimal expansion, each of the digits {0,1, . . ., 9} occurs with frequency 1/10, each of the pairs {00, 01, . . ., 99} occurs with frequency 1/100, and so on. Prove that almost every real number in [0,1] is normal for all bases.

 

Solution. Let the random variable j (   ¼ 0, 1,        ¼ 1, 2,            th digit in j j j . . . , 9; j . . . ) be the j the decimal expansion of x 2 ½0; 1, that is

 

x   j                  j ¼ 1 j þ 2 j þ    þ þ   2 j 10 10 10

Then, for the digit b ¼ 0, 1, . . ., 9, we define the binary random variable

d       1;         b ¼ j with prob j: 1=10; ¼ 

bjj          0;            b 6¼ j with prob     10 j : 9 =:

 

identically distributed. Applying the Strong Law of Large Numbers (SLLN), It is reasonable to assume that the                                        { d s are independent (across the and b j j ’s) j } we have

 

{ Not to be confused with the usual sense in which “normal” is used in statistics to mean following a Gaussian distribution.

{ Although this might seem a strong assumption, see Chung (2001, p. 60) for a theoretical justification. } See pp. 72–75.
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Pr                   1 d b j 1 þ d b j 2 þ    þ d b j n lim ¼ ¼ 1 : n ! ¥ n 10

 

Thus, ðdbj1 þ dbj2 þ    þ dbj Þ n=n converges almost surely to 1/10 (i.e., except for some set with probability zero), that is, the relative frequency of the digit b (¼ 0, 1, . . ., 9) of almost all x 2 ½0; 1 is 1/10.

 

We next consider blocks of two digits in the decimal expansion of x. Consider the independent random variables d b1j1db2j1; db1j2db2j2; . . ., where b1; b2; j1; j2 ¼ 0, 1, . . ., 9. By applying the SLLN again, we see that the relative frequency of the pair b1b2(¼00, 01, . . ., 99) is 1/100 for almost all x 2 ½0; 1. A similar proof applies for all blocks of larger digits. Likewise, similar results follow if we expand x in all base systems other than decimal. Hence, we have proved that almost every real number in [0,1] is normal.

 

22.1 Discussion

Emile Borel (1871–1956) is regarded as the father of measure theory and one of the key figures in the development of the modern theory of probability (Fig. 22.1). In 1909, he published a landmark paper that contained several key results in probability theory (Borel, 1909b). These included the first version of the SLLN,{ a theorem on continued fractions, and finally Borel’s normal law. This states that almost every real number in [0,1] is normal.{ Borel’s normal law turns out to be a corollary to the SLLN and will be the topic of interest here.

Two comments should be made here. First, although Borel’s results were groundbreaking, his proofs of these results had some slight deficiencies. Writing on the historical development of rigor in probability, the eminent mathematician Joseph Leo Doob (1910–2004) remarked (Doob, 1996) (Fig. 22.2)

. . .but a stronger mathematical version of the law of large numbers was the fact deduced by

}

Borel - in an unmendably faulty proof- that this sequence of averages converges to 1/2 for

(Lebesgue measure) almost every value of x.

Borel seemed to have been aware of these limitations, and later both Faber (1910) and Hausdorff (1914) filled in the gaps in his proofs.

Second, although almost every real number in [0,1] is normal so that there are infinitely many such numbers, finding them has been hard.** This is indeed surprising.

 

{ See Problem 8.

{ Borel’s normal numbers are also discussed in Niven (1956, Chapter 8), Kac (1959, p. 15), Khoshnevisan (2006), Marques de S a (2007, pp. 117–120), Richards (1982, p. 161), R enyi (2007, p. 202), Billingsley (1995, pp. 1–5), and Dajani and Kraikamp (2002, p. 159).

} In particular, Borel assumed a result based on independence for dependent trails, and used a more precise version of the Central Limit Theorem than was available at that time (Barone and Novikoff, 1978). **                                                             p ffiffiffi

Although it is suspected that numbers such as p, e, and   2 are normal.
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Figure 22.1   Emile Borel (1871–1956).

 

Consider the countably infinite set of rational numbers. Every rational number ends with an infinite tail of zeros or ones, or with a periodic sequence, and therefore cannot be normal. For instance, 2/3 is .6666. . . in decimal and .101010. . . in binary. In decimal, 2/3 cannot be normal because only the digit 6 and the blocks {66, 666, . . .} are present. In binary, the bits {0, 1} occur with the same frequency, but none of the blocks {00, 11, 000, . . .} is present. Thus, 2/3 is not normal in binary, either. However, 2/3 is said to be                 { simply normal in binary because each of the bits {0, 1} occurs with a relative frequency of .5. It is therefore possible for a number to be simply normal in a given base but not normal at all in another base. An example of a normal number was provided by the English economist David Gawen Champernowne (1912–2000)

 

{ In general a number is said to be simply normal in base r if each of the digits 0, 1, . . ., r1 occurs with a relative frequency 1/ r. Pillai (1940) has shown that a number is normal in base r if and only if it is simply normal in each of the bases r   2 , r   3 , r, . . .
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Figure 22.2   Joseph Leo Doob (1910–2004). [Picture licensed under the Creative Commons Attribution-Share Alike 2.0 Germany license.]

 

(Champernowne, 1933). He systematically concatenated numbers and blocks in a given base, giving a normal number in that base. In base 10 and base 2, for example,

C10 ¼ :123456789 10 11 12 13 14 15 16 . . . C2 ¼ :01 00 01 10 11 000 001 010 011 101 . . .

The systematic construction of these numbers means that randomness is not necessary for normality, although it is sufficient (Kotz et al., 2004, p. 5673).

Of the several bases into which a real number in [0, 1] can be expanded, the binary system is of particular interest. Borel observed that the binary expansion mimics the tossing of a fair coin.{ The bits in the expansion can be viewed as independent random variables that represent the outcomes when a fair coin is tossed. This fact turns out to be helpful in the following classic problem{:

 

{ More precisely, almost every number in [0, 1] can be expanded in base two to represent the behavior of a fair coin. See also Billingsley (1995, pp. 1–5) and Marques de S a (2007, pp. 117–120). { Bruce Levin first alerted me to this type of problem. See also Halmos (1991, p. 57). 198   Problem 22 Borel and a Different Kind of Normality (1909)

Two players A and B use a fair coin to decide who wins a prize. Devise a procedure

such that player A wins with probability 1/p.

The problem seems all the more intriguing because one would wonder what the number p has to do with the toss of coins. To solve it, first note that 1/p is a real number in [0,1] with binary expansion .01010001011 . . . This represents the reference sequence THTHTTTHTHH. . ., if we use “0” to denote a tail (T) and “1” to denote a head (H). Now we can imagine player A as winning with probability 1/p if she picks a number at random from [0,1] and obtains a number less than 1   { / p. This means that she obtains a number less than .01010001011 in binary. We thus have the solution to our problem, as follows. Toss the fair coin and record the actual sequence of heads and tails. Stop as soon as this sequence shows a T but the reference sequence THTHTTTHTHH has an H at the corresponding position (for example, stop on the 4th throw if the actual sequence of tosses is THTT). This is equivalent to picking a number from [0,1] and obtaining a number less than .01010001011 in binary. This procedure ensures that A will win with probability exactly 1/p. Of course, 1/p is incidental here: by a similar binary expansion we could devise a procedure such that p ffiffiffi the probability of winning is any real number in [0,1] (such as 1=e; 1=   2, and so on).

Finally, let us use the binary expansion of a real number in [0,1] to explain the connection between the Borel’s normal numbers and Borel’s strong law of large numbers (SLLN).{ Imagine a coin for which the probability of a head is p is tossed repeatedly, resulting in a sequence of heads and tails. Suppose the experiment is repeated several times so that many such sequences are obtained. On p. 74, we stated that, according to Borel’s SLLN, the set of infinite sequences for which the proportion of heads is not equal to p has probability zero. The question we then asked was, “What type of sequences would behave in this way, that is, their proportion of heads would not equal p (and the set of such sequences would have probability zero)?” The answer is this: the set of all sequences of heads and tails that correspond to the binary expansion of a real number in [0, 1] such that the proportion of 1’s in the expansion is not p will have probability zero. For a fair coin (p ¼ 1/2), these “rogue” sequences of heads and tails correspond to the binary expansions of real numbers in [0,1] that are not simply normal in the Borel sense. That is, the set of sequences that do not obey Borel’s SLLN when a fair coin is tossed correspond to the binary expansions of real numbers in [0,1] that are not simply normal.

 

� This is because, if X U(0,1) then Pr{X x}¼ x for 0 x 1.

 

z See Problem 8.

Problem 23

 

Borel’s Paradox and

 

Kolmogorov’s Axioms (1909,

 

1933)

 

Problem. Suppose the random variables X and Y have the joint density function

 

f                     4 xy;        0GxG1; 0GyG1; 

XY ðx; yÞ ¼   0 ;          otherwise:

 

Obtain the conditional density of X, given that Y ¼ X.

 

Solution. Let U ¼ X and V ¼ YX. Then we aim to find f   ð    ¼ 0Þ. We have U j V u j v

f                                  1 UV ð u ; v Þ ¼ f XY ð x ; y Þj J j;

where J is the Jacobian

 

J     qu=qx qu=qy ¼ q v = q x q v = q y 1 0 ¼ 1 1

¼ 1:

 

Therefore, f   ð UVu; vÞ ¼ 4xy 1 ¼ 4uðu þ vÞ for 0GuG1; uGvGu þ 1 (see Fig. 23.1). The marginal density of V for 1 G v G 0 is
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v = –u         v = –u + 1

Figure 23.1   The support of (U, V ) lies in the region u G v G u þ 1.

ð 1

f V ðvÞ ¼ 4   ðu2 þ uvÞdu

v

¼ 2       2 ð 1 þ v Þð2 vÞ:

3

For 0 G v G 1, the marginal density of V is

1 ðv

f V ðvÞ ¼ 4    ðu2 þ uvÞdu

0

¼ 2      2 ð v 1 Þðv þ 2 Þ:

3

Using either probability density we have f   0 V ðÞ ¼ 4=3. Therefore,

 

f                          f    ð UVu; 0Þ j U ð V u j v ¼ 0 Þ ¼ f 0 V ð Þ

4 2 u

¼

4 =3

¼ 3 u2:

Hence, the conditional density of X, given that Y ¼ X,      2 is 3 x for 0 G x G 1.
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23.1 Discussion

Would the final answer have changed if we had instead used the auxiliary random

 

variables U ¼ X and W ¼ Y=X? Let us see. The aim is to find f      j       . We U j ð W u w ¼ 1 Þ have f ð Þ ¼ Þj UW u ; w f ð j 1 , where XY x ; y J J ¼ 1/ x. Therefore, f ð 3 UW u ; w Þ ¼ 4 u w for G 0 u G 1 ; 0 G w G 1 = u . The marginal density of W is f ð Þ ¼ for 0 W w w G w G 1 and f 3 is ð Þ ¼ 1 for Þ ¼ W w = w w H 1. Using either probability density, we have f ð 1 1. W f Therefore, ð 1 Þ ¼ U j W u j w ¼ f UW ð u ; 1 Þ = f W ð 1 Þ ¼ 4 u 3 for 0 G u G 1. Thus, we X seem to get a different answer: the conditional density of , given that Y ¼ X, is 4x3 for 0 G x G 1.

We obtain two different conditional densities depending on how we choose to write the same conditioning event. This might seem troublesome. The paradox occurs because, in both cases, the conditioning event has probability zero, that is, Pr{V ¼ 0} ¼ Pr{W ¼ 1} ¼ 0. In view of the definition PrfAjBg PrfA \ Bg=PrfBg, where A and B are two events with PrfBg6¼0, the reader might even wonder, is conditional expectation defined when conditioning on events with probability zero? At the end of this Discussion section, we shall provide a mathematical basis for why the answer to this question is yes and why both conditional densities above are valid.

The historical origin of the paradox can be traced back to Joseph Bertrand’s Calculs des Probabilit es (Bertrand, 1889, pp. 6–7). Bertrand asked the question: “If we choose at random two points on the surface of a sphere, what is the probability that the distance between them is less than 100 ” Bertrand then  ?

proceeded to give two different solutions to the problem. The first solution was based on the assumption that the probability that a given segment of the surface of the sphere contains the two points is proportional to the area of the segment. The second solution was based on the assumption that the probability that a given arc of a great circle contains the two points is proportional to the length of the arc. Bertrand’s conclusion was that both solutions were correct, since the problem is ill-posed. Borel later (1909a, pp. 100–104) re-examined the paradox. { He con-cluded that Bertrand’s second assumption (and hence solution) was incorrect. A few years afterward, Kolmogorov gave what is commonly used as an explanation of the paradox{ (Kolmogorov, 1933, p. 51):

. . . the concept of a conditional probability with regard to an isolated given hypothesis

whose probability equals 0 is inadmissible. For we can obtain a probability distribution

for Q [the latitude] on the meridian circle only if we regard this circle as an element

of the decomposition of the entire spherical surface into meridian circles with the

given poles.

 

{ Which is now also known as the Paradox of the Great Circle. { The Borel paradox is also sometimes known as the Borel–Kolmogorov paradox. For more discussions, see Bartoszynski and Niewiadomska-Bugaj (2008, p. 194), Proschan and Presnell (1998), DeGroot (1984, p. 171), Casella and Berger (2001, pp. 204–205), Jaynes (2003, p. 467), and Singpurwalla (2006, pp. 346–347).
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[image: ]

 

Figure 23.2   (a) The region A ¼ {(x, y) : |Y X| G «}; (b) the region B ¼ {(x, y) : |Y/X 1| G «}.

This last sentence can help us understand what exactly is going on in Problem 23 when we use Y – X ¼ 0 and Y/X ¼ 1. Note that Y – X ¼ 0 can be written as lim« ! 0 jYXjG« and that Y/X ¼ 1 can be written as lim« ! 0jY =X1jG«. The region A ¼ fðx; yÞ : jY XjG«g lies between the two parallel lines in Fig. 23.2a whereas the region B ¼ fðx; yÞ : jY=X1jG«g lies between the two diverging lines in Fig. 23.2b (Bartoszynski and Niewiadomska-Bugaj, 2008, p. 194; Proschan and Presnell, 1998). The two conditional densities f UjV ðujv ¼ 0Þ and fUjWðujw ¼ 1Þ are different because the approach to the limiting event Y ¼ X takes place in different ways. Furthermore, Fig. 23.2b shows that the condition W ¼ 1 makes values of x (¼ u) close to one more likely, and values of x close to zero less likely, than the condition V ¼ 0. This is reflected in the two respective conditional densities 4x3 and 3x2 (see Fig. 23.3).

Borel’s paradox and several others raised by Bertrand (see Problems 18 and 19) were major reasons that lead the Russian mathematician Andrey Nikolaevich Kol-mogorov (1903–1987) to formulate an axiomatic theory of probability in his landmark monograph,                                          { Grundbegriffe der Wahrscheinlichkeitsrechnung (Kolmogorov, 1933). This is how Kolmogorov introduces his axiomatic theory (Kolmogorov, 1956, p. 1):

The theory of probability, as a mathematical discipline, can and should be developed

from axioms in exactly the same way as Geometry and Algebra. This means that after we

have defined the elements to be studied and their basic relations, and have stated the

axioms by which these relations are to be governed, all further exposition must be based

exclusively on these axioms, independent of the usual concrete meaning of these

elements and their relations.

 

{ Foundations of the Theory of Probability. Kolmogorov’s Grundbegriffe features as one of the landmark works in Grattan-Guinness’ Landmark Writings in Western Mathematics. A full analysis of the Grundbegriffe in this book is provided by von Plato (2005).
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Figure 23.3                                                   2 The two conditional densities of X given Y ¼ X . The first (3 x) writes the conditioning event as                                  3 Y X ¼ 0, while the second (4 x) writes the conditioning event as Y=X ¼ 1

 

. . . the concept of a field of probabilities is defined as a system of sets which satisfies

certain conditions. What the elements of this set represent is of no importance in the purely

mathematical development of the theory of probability (cf. the introduction of basic

geometric concepts in the Foundations of Geometry by Hilbert, or the definitions of

groups, rings and fields in abstract algebra).

Kolmogorov enunciated six axioms in all. The first five concern a finite set of events. Kolmogorov (1956, p. 2) writes

Let E be a collection of elements j, h, z, . . ., which we shall call elementary events, and = a

set of subsets of E; the elements of the set = will be called random events.

(I)   = is a field of sets.

(II)   = contains the set E.

(III)   To each set A in = is assigned a non-negative real number P(A). This number

P(A) is called the probability of the event A.

(IV) P(E) equals 1.

(V) If A and B have no element in common, then P(A      { þ B)¼ P(A) þ P(B)

 

{ P(A þ B) is Pr{A U B} in our notation.
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A system of sets, =, together with a definite assignment of numbers P(A), satisfying

Axioms I–V, is called a field of probability.

Axiom V is of particular significance and is known as the Axiom of Finite Additivity. These five axioms are sufficient to deal with finite sample spaces and the basic results of probability can be obtained from them. For example, we can obtain the classical definition of probability as follows. Suppose W is made of N equally likely elementary outcomes v1; v2; . . . ; v . Since elementary outcomes are disjoint by N definition, using the Axiom of Finite Additivity implies

Pr v     1 j     ¼ ;   j ¼ 1; 2; . . . ; N:

N

Now, suppose an event A consists of n elementary outcomes. Then the  A

probability of A is

 

Pr        1        nA f g ¼ A n A ¼ ; N N

which is the classical definition of probability. As a second example, we can prove the following formula for any two events A and B:

Prf A [ Bg ¼ PrfAg þ PrfBgPrfA \ Bg:            ð23:1Þ

First note that the events A; B; A [ B can be written as the union of disjoint events:

f Ag ¼ fA \ Bg [ fA \ Bg; fBg ¼ fA \ Bg [ fA \ Bg;

f A [ Bg ¼ fA \ Bg [ fA \ Bg [ fA \ Bg:

Applying the Axiom of Finite Additivity,

 

Prf Ag ¼ PrfA \ Bg þ PrfA \ Bg; Prf Bg ¼ PrfA \ Bg þ PrfA \ Bg;

Pr fA [ Bg ¼ PrfA \ Bg þ PrfA \ Bg þ PrfA \ Bg:

Subtracting the sum of the first two above equations from the third, we obtain Eq. (23.1).

Kolmogorov’s sixth axiom is much more fundamental, and states (Kolmogorov, 1956, p. 14)

(VI) For a decreasing sequence of events

A1 A2       An

of =, for which

\nAn ¼ 0;

the following equation holds:

lim PðAnÞ ¼ 0;   n ! ¥:
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Axiom VI is called the Axiom of Continuity and can be shown to be equivalent to the                                  { Axiom of Countable Additivity: if A1, A2, A3, . . . form a pairwise disjoint sequence of events, then

 

Pr(   ) ¥ [ X ¥ A j ¼ Pr Aj :

j¼0          j¼0

Kolmogorov introduced the Axiom of Countable Additivity to deal with infinite sample spaces, and this was one of the two key fundamental contributions of his axiomatic theory. However, in order to deal with infinite sample spaces, Kolmogorov also needed another important tool, namely measure theory. This is because when the sample space W is infinite, such as when choosing a point on [0,1], not all subsets of W qualify as events and can therefore be assigned a probability.{ By regarding a probability as a measure on [0,1], the problem of indeterminate probabilities can be avoided, as we will soon explain. In measure-theoretic language, for any given set W, we define a s-field =, which is a collection of measurable subsets of W such that

. W 2 =;

 

Thus, when . A 2 = ) A 2 =; ¥ S . A 1 ; A 2 ; . . . 2 = ) A 2 . i = i ¼ 1 W is the sample space, the triple fW; =; Prg is called a probability space. By defining probabilities with respect to measurable subsets = of the sample space, Kolmogorov avoids the problem of indeterminate probabilities that arise in infinite sample spaces. Moreover, since in Kolmogorov’s framework, the exact probability space must be specified in a given experiment, paradoxes of the type Bertrand} raised do not occur.

Having defined the probability space fW; =; Prg, Kolmogorov then proceeds to define a random variable, as follows (Kolmogorov, 1956, p. 22):

A real single-valued function xðjÞ, defined on the basic set E, is called a random variable if

for each choice of a real number a the set {x G a} for all j for which the inequality x G a

holds true, belongs to the system of sets =.

Intuitively, a random variable X is a real-valued measurable function with domain the sample space W. Furthermore, we can write

X : ðW; =; PrÞ ! ðR; =X ; PXÞ;

 

{ Henceforth, we shall refer to Axiom VI as the Axiom of Countable Additivity. { Insisting on using all subsets leads to the much-dreaded Banach-Tarski paradox, according to which a unit sphere may be decomposed into a finite number of pieces that can then be reassembled into two unit spheres. For more details, see Kac and Ulham (1968, pp. 48–52), Bewersdorff (2005, pp. 48–49), and Kardaun (2005, pp. 8–9).

} See Problems 18 and 19.
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where                                                    { R is the set of real numbers, = is the-field associated with        is the X s R , and P X probability measure induced by X and is known as the probability distribution of X.

We mentioned before that when the sample space W is infinite, not all subsets of W qualify as events and can be assigned a probability. But can there be nonmeasurable events in finite sample spaces? The following example shows why the answer to this question is yes. Consider an experiment that involves tossing a fair coin three times but the result of only the first toss is observed. A requirement for a measurable event is that, once the experiment is performed, we should be able to answer the question of whether the event occurred by a yes or a no. Suppose A is the event “two heads are obtained.” In this case, the event A is not measurable and a probability cannot be assigned to it. Thus, for a given v 2 W, where W ¼ {H, T}, we cannot determine whether v 2 A.

We must note that Kolmogorov’s Axiom of Countable Additivity has been somewhat controversial. The eminent subjectivist Bruno de Finetti (1906–1985) was categorically against it and instead favored Finite Additivity (de Finetti, 1972, pp. 86–92). H ajek provides a nice summary of one of de Finetti’s key arguments (H               { ajek, 2008, p. 326):

Suppose a positive integer is selected at random—we might think of this as an infinite

lottery with each positive integer appearing on exactly one ticket. We would like to reflect

this in a uniform distribution over the positive integers (indeed, proponents of the principle

of indifference would seem to be committed to it), but if we assume countable additivity

this is not possible. For if we assign probability 0 in turn to each number being picked, then

the sum of all these probabilities is again 0; yet the union of all of these events has

probability 1 (since it is guaranteed that some number will be picked), and 1 6¼ 0. On the

other hand, if we assign some probability « H 0 to each number being picked, then the sum

of these probabilities diverges to ¥, and 1 6¼ ¥. If we drop countable additivity, however,

then we may assign 0 to each event and 1 to their union without contradiction.

However, few probabilists have found it convenient to reject Countable Addi-tivity owing to its equivalence to the Axiom of Continuity. The latter is of fundamental importance because it implies among other things that we can take the limit of, and differentiate, probability measures.

Note that Kolmogorov’s axioms do not force us to adhere to any particular philosophy of probability, which can be viewed as one of the great merits of his theory. Chaumont et al. (2007, pp. 42–43) write

The great force of Kolmogorov’s treatise is to voluntarily consider a completely abstract

framework, without seeking to establish bridges with the applied aspects of the theory of

probability, beyond the case of finite probabilities. In general, the search for such bonds

inevitably brings to face delicate philosophical questions and is thus likely to darken

mathematical modelling. While speaking about the questions of application only in the

part devoted to the finite probabilities, Kolmogorov is released from this constraint and can

avoid the pitfalls that von Mises had not always circumvented.

 

{ In this case, the s-field is called a Borel s-field. { The issue of finite versus countable additivity is also thoroughly discussed in Bingham (2010).
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However, Kolmogorov seems to have had von Mises’ frequency theory in mind when he developed his axiomatic theory, for he writes (Kolmogorov, 1956, p. 3)

. . .Here we limit ourselves to a simple explanation of how the axioms of the theory of

probability arose and disregard the deep philosophical dissertations on the concept of

probability in the experimental world. In establishing the premises necessary for the

applicability of the theory of probability to the world of actual events, the author has used,

in large measure, the work of R. V. Mises [1], pp. 21–27.

We previously mentioned that one of the key contributions of Kolmogorov’s Grundbegriffe was to provide a framework to work with infinite sample spaces. A second fundamental aspect of Kolmogorov’s work was the establishment of a rigorous theory for conditional expectation (and conditional probability) when the condition has probability zero. Kolmogorov was able to do this by defining conditional expectation through the Radon-Nikodym theorem. The latter states that if fW; =; mg is s-finite and n is a measure on fW; =g that is absolutely continuous with respect to m (i.e., m ¼ 0 ) n ¼ 0), then there exists a real-valued measurable function f on W such that

ð

nðBÞ ¼   f dm:

B

The function f is then called the Radon-Nikodym derivative of n with respect to m (i.e., f ¼ dn=d m). The Radon-Nikodym theorem thus postulates the existence of f. As a simple application of this theorem, absolutely continuous probability distribu-tion functions F ð XxÞ must possess probability densities f ð Þ, where X x

ð x

FX ðxÞ ¼    fXðuÞ du

¥

and

 

fX xÞ ¼    FXðxÞ: dx ð       d

Coming back to conditional expectations, by writing

ð

EXI BðYÞ ¼   Z dFYðyÞ;

B

where I is the indicator function on the set   and B B FY ðyÞ is the distribution function of Y, Kolmogorov is able to establish the existence of the random variable Z as the conditional expectation of X with respect to Y, that is, Z ¼ EðXjY Þ. Furthermore, by writing X ¼ I , where A A is an event, we obtain analogous results regarding the existence of the conditional probability Pr{A|Y}. The important point to note is that, as a consequence of the Radon-Nikodym theorem, the conditional expectation EðXjY Þ is defined each unique to within a modification on a set of probability zero, that is, for any Pr{Y ¼ y} ¼ 0, EðXjYÞ remains a valid (but not unique) conditional expectation of X given Y.

Problem 24

 

Of Borel, Monkeys, and

 

the New Creationism (1913)

 

Problem. A robot monkey is seated at a typewriter and randomly hits the keys in an infinite sequence of independent trials. Prove that, theoretically, the monkey will eventually type out the complete works of Shakespeare with certainty.

 

Solution. Let the number of keys on the keyboard be K, and the complete works of Shakespeare form a sequence of S letters, where both K and S are finite numbers. Divide the sequence of letters typed by the monkey into segments Seg1, Seg2, . . ., each S letters long. Now, the probability that the ith letter typed by the monkey coincides with the ith letter in the works of Shakespeare is 1/K. Thus, the probability that segment Seg 1 corresponds to the sequence in the works of Shakespeare, that is, the probability that Seg                       S 1 is a “success” is 1 = K. Next consider the first G segments typed by the monkey. The probability that every one of the G segments is a “failure” ð        S G 1 1 = K Þ. Therefore, the probability that at least one of the G segments is a “success” is

p ¼ 1Prfall G segments are “failures”g

 

¼    G 1 1 1 : K S

Since the robot monkey types an infinite number of letters, we have

 

G lim          (        ) G 1 p ¼ lim 1 1 : ! ¥ G ! ¥ K S

Now,        S ð 1 1 = KÞ is a real number in (0, 1) so that

 

G lim    G 1 1 ¼ 0 ! ¥ K S
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and

 

G lim p ¼ 10 ¼ 1: ! ¥

 

Hence, theoretically, the monkey will eventually type out the complete works of Shakespeare with certainty.

 

24.1 Discussion

The result we have just proved is the so-called                            { Infinite Monkey Theorem . This result, and indeed a stronger form of it, can also be demonstrated by a straightforward application of the second Borel-Cantelli lemma. The latter states that if A1; A2 ; . . . is a sequence of independent events such that

X ¥

Prf A g ¼ j ¥;

j¼1

then for j ¼ 1, 2, . . .,

Pr fA occurs infinitely occursg ¼ 1 j:

To apply the second Borel-Cantelli lemma to the Infinite Monkey Problem, we let A be the event that the segment Seg typed by the monkey is a success, that is, j j coincides with the sequence of letters in the complete works of Shakespeare. Then

 

Pr A      1 j     ¼ H0;   j ¼ 1 ; 2 ; . . .

KS

Therefore,

 

X ¥    X ¥ 1 Pr f A g ¼ ¼ j ¥: K S j ¼ 1 j ¼ 1

Thus, the second Borel-Cantelli lemma implies that the monkey will eventually type the complete works of Shakespeare not once, but infinitely many times (i.e., in infinitely many segments).

The Infinite Monkey Theorem can be traced to the French mathematician Emile Borel (1871–1956). In a 1913 article, Borel (1913) stated{

Let us imagine that we have assembled a million monkeys each randomly hitting on the

keys of a typewriter and that, under the supervision of illiterate foremen, these typing

monkeys work hard ten hours a day with a million of various typing machines. The

illiterate foremen would gather the blackened sheets and would bind them into volumes.

 

{ The Infinite Monkey Theorem is also discussed in Gut (2005, p. 99), Paolella (2007, p. 141), Isaac (1995, p. 48), and Burger and Starbird (2010, p. 609).

{ Borel later gave the same example in his book Le Hasard (Borel, 1920, p. 164).
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And after a year, these volumes would enclose a copy of accurate records of all kinds and of

all languages stored in the richest libraries of the world.

The same observation was made later by the British astrophysicist Sir Arthur Eddington{ (1882–1944). In his Nature of the Physical World, Eddington (1929, p. 72) writes

If I let my fingers wander idly over the keys of a typewriter it might happen that my screed

made an intelligible sentence. If an army of monkeys were strumming on typewriters they

might write all the books in the British Museum. The chance of their doing so is decidedly

more favourable than the chance of the molecules returning to one half of the vessel.

The reason why the Infinite Monkey Theorem holds mathematically is because the probability, 1/ S K, that the first S letters typed by the robot monkey corresponds to the complete works of Shakespeare is nonzero. However, this probability is so small that, practically speaking, it will take eons before Shakespeare’s works are correctly typed out, even for a fast robot monkey.

Let us do some simple calculations to prove our point. For example, assuming K ¼ 44 and                                         S S ¼ 5.0 6          8,217,264 10 , we obtain a probability of 1/ K ( 4.1 10) of correctly typing the works of Shakespeare. Therefore, the expected number of

 

segments the monkey must type before the first successful one is   S K. This corresponds S to SK characters. Assuming the monkey types 1000 characters per second, the expected time before the first occurrence of the complete works of Shakespeare is about

 

1000     S     S K                8;217; 3 :259 8 10 years: 60 60 24 365

To put this number in perspective, the age of the Universe is about 1.4 10   10

years.

On the other hand, suppose the robot monkey could be programmed to randomly type 1000 characters per second for the next million (106) years. What is the probability that it will successfully type Shakespeare’s works? One million years corresponds to 3.2    13                   16 10 seconds or 3.2 10 characters. This means that the monkey will be able to type a total of 6.3    9 10 segments. The probability of one successful segment is 1/ S K, so the probability of at least one successful segment is

¼ 1Prfno successful segmentg

 

¼    6:3 9 10 1 1 1 K S

 0 :

Finally, suppose the robot monkey had a crack at only the first page of Shakespeare’s works. Assume as before K ¼ 44, but this time S ¼ 600. Using a

 

{ It is interesting to note that both Borel and Eddington gave the infinite monkey example in the context of the kinetic theory of gases.

24.1 Discussion 211

similar reasoning as before, we obtain a probability of 8.5       984 10 of successfully typing the first page, an average of 2.2    978 10 years before the first occurrence of the first page (assuming a typing rate of 1000 characters per second), and a probability of still zero of at least one successful page if the monkey kept on randomly typing for one million years at a rate of one thousand characters per second.

The nature and meaning of very small probabilities have been topics of interest since the times of Jacob Bernoulli. In the very first chapter of Part IV of his Ars Conjectandi, Bernoulli states (Bernoulli, 1713)

That is morally certain whose probability nearly equals the whole certainty, so that a

morally certain event cannot be perceived not to happen: on the other hand, that is morally

impossible which has merely as much probability as renders the certainty of failure moral

certainty. Thus, if one thing is considered morally certain which has 999/1000 certainty,

another thing will be morally impossible which has only 1/1000 certainty.

The great French mathematician Jean le Rond d’Alembert (1717–1783) was also interested in small probabilities. d’Alembert distinguishes between “metaphysical” and “physical” probabilities.{ According to d’Alembert, an event is metaphysically (or mathematically) possible if its probability is greater than zero. On the other hand, an event is physically possible only if it is not so rare that its probability is almost zero. d’Alembert (1761, p. 10) writes

One must distinguish between what is metaphysically possible, & what is physically

possible. In the first class are all things whose existence is not absurd; in the second are all

things whose existence not only has nothing that is absurd, but also has nothing that is very

extraordinary either, and that is not in the everyday course of events. It is metaphysically

possible, that we obtain a double-six with two dice, one hundred times in a row; but this is

physically impossible, because this has never happened, & will never happen.

d’Alembert does not give a cutoff for how small a probability ought to be for the corresponding event to be declared physically impossible, although he gives an example of a coin that is tossed 100 times to illustrate the notion of physical impossibility{ (this corresponds to a probability of p 1= 100 2 for physical impossibility).

The issue of small probabilities was taken again by Georges-Louis Leclerc, Comte de Buffon (1707–1788), in his celebrated Essai d’Arithm etique Morale (Buffon, 1777, p. 58):

. . .in all cases, in one word, when the probability is smaller than 1/10000, it has to be, & it is

in fact for us absolutely nil, & by the same reasoning in all cases where this probability is

greater than 10000, it makes for us the most complete moral certainty.

An even more comprehensive set of guidelines for interpreting small probabili-ties was spelled out much later by Borel in his Probabilities and Life (Borel 1962, pp. 26–29). Borel defined a probability of

 

{ See also p. 112.

{ See d’Alembert (1761, p. 9).
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.      6 10 as being “negligible on the human scale.” That is, for such a probability “the

most prudent and reasonable must act as if this probability is nil.”

.      15 10 as being “negligible on the terrestrial scale.” This kind of probability must

be considered “when our attention is turned not to an isolated man but to the mass of living men.”

.      50 10 as being “negligible on a cosmic scale.” Here, “we turn our attention, not to

the terrestrial globe, but to the portion of the universe accessible to our astronomical and physical instruments.”

.      500 10 as being “negligible in a supercosmic scale,” that is, when the whole

universe is considered.

Borel, who had once been the President of France’s pretigious Acad emie des Sciences, hardly knew how his probability guidelines would later be utilized by a very influential group to promote its agendas. The group in question is the Intelligent Design (ID) movement that developed from “scientific” creationism when the latter was barred from being taught in public schools by rulings such as the US Supreme Court’s Edwards v. Aguillard, 482 U.S. 578 (1987). The ID movement was founded by the American law professor Phillip E Johnson (b. 1940) who popularized the concept in his 1991 book Darwin on Trial (Johnson, 1991). According to Rieppel (2011, p. 4) {:

The main focus of the doctrine of Intelligent Design is what its proponents call “irreducible

biological complexity.” Harking back on William Paley’s old “watchmaker analogy” as

expounded in his notorious “Natural Theology” of 1802, the proponents of Intelligent

Design highlight biological structures such as the bacterial flagellum, which is thought to

reveal a mechanistic complexity so sophisticated that its evolution cannot possibly be

{

satisfactorily explained on Darwin’s theory of natural selection.

ID proponents believe in an Intelligent Designer although they officially refrain from identifying the designer. Moreover, Phy-Olsen (2011, p. xi) adds

ID, as the movement is known, does not use religious language and does not make its

appeals from the Bible. It does not seek to drive evolution out of the schools. It only asks for

equal time to present its interpretation of cosmic and human origins alongside evolutionary

teachings.

Several ID proponents have seized Borel’s ideas on small probabilities, espe-cially his 10 50 guideline for a negligible probability on a cosmic scale, in an attempt to disprove evolution. For example, in the ID literature, one can often read statements like the following (Lindsey, 2005, p. 172):

 

{ The evolution-creation debate is also discussed in Pennock (2001), Ruse (2003), Forrest and Gross (2004), Skybreak (2006), Scott (2004), Ayala (2007), Seckbach and Gordon (2008), Young and Largent (2007), Lurquin and Stone (2007), Moore (2002), Manson (2003), Bowler (2007), and Young and Strode (2009). { Natural selection can be understood as the differential reproduction of different individuals due to different fitnesses of their genotypes.
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The French probability expert Emile Borel said there is a single law of chance, that beyond

which there is no possibility of its occurrence no matter how much time elapses. Borel

calculated that number to be one chance in 1050, beyond which things will never happen,

even with an eternity of time (one chance in a billion is 1    9 10). To understand just how

large one chance in 10 50 is, it would take you millions of years just to count that high. If you

recall that the odds of a human DNA sequence encoding itself by random chance is one

chance in 101,000,000,000,000, the evolution of man could never have happened in 4.5 billion

years, or an eternity for that matter. Thus, the evolutionists’ main argument, that an infinite

amount of time allows for the impossible to happen, has been disproved by statistical

probability studies using Borel’s Law.

Thus, the ID proponents claim that evolution is as unlikely as a robot monkey actually typing the whole works of Shakespeare. However, we now show that this argument cannot be right because evolution by natural selection does not work in the completely random manner implied in the above paragraph.

Suppose a gene{ Ge corresponds to the following sequence that consists of thirty nucleotides{:

Ge:   AGGGT CCTAA AATAG TATCAT AGCGT AGTCA

We assume Ge makes the organism able to successfully reproduce and transmit its genes in future generations, that is, this gene contributes to the organism’s fitness. Suppose also that Ge makes the organism achieve an optimal fitness with respect to its environment. Now, the original DNA sequence could have been a variant Ge1 of Ge with very low fitness, such as

Ge1:   AGAAT CCTAA GACAG CGTGAT AGCGT AACCA

Suppose all organisms of a particular species initially had Ge1, but mutations make some of the offspring to have a variant Ge2 that has a higher fitness that Ge1 but still much less than Ge:

Ge2:   AGAAT CCTAA AATAG CGTGAT AGCGT AACCA Because Ge2 has a higher fitness that Ge1, there will be proportionally more and more of it in future generations. That is to say, natural selection is acting on the organisms and leads to evolution. Suppose more mutations occur in the future leading to a variant, say Ge3, which has a higher fitness that Ge2. Because of natural selection, after some more generations there will be an overwhelming number of Ge3 compared to Ge2 and Ge1. Evolution by natural selection proceeds such that even if the best variant Ge is not eventually produced the population will settle for the variant with the highest fitness. Natural selection is therefore a cumulative process that works by editing previous variants. It is not the completely random process that each time tries to shuffle the nucleotides until the best sequence (Ge) is obtained, as the ID proponents usually portray it.

 

{ A gene can be thought of as a DNA segment that encodes an RNA molecule with some control function. { A nucleotide can be thought of as a subunit of DNA. There are four possible nucleotides: adenine (A), thymine (T), guanine (G), and cytosine (C).
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Figure 24.1   Richard Dawkins (b. 1941).

The last argument is essentially what the eminent evolutionary biologist Richard Dawkins (b. 1941) gave in the book The Blind Watchmaker (Dawkins, 1987, p. 46) (Fig. 24.1). Dawkins further writes (p. 49)

What matters is the difference between the time taken by cumulative selection, and the

time which the same computer, working flat out at the same rate, would take to reach the

target phrase if it were forced to use the other procedure of single-step selection: about a

million million million million million years. . .. Whereas the time taken for a computer

working randomly but with the constraint of cumulative selection to perform the same task

is of the same order as humans ordinarily can understand, between 11 seconds and the time

it takes to have lunch.

There is a big difference, then, between cumulative selection (in which each

improvement, however slight, is used as a basis for future building), and single-step

selection (in which each new ’try’ is a fresh one). If evolutionary progress had had to rely

on single-step selection, it would never have got anywhere. If, however, there was any way

in which the necessary conditions for cumulative selection could have been set up by the

blind forces of nature, strange and wonderful might have been the consequences. As a

matter of fact that is exactly what happened on this planet, and we ourselves are among the

most recent, if not the strangest and most wonderful, of those consequences.

Thus, although it is perfectly legitimate to debate the scientific merits of the theory of evolution, attacks on it based on probabilistic arguments such as those of Lindsey (2005) and others cannot be valid.

Problem 25

 

Kraitchik’s Neckties and

 

Newcomb’s Problem (1930, 1960)

 

Problem. Paul is presented with two envelopes, and is told one contains twice the amount of money than the other. Paul picks one of the envelopes. Before he can open it, he is offered the choice to swap it for the other. Paul decides to swap his envelope based on the following reasoning:

Suppose the envelope I initially chose contains D dollars. This envelope contains the

smaller amount with probability 1/2. Then, by swapping, I will get 2 D dollars and make a

gain of D dollars. On the other hand, the envelope could contain the larger amount, again

with probability 1/2. By swapping, this time I will get only D/2 dollars and make a loss of

D/2. Hence swapping leads to a net expected gain of (1/2)(D) þ (1/2)(-D/2) ¼ D/4, and

therefore I should swap.

Briefly state why Paul’s reasoning cannot be correct.

 

Solution. If Paul swaps and applies the same reasoning to the other envelope, then he should swap back to the original envelope. By applying the reasoning again and again, he should therefore keep swapping forever. Therefore, Paul’s reasoning cannot be correct.

 

25.1 Discussion

This little problem is usually attributed to the Belgian mathematician Maurice Kraitchik (1882–1957). It appears as the puzzle “The Paradox of the Neckties” in the 1930 book {  Les Math   ematiques des Jeux ou Recr   eations Math   ematiques

(Kraitchik, 1930, p. 253):

B and S each claim to possess the better necktie. They ask Z to arbitrate, the rules of the

game being the following: Z would decide which tie is better, and the winner would give his

tie to the loser. . . S reasons as follows: “I know what my tie is worth, but I may also win a

{ The problem also appears in the second English edition of the book (Kraitchik, 1953, p. 133).
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better one; so the game is favorable to me.” But B can reason similarly, the problem being

symmetrical. One wonders how the game can be favorable to both?{

Kraitchik acknowledges that the problem was developed in 1912 by the German mathematician Edmund Landau (1877–1938) during a course on mathematical recreations.

We know that Paul’s reasoning is wrong, but the question remains: what specifically is the fallacy in Paul’s argument? To see the error, assume one of the envelopes contains an amount a, and the other contains 2a. Now, the envelope initially picked up by Paul has an amount D where

 

D    a    prob: ¼ 1=2; 

¼ 2 a prob: ¼ 1=2:

If Paul had picked the lower amount (i.e., if D ¼ a) then by swapping he gets 2D (¼ 2 a), and makes a gain of a. But if he had picked the larger amount (i.e., if D ¼ 2a) then by swapping he gets D/2 (¼ a), and makes a loss of a. Note that both the gain and loss each amount to a. Yet in his reasoning Paul wrote the gain as D and the loss as D/2, thus making them have different values. This leads to the erroneous net expected gain of (1/2)(D) þ (1/2)(D/2) ¼ D/4 by swapping. Had Paul realized that the profit and loss were each the same (i.e., a), he would have correctly concluded that the net expected gain is (1/2)( a) þ (1/2)(a) ¼ 0. Therefore, it does not matter if he swaps or not. Thus, if D had been correctly treated as a random variable, rather than a constant, the fallacy could have been avoided.

As we mentioned before, the problem Kraitchik originally considered was slightly different. S knew the worth of his tie, while Paul did not know how much was in the envelope. Let us now outline Kraitchik’s 1930 solution to the problem. Assume B’s and S’s ties are worth b and s dollars, respectively. Let G be S’s gain, where

 

8   if > s b ¼ 1; > > > > > s if b ¼ > 2 ; > > > > > > > ... > > > > > > s if b ¼ s 1; > <

 

G ¼ 0   if b ¼ 0; > > > > b if b ¼ s þ > 1; > > > > > > b if b ¼ s þ 2 ; > > > > > > > ... > > > : b if b ¼ x :

 

{ This problem is in fact slightly different to the one we just considered. Paul did not know the worth of the envelope he picked, since he did not open it. On the other hand, S knows the worth of his tie.
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In the last equation, Kraitchik sets an upper bound x for the worth of each tie. Now, each of the values of b is equally likely and has probability 1/x. Therefore, the conditional expected gain of S is

 

E        1 (          ) x X ð G j S ¼ s Þ ¼ s s ð 1 Þ þ b x b ¼ s þ 1

¼ 1 f s s ð 1Þ þ ðs þ 1Þ þ ðs þ 2Þ þ    þ xg

x

 

¼        : 2 x þ     2 1 3 s s

2x

Now s can take any of the values 1, 2, . . ., x, each with probability 1/x. Therefore, the unconditional expected gain of S is

EG ¼ ESEGðGjS ¼ sÞ

 

¼ x þ    x   2 1 1 X 3 s s 2 x 2 x s ¼ 1

 

¼ x þ 1   1 fx x ð þ 1Þð2x þ 1Þ x x ð þ 1Þg 2 2 4 x

¼ 0 :

As simple as the Two-Envelope Problem looks, it is almost mind-boggling that it has generated such a huge literature{ among statisticians, economists, and philoso-phers. Bayesians, decision theorists, and causal scientists have all jumped in the fray, and the debate is still raging. Let us now outline some of the alternative variants of the problem and resolutions that have been proposed.{                     } In 1989, Nalebuff (1989) considered a variant that is closer to the problem Kraitchik actually considered:

Peter is presented with two envelopes, and is told one contains twice the amount of

money than the other. Peter picks and opens one of the envelopes. He discovers an

amount x. He is then offered the choice to swap it for the other. What should

Peter do?

Note that, following Paul in Problem 25, Peter also reasons that the other envelope could contain either 2x or x/2, with probability 1/2 each, and incorrectly

 

{ See, for example, Barbeau (2000, p. 78), Jackson et al. (1994), Castell and Batens (1994), Linzer (1994), Broome (1995), McGrew et al. (1997), Arntzenius and McCarty (1997), Scott and Scott (1997), McGrew et al. (1997), Clark and Shackel (2000), Katz and Olin (2007), and Sutton (2010).

{ Surprisingly, in his book Aha! Gotcha, the master puzzlist Martin Gardner fails to resolve the two-envelope paradox. He admits (Gardner, 1982, p. 106), “We have been unable to find a way to make this [i.e., what is wrong with the reasoning of the two players] clear in any simple manner.” } Nalebuff thus became the first who considered the “envelope version” of Kraitchik’s problem. 218   Problem 25 Kraitchik’s Neckties and Newcomb’s Problem (1930, 1960)

concludes that swapping leads to an expected gain of x/4. However, Nalebuff uses a Bayesian argument to show that, once Peter discovers an amount x in his envelope, the probability that the other envelope contains either 2x or x/2 will be 1/2 only when all values of x on [0, ¥) are equally likely. Since such a probability density on x is improper and inadmissible, Nalebuff resolves the error in Peter’s argument that swapping should be better.

However, a more complete resolution of the paradox is provided by Brams and Kilgour (1995) by using a similar Bayesian argument.{ The reason a Bayesian analysis is appealing is because if the amount discovered by Peter is very large, he will be less likely to swap than if the amount is very small. This suggests placing a prior distribution on this amount and then carrying out a Bayesian analysis. Now, suppose one of the envelopes has the larger amount L and the other the smaller amount S, where L ¼ 2S. Let the prior density of L be f ( ). This automatically defines a prior on L l S, since

Pr fL lg ¼ PrfS l=2g:

In terms of cumulative distribution functions, the above implies

FLðlÞ ¼ FSðl=2Þ;

which, upon differentiation, yields

 

f           1 L ð l Þ ¼ fS ðl=2 Þ:

2

Assume that the amount in the envelope initially chosen by Peter is X with probability density function p(x). Once the envelope is opened, suppose Peter observes the amount x. Then the conditional probability that Peter opened the envelope with the larger amount is given by Bayes’ Theorem {:

 

Pr                  pðxjlÞfLðxÞ f X ¼ L j X ¼ x g ¼ p ð x Þ

 

¼       pðxjlÞf ð LxÞ          : p ð x j L ¼ l Þ f L ð x Þ þ p ð x j L ¼ l = 2 Þ f S ð x Þ

Now pðxjL ¼ lÞ ¼ pðxjL ¼ l=2Þ ¼ 1=2, so that

 

Pr                       fLðxÞ f X ¼ L j X ¼ x g ¼     :               ð25:1Þ f ð Þ L x Þ þ 2 f ð 2 L x

 

{ See also Christensen and Utts (1992), which contains an error, and the follow-up paper by Blachman et al. (1996). In these papers, the Two-Envelope Paradox is called the Exchange Paradox. { See Problem 14.
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Similarly,

 

Pr                      2fLðxÞ f X ¼ S j X ¼ x g ¼     :               ð25:2Þ f ð Þ þ 2 Þ L x f ð 2 L x

Now, if x ¼ L, then Peter gets L/2 (¼ x/2) by swapping and makes a loss of x/2. On the other hand, if x ¼ S (¼ L/2), then Peter gets L (¼ 2x) by swapping and makes a gain x. Therefore, Peter’s expected gain is

 

E        f ð Þ L x                          2f ð2 LxÞ G * ¼ ð x = 2 Þ þ    x f L ð x Þ þ 2 f L ð 2 x Þ f 2 L ð x Þ þ 2 f L ð x Þ

 

¼ x½4f   2 L ðxÞ fLðxÞ :                               ð25:3Þ 2 2 ½ f ð 2 Þ þ L x f ð L x Þ

 

Equation (25.3) also shows that if there are priors such that 4 f ð2 LxÞHf ð (the  L  x  Þ

so-called “exchange condition” for continuous distributions), then it would be better to swap. Brams and Kilgour (1995) prove that, for any prior f ð Þ, there is at least some L x values for x for which the exchange condition is satisfied. Some examples they give include

. A Uniform Prior for L: f       1 L ð l Þ ¼; 0 l 1. The exchange condition holds for

l 1=2.

.                                                 l An Exponential Prior for L : f ð Þ ¼      0. The exchange condition holds L l e ; l 

for l ln 4 1:39.

.    ð              2 þk f L l Þ ¼ ð 1 k Þ l; l 1; 0GkG1. The exchange condition holds for all

permissible values of this density (i.e., l 1). We next examine two further problems that are in the same spirit as Kraitchik’s neckties, but each with a very different type of solution. The first one is as follows{:

You are presented with two identical envelopes, one containing an amount x, the

other an amount y, where x and y are different positive integers. You pick an envelope

at random that shows an amount W (where W ¼ x or y). Devise a procedure so

that you can guess with probability greater than half whether W is the smaller of the

two amounts.{

A procedure can be obtained as follows. We toss a fair coin and note the number of tosses N until a head first appears. Define Z ¼ N þ 1/2. Then, if Z H W, we declare W as the smaller of the two amounts; otherwise, if Z G W, we declare W as the larger of the two amounts. To show that this procedure will make us correct with probability

 

{ See also Grinstead and Snell (1997, pp. 180–181) and Winkler (2004, pp. 65, 68). The latter attributes this problem to Cover (1987, p. 158).

{ Of course, if one wanted the probability of being correct to be exactly half, one could make a decision by simply flipping a fair coin.
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greater than half, we first note that

 

Prf N ¼ ng ¼            ¼   ;   n ¼ 1; 2; . . . n 2 1 n1 1     1 2     2

Therefore,

Pr fZGzg ¼ PrfNGz 1=2g

¼ Prf N z 1g

 

¼   n 2 n X z 1 1 ¼1

¼ ð 1             z1 = 2 Þ½ 1 ð 1 = 2 Þ

1 1=2

¼    1 1 ; z ¼ 1; 2; . . .

2 z1

 

Since Z cannot be an integer by definition, we also have

 

Pr n    o      n    o   1 ¼ Z H z 1 Pr Z G z ¼ ; z ¼ 1; 2 z 1; . . . 2

To fix ideas, let x G y. With probability half, we will pick the smaller amount and W ¼ x. We will then be right if and only if Z H x. Similarly, with probability half, we will pick the larger amount, that is, W ¼ y, and we will then be right if and only if Z G y. The probability that we will be right is therefore

0    1    0    1

 

2                             x1            y1           x    y 2 H 1             1            1    1     1         1      1      1    1     1 Prf Z H x g þ Prf @ Z G y g ¼ þ 1 A @ A ¼ þ 2 ;  2

2       2        2     2    2      2

 

since x G y. This completes the proof. A similar calculation can show that the above procedure works if N is a variable from any discrete distribution with a strictly increasing distribution function and an infinite positive support (such as a Poisson distribution). On the other hand, if a variable V is chosen from any continuous distribution with a strictly increasing distribution function and an infinite positive support (such as an exponential distribution), then we define Z ¼ V and use the same decision rule as before.

The second problem,                     { Newcomb’s Paradox , is a classic problem in decision theory and is as follows:

You are presented with two boxes, one transparent (box A) and the other opaque

(box B). You may open either both boxes or only box B, and take the prize inside. A

very reliable predictor has already acted in the following manner. She has put $1000

{ Newcomb’s paradox is also discussed in Resnick (1987, p. 109), Shackel (2008), Sloman (2005, p. 89), Sainsbury (2009, Chapter 4), Lukowski (2011, pp. 7–11), Gardner (2001, Chapter 44), Campbell and Sowden (1985), Joyce (1999, p. 146), and Clark (2007, p. 142).
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Figure 25.1   Robert Nozick (1938–2002).

in box A. If she thought you will open box B only, she has also placed $1,000,000 in

box B. On the other hand, if she thought you will open both boxes, she has placed

nothing in box B. What should you do?

We will now show how arguments can be made for both options. First, we make a case for opening box B only by using the principle of maximum expected utility, as follows. Consider the decision matrix for Newcomb’s Paradox shown in Table 25.1. The matrix consists of the utilities U for each decision, conditional on whether the predictor is right.

The probability that the predictor is right is p, where p is reasonably large (say p .9) Thus, U ¼ 0 is your utility of opening box B given that the predictor predicted that you would open both boxes (i.e., given that box B is empty). On the other hand, U ¼ 1000 is your utility of opening both boxes, given the predictor predicted that you would do so (i.e., given that box B is empty). The expected utility of opening box B only is

EUbox B ¼ ð0Þð1 pÞ þ ð1000000ÞðpÞ ¼ 1000000p;

and the expected utility of opening both boxes is

EUboth boxes ¼ ð1000ÞðpÞ þ ð1001000Þð1 pÞ

¼ 1001000 1000000p:
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Which of these two utilities is larger? Solving EUbox BHEUboth boxes, we obtain p H 1000/1999 (.5). Since p is much larger than .5 (the predictor is very reliable), we see that choosing box B has the greater expected utility.

We now show that a case can also be made for opening both boxes. If the predictor has put $1,000,000 in box B, then choosing both boxes results in one winning $1,001,000 while choosing box B only results in one winning $1,000,000. Thus, choosing both boxes is better in this case. On the other hand, if the predictor has put nothing in box B, then choosing both boxes will result in one winning $1000 while choosing box B only results in one winning nothing. Thus, choosing both boxes “dominates” in both cases and seems to be always better than choosing box B only (i.e., the second row in Table 25.1 has both utilities greater than the corresponding utilities in the first row). The argument we have used here is the so-called dominance principle.

Hence, we have shown that the principles of maximum expected utility and dominance recommend opposite courses of action. Have both principles been correctly applied? The prevailing answer seems to be that the maximum utility principle has been incorrectly applied and that one should act according to the dominance principle (i.e., open both boxes). Let us explain why. First recall that the predictor already makes her decision (i.e., decides whether box B is empty or not) before one chooses to open. However, a look at Table 25.1 suggests that whether box B is empty or not depends on one’s choice. Thus, the error in Table 25.1 is that of reverse causation. Using an unconditional probability a that box B is empty, the correct decision matrix is shown in Table 25.2.

This time, the expected utility of opening box B only is

EUbox B ¼ ð0ÞðaÞ þ ð1000000Þð1 aÞ ¼ 1000000 1000000a:

The expected utility of opening both boxes is

EUboth boxes ¼ ð1000ÞðaÞ þ ð1001000Þð1 aÞ ¼ 1001000 1000000a:

We now see that EUboth boxesHEUbox B for all 0 G a G 1, which also agrees with the dominance principle. Thus causal decision theory helps us to address Newcomb’s Paradox, resulting in a preference for opening two boxes. However, this is by no means the only word in the debate. For example, Bar-Hillel and Margalit (1972) write

To sum up, we have tried to show that the Newcomb problem allows for just one, rather

than two, ‘rational’ strategies. . . This strategy is to take only the covered box. It is not

justified by arguing that it makes the million dollars more likely to be in that box, although

 

Table 25.1   Decision Matrix for Newcomb’s Paradox Decision                                        True state of nature

Box B empty Box B not empty

Open box B only             U ¼ 0 (prob. 1 p)             U ¼ 1,000,000 (prob. p) Open both boxes              U ¼ 1000 (prob. p)             U ¼ 1,001,000 (prob. l p)
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Table 25.2   Modified Decision Matrix for Newcomb’s Paradox Decision                                        True state of nature

Box B empty (prob. a) Box B not empty (prob. 1   a)

Open box B only                    U ¼ 0                    U ¼ 1,000,000 Open both boxes                     U ¼ 1000                 U ¼ 1,001,000

 

that is the way it appears to be, but because it is inductively known to correlate remarkably

with the existence of this sum in the box . . .

More recently, in his Ruling Passions, Blackburn (2001, p. 189) states

You need to become the kind of person who takes one box, even if both boxes are there

(even in full view), and the second contains the bit extra which you had learned to forgo.

If you are successful, then your character, adapted to a world with bizarre experimenters

of this kind, is the one that a rational agent would wish for. Your action is the product a

rational character would wish for. It brooks no criticism, for at the end you are the person

with the big bucks. “Two boxers”, misled by a false sense of rationality, have only the

small bucks.

Newcomb’s Paradox is named after the American theoretical physicist William A Newcomb (1927–1999), who discovered the problem in 1960. The problem was then communicated to the American political philosopher Robert Nozick (1938–2002) by David Kruskal, a mutual friend of Newcomb and Nozick. The latter then wrote a paper on the paradox in Essays in Honor of Carl G. Hempel in 1969 (Nozick, 1969), and presented both solutions, but did not give a definite answer.




Problem 26

 

Fisher and the Lady Tasting

 

Tea (1935)

 

Problem. At a tea party, a lady claims she can discriminate by tasting a cup of tea whether the milk (M) or the tea (T) was poured first. To verify her claim, a statistician presents her in random order with eight cups of tea, and tells her there are four of each type M and T. The lady correctly identifies the four M types (and thus also correctly identifies the four T types). How can the statistician verify if her claim is true?

 

Solution. Consider Table 26.1, which shows the lady’s response in the tea-tasting experiment.

 

Conditional on the true states T and M, suppose the lady responds T with probabilities p1 and p2, respectively. The lady’s claim is false if p1 ¼ p2, that is, the odds ratio      p =ð1 p Þ 1 1 u ¼ ¼ 1. Under the null hypothesis H : u ¼ p2= 1                                                         0 ð 1, the probability of

 p2Þ

correctly answering T for each of the four true T types and not answering T for each of the four true M types is the product of the number of ways of choosing 4 T out of 4 T and the number of ways choosing 0 T out of 4 M, divided by the total number of ways of choosing 4 cups out of 8, that is,

4    4

p        4    0 ¼   ¼ :     : obs                         0143

8

4

The reader will recognize that the above probability is based on a hypergeometric probability distribution. { There is no other table that is more extreme than the one

 

{ The hypergeometric distribution is discussed in detail in Chapter 6 of Johnson et al. (2005) See also later in this problem.
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Table 26.1   The Lady’s Response in Fisher’s Tea-Tasting Experiment

Lady’s response Sum

T           M

Cup’s true “state”                T                   4                0                4

M        0        4        4 Sum          4           4           8

 

observed, so the p-value of the test is p ¼ .0143. At a level of significance level a ¼ :05, we therefore reject the null hypothesis that the lady’s claim is false.

 

26.1 Discussion

The statistician in the tea-tasting experiment was none other than the foremost statistician of the twentieth century, namely Sir Ronald Aylmer Fisher (1890–1962) (Fig. 26.1).{ In her biography of her father, Joan Fisher Box (1978, p. 134) recollects

Already, quite soon after he [Fisher] had come to Rothamsted, his presence had

transformed one commonplace tea time to an historic event. It happened one afternoon

when he drew a cup of tea from the urn and offered it to the lady beside him, Dr B. Muriel

Bristol, an algologist. She declined it, stating that she preferred a cup into which the

milk had been poured first. “Nonsense,” returned Fisher, smiling, “Surely it makes no

difference.” But she maintained, with emphasis, that of course it did. From just behind, a

voice suggested, “Let’s test her.” It was William Roach, who was not long afterwards

to marry Miss Bristol. Immediately, they embarked on the preliminaries of the experiment,

Roach assisting with the cups and exulting that Miss Bristol divided correctly more than

enough of those cups into which tea had been poured first to prove her case.{

Apparently, Dr Bristol knew what she was talking about, for she identified all the eight cups correctly!

Sure enough, in the landmark 1935 book The Design of Experiments (Fisher, 1935), Fisher starts Chapter 2 with the mention of the experiment:

A lady declares that by tasting a cup of tea made with milk she can discriminate whether the

milk or the tea infusion was first added to the cup. We will consider the problem of

designing an experiment by means of which this assertion can be tested. For this purpose

let us first lay down a simple form of experiment with a view to studying its limitations and

 

{ Fisher was also a top-notch geneticist who, together with S. Wright and J.B.S. Haldane, laid out the neo-Darwinian theory of evolution.

{ Kendall (1963), however, reports that Fisher denied the experiment actually took place: “The first edition of The Design of Experiments was published in 1935. It is another landmark in the development of statistical science. The experiment on tea tasting with which it opens has, I suppose, become the best-known experiment in the world, not the less remarkable because, as he once told me, Fisher never performed it.” 226   Problem 26 Fisher and the Lady Tasting Tea (1935)
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Figure 26.1 Sir Ronald Aylmer Fisher (1890–1962). [Picture licensed under the Creative Commons

Attribution-Share Alike 3.0 Unported license.]

 

its characteristics, both those which appear to be essential to the experimental method,

when well developed, and those which are not essential but auxiliary.

In the remainder of the chapter, Fisher describes the experiment in considerable details and discusses the concepts of null hypothesis and level of significance. { Fisher highlights the importance of randomization as one of the key principles of experi-mental design. The statistical test he used and which is based on the hypergeometric distribution later came to be known as Fisher’s exact test. Although in our case both margins of the 2 2 table were fixed, Fisher’s exact test can also be used when only one or even none of the margins is fixed. The design itself is based on what is now called a single-subject randomization design. Fisher’s tea-tasting experiment is

 

{ According to David (1995), the term “null hypothesis” was first used by Fisher in his Design of Experiments (Fisher, 1935, p. 18), although “level of significance” had first been previously used by him in 1925 in his Statistical Methods for Research Workers (Fisher, 1925, p. 43). On the other hand, the term “ P value” was first used much later in K.A. Brownlee’s 1960 Statistical Theory and Methodology in Science and Engineering (Brownlee, 1960, p. 96).
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Table 26.2 Hypothetical Scenario Where the Lady Identifies Only Three of the Four True T

Types Correctly

Lady’s response Sum

T           M

Cup’s true “state”                T                   3                1                4

M        1        3        4 Sum          4           4           8

undoubtedly “the best-known experiment of the world” (Kendall, 1963) and has been retold in countless textbooks of statistics.{

It is interesting to ask whether Dr Bristol was given a fair chance in the tea-tasting experiment. Would we still support her claim if she had identified only three of the four true T types correctly? Consider Table 16.2. The probability of the observed table is now

4    4

 

p *         3    1 obs ¼    ¼ :2286: 8

4

There is only one 2 2 table more extreme than the one in Table 26.2, namely the table in Table 16.1. The p-value this time is therefore .0143 þ .2286 ¼ .2429 H .05, which means that we would now reject the lady’s claim that she can discriminate between “tea first” and “milk first.” This seems to suggest that the experiment was somewhat unfair because Dr Bristol needed to come up with a perfect 4 out of 4 for her claim to be statistically validated. However, a proper statistical answer to the question of whether the experiment was “fair” requires a concept that was outside of Fisher’s considerations, namely that of the statistical power of the test.{

To explain statistical power, let us make some brief remarks on Fisher’s method of significance testing.} In the first step, a null hypothesis H0 is set up. This usually represents the status-quo and the hypothesis the researcher would like to reject. Second, a test-statistic is calculated such that it represents the extent to which the

 

{ To mention just a few examples, see Edgington (1995), Maxwell and Delaney (2004, p. 37), Schwarz (2008, p. 12), Hinkelmann and Kempthorne (2008, p. 139), Rosenbaum (2010, p. 21), Fleiss et al. (2003, p. 244), Senn (2003, p. 54), Todman and Dugard (2001, p. 32), Agresti (2002, p. 92), and Chernick and Friis (2003, p. 329). One writer, David Salsburg, has written a wonderful book on the history of statistics in the 20th century entitled The Lady Tasting Tea: How Statistics Revolutionized Science in the Twentieth Century (Salsburg, 2001).

{ That does not mean that Fisher was unaware of the issue, for in Chapter 2 of his Design of Experiments he discusses the sensitivity of his design.

} For more technical and historical details, see Chapter 14 of Spanos (2003), Chapter 15 of Cowles (2001), and Howie (2004, pp. 172–191).
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sample statistic is different from the value of the parameter under the null hypothesis. The test-statistic is usually based on a random variable called a pivotal quantity, which is a function of both the sample and the parameter being tested for, but whose distribution is independent of the parameter under the null hypothesis. In the final step, the probability of observing a test-statistic as extreme as or more extreme than the observed test-statistic calculated (under the assumption that the null hypothesis is true). This is the p-value or level of significance achieved.

Note in particular that Fisher does not explicitly make use of an alternative hypothesis (H ). However, to be able to calculate the statistical power of a test, one a

needs an explicit formulation of the alternative hypothesis. The power, 1 b, of the test is then the probability of rejecting the null hypothesis given that the alternative hypothesis is true, that is,

1 b ¼ PrfReject H0jH g a:

In the above b is also called the Type II error of the test. Moreover, we also need to take into account another associated quantity, called the level of significance or Type I error, of a test. This is the probability of rejecting H0 when H0 is in fact true, that is,

a ¼ PrfReject H0jH0g:

These two quantities, a and b, reflect two different aspects of the performance of a test statistic. The quantity a measures how likely one is to mistakenly reject a true null hypothesis, while the quantity b measures how likely one is to mistakenly fail to reject a false null hypothesis.

What is the relationship between the Type I error a and the p-value? Remember that a is usually a fixed quantity (such as .05 or .01) that is specified before the test is actually carried out. On the other hand, the p-value is calculated based on the calculated test-statistic.

Now, the p-value is also be defined as the smallest value of a for which we can still reject H0, that is,

p-value a ) reject H0:

 

The notions of an explicit alternative hypothesis, and of Type I and Type II errors were some of the highlights of an alternative approach to Fisher’s that the eminent statisticians Jerzy Neyman (1894–1981) (Fig. 26.2) and Egon S. Pearson (1895–1980) (Fig. 26.3) put forward in the late twenties and early thirties (Neyman and Pearson, 1928a, 1928b, 1933). Moreover, Neyman and Pearson provided the means of constructing optimal statistical tests, as opposed to the less formal pivotal method of Fisher. Finally, Neyman and Pearson advocated the use of rejection regions, rather than p-values, in order to make a final statistical decision. Needless to say, Neyman and Pearson’s prescriptions did not flow well with Fisher and gave rise to often-heated debates between the two sides. It is also ironical that the current practice of using both null and alternative hypotheses and p-values is an amalgam that would not have been agreeable to either party.
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Figure 26.2   Jerzy Neyman (1894–1981). [Picture licensed under the Creative Commons Attribution-Share Alike 2.0 Germany license.]

Some believe that the use of an a ¼ .05 (or sometimes .01) level of significance to decide whether a null hypothesis ought to be rejected is because of some deep underlying statistical theory. This is not true. Indeed, the 5% value has nothing sacrosanct in it. It stems from convention and is undoubtedly because Fisher himself advocated this number since it seemed reasonable to him. Fisher first used the 5% convention{ in a 1926 paper entitled The Arrangement of Field Experiments (Fisher, 1926). He wrote

. . . it is convenient to draw the line at about the level at which we can say: “Either there is

something in the treatment, or a coincidence has occurred such as does not occur more

than once in twenty trials.” This level, which we may call the 5 per cent point, would

be indicated, though very roughly, by the greatest chance deviation observed in

twenty successive trials . . . If the difference between the two acres in our experimental

year exceeded this value, we should have reasonable grounds for calling the result

significant.

 

{ But see Cowles and Davis’ very interesting article on the use of the .05 significance level before Fisher (Cowles and Davis, 1982).
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Figure 26.3   Egon S. Pearson (1895–1980).

If one in twenty does not seem high enough odds, we may, if we prefer it, draw the line at

one in fifty (the 2 per cent point), or one in a hundred (the 1 per cent point). Personally, the

writer prefers to set a low standard of significance at the 5 per cent point, and ignore entirely

all results which fail to reach this level. A scientific fact should be regarded as

experimentally established only if a properly designed experiment rarely fails to give this

level of significance.

Coming back to the issue as to whether Fisher’s experiment was really “fair” towards Dr Bristol, we need to calculate the statistical power of the Fisher’s exact test under some suitable alternative. That is, even if Dr Bristol had some reasonably good ability to discriminate T from M, how likely is it that her claim would be statistically vindicated, given the nature of the statistical test, the sample size, and the Type I error allowed? Consider Table 26.3.

Under H0 : u ¼ 1 ðno discriminatory powerÞ, the distribution of N11 is

hypergeometric:                      

4         4

 

Pr                    n11     4 n11      for f N 11 ¼ n 11 j H 0 g ¼ n11 ¼ 0; 1; 2; 3; 4:      ð26:1Þ 8

4
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Table 26.3   General Set-Up for The Lady Tea-Tasting Experiment

Lady’s response Sum

T            M

Cup’s true “state”              T                 N11                4-N11              4

M        4-N11        N11         4 Sum         4            4            8

 

On the other hand, under Ha : u ð„1Þ, the distribution of N11 is noncentral

hypergeometric:                    

 

Pr                    n11     4 n11         for 4        4      n11 u fN11 ¼ n11jHag ¼                       n11 ¼ 0; 1; 2; 3; 4:    ð26:2Þ P 4 4 4 j u j

j                      4 ¼ 0 j

First we set a ¼ :01. Before we can calculate the power, let us find the value of n11 such that

Prf N11 n11 jH0g ¼ :01:

From our computation in Problem 26, we see that n11 ¼ 4: We are almost ready for the power calculation now. It is only left to specify H . Suppose Dr Bristol’s a probability of responding T when the cup is truly of type T is p1 ¼ .9 and her probability of responding T when the cup is truly of type M is p2 ¼ .2. Then Ha : u ¼ p1=ð1 p1Þ ¼ 36:0. Noting that the distribution of N11 under H is noncentral p 2 = ð 1 p 2 Þ a hypergeometric, the power of the test is, from Eq. (26.2),

Pr fN11 4jH         0g ¼   f a : u ¼ 36 : PrN11 ¼ 4jHa : u ¼ 36:0g

  !  ! 4 4

ð36:   4 0 Þ

 

¼    4     0  !   ! X 4 4   4     j ð 36 : 0 Þ

j                      4 ¼ 0 j j

¼ :679:

This power is much less than the 80% that we would normally require for a well-powered study. Thus our power calculations show that, based on the assumptions we have made, even if Dr Bristol in the tea-tasting experiment had excellent discrimina-tion, the odds had been stacked against her.

Finally, let us make some comments on the origins of the hypergeometric distribution. The distribution can be traced to de Moivre’s De Mensura Sortis (de Moivre, 1711 Hald, 1984). On p. 235, de Moivre’s Problem 14{ reads as follows:

 

{ This is the same question that Huygens had previously asked in Problem 4 of the De Ratiociniis in Aleae Ludo (Huygens, 1657).
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Taking 12 counters, 4 white and 8 black, A contends with B that if he shall have taken out,

blindfold, 7 counters 3 of them would be white; the ratio of the expectation of A to the

expectation of B is sought.

De Moivre first calculates the total number of ways of choosing 7 counters out of 12 as

 

12 11 10 9 8   7 6 ¼ 792:

1    2    3   4 5   6 7

He then calculates the number of ways of choosing 3 white counters from 4 white counters and 4 black counters from 8 black counters as

 

4       8 7 6 5 ¼ 280 : 1 2 3 4

De Moivre also calculates the number of ways of choosing 4 white counters from 4 white counters and 3 black counters from 8 black counters:

 

1     8 7 6 ¼ 56: 1 2 3

 

De Moivre thus obtains the probability for A to obtain at least three white counters as (280 þ 56)=792 ¼ 14=33. We see that de Moivre has in effect used the hypergeometric distribution. In modern notation, if X is the number of white counters, then

 

4    8       4    8 þ

Prf            3    4       4    3     14 X 3g ¼ ¼ :

12            33

7

On p. 236 of the De Mensura Sortis, de Moivre gives the formula for the general case. In general, suppose an urn contains a white and b black balls, and n balls are selected at random without replacement. Let X be the number of white balls in the sample drawn. Then X is said to have a hypergeometric distribution with parameters n, a, and b, and its probability mass function is

a      b

 

Pr              x    n x f X ¼ x g ¼ ;   where maxð0; n bÞ x minðn; aÞ: a þ b

n




Problem 27

 

Benford and the Peculiar

 

Behavior of the First

 

Significant Digit (1938)

 

Problem. In many naturally occurring tables of numerical data, it is observed that the leading (i.e., leftmost) digit is not uniformly distributed among {1, 2, . . ., 9}, but the smaller digits appear more frequently that the larger ones. In particular, the digit one leads with a frequency close to 30% whereas the digit nine leads with a frequency close to only 4%. Explain.

 

Solution. We make use of the fact that, for a given data set, changing the units of measurements should not change the distribution p(x) of the first significant digit. That is, this distribution should be scale invariant:

pðkxÞ ¼ CpðxÞ;

where k and C are constants. Integrating on both sides,

ð             ð

pðkxÞdx ¼ C pðxÞdx

1 ð

pðkxÞdðkxÞ ¼ Cð1Þ

k

 

C   1 ¼ :

k
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Therefore kpðkxÞ ¼ pðxÞ. Let us now differentiate the latter w.r.t. k:

 

dk d fkpðkxÞg ¼ 0

p kxÞ 1 þ k   pðkxÞ ¼ 0 ð            d

dk

p kxÞ þ k      pðkxÞ        ¼ 0 ð           d          dðkxÞ

d ðkxÞ         dk

p ð           0 kx Þ þ kxpðkxÞ ¼ 0:

Writing                   0 u ¼ kx , we have upðuÞ ¼ pðuÞ so that

 

ð             ð 0 p ð u Þ 1             1 du ¼ du ) p ð u Þ ¼ p ð u Þ u u

is a solution. Let D be the first significant digit in base 10. Then its probability mass function is

 

Pr D ¼ d g ¼ ð 10 1 du u 1

f          ð d þ 1 1 du u d

 

¼ lnð1 þ dÞln d

ln10

¼ lnð1 þ 1=d Þ

ln10

¼ log 1   1 10 ð þ=d Þ;   d ¼ 1; 2; . . . ; 9:         ð27:1Þ

Table 27.1 shows the values of Pr{ D ¼ d} for values of d.

 

Table 27.1   Probability that a First Significant Digit in Base Ten is d, as Calculated from Eq. (27.1)

d                                          Pr{D ¼ d} 1                                            .3010 2                                            .1761 3                                            .1249 4                                            .0969 5                                            .0792 6                                            .0669 7                                            .0580 8                                            .0512 9                                            .0458
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Figure 27.1   Simon Newcomb (1835–1909).

 

The table shows that the smaller the leading digit the more frequent it is. In particular the digit one has a theoretical frequency of 30.10% while the digit nine has a theoretical frequency of 4.58%.

 

27.1 Discussion

This peculiar behavior of the leading digit is known as the first-digit law or Benford’s law.{ Frank Benford (1883–1948) (Fig. 27.2) was an American physicist who rediscovered and popularized the law in 1938 (Benford, 1938). In his paper, Benford presented a table of the frequency of occurrence of first digits of 20,229 naturally occurring numbers, which included the areas of rivers, population sizes, physical constants, and so on. For each group of data presented, Benford showed a remarkable fit to the first-digit law.

 

{ Benford’s law is also discussed in Krishnan (2006, pp. 55–60), Havil (2008, Chapter 16), Richards (1982, Chapter 6), Tijms (2007, p. 194), Hamming (1991, p. 214), Frey (2006, p. 273), and Pickover (2005, p. 212). 236   Problem 27 Benford and the Peculiar Behavior of the First Significant Digit (1938)
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Figure 27.2   Frank Benford (1883–1948).

Newcomb’s law had already been observed previously. Almost 60 years prior to Benford’s article, the Canadian-American mathematician and astronomer Simon Newcomb (1835–1909) (Fig. 27.1) observed in a short article in 1881 (Newcomb, 1881){:

That the ten digits do not occur with equal frequency must be evident to any one making

much use of logarithmic tables, and noticing how much faster the first pages wear out than

the last ones. The first significant figure is oftener 1 than any other digit, and the frequency

diminishes up to 9.

He concluded

The law of probability of the occurrence of numbers is such that all mantissas of their

logarithms are equally probable.

This statement in essence implies Eq. (27.1). However, Newcomb did not present any statistical evidence for his discovery. Since the first enunciation of the law, Benford’s law has been discussed by several authors, many of whom are mentioned in Raimi (1976). In particular, Pinkham (1961) showed that the log 10(1 þ 1/d) distribution of the first digit is the only one that remains scale invariant, that is, scale invariance implies Benford’s law, as we showed in the solution. However, no

 

{ Another example of Stigler’s law of eponymy?

27.1 Discussion 237

 

Table 27.2 The First 100 Fibonacci Numbers (Right Column Courtesy of Bruce Levin)

1           121,393           20,365,011,074           3,416,454,622,906,707 1           196,418           32,951,280,099           5,527,939,700,884,757 2           317,811           53,316,291,173           8,944,394,323,791,464 3           514,229           86,267,571,272          14,472,334,024,676,221 5           832,040          139,583,862,445          23,416,728,348,467,685 8         1,346,269          225,851,433,717          37,889,062,373,143,906

13          2,178,309           365,435,296,162          61,305,790,721,611,591

21          3,524,578           591,286,729,879          99,194,853,094,755,497

34          5,702,887           956,722,026,041         160,500,643,816,367,088

55          9,227,465         1,548,008,755,920          259,695496,911,122,585

89         14,930,352         2,504,730,781,961         420,196,140,727,489,673

144         24,157,817         4,052,739,537,881         679,891,637,638,612,258

233         39,088,169         6,557,470,319,842        1,100,087,778,366,101,931

377         63,245,986        10,610,209,857,723        1,779,979,416,004,714,189

610        102,334,155        17,167,680,177,565        2,880,067,194,370,816,120

987        165,580,141        27,777,890,035,288        4,660,046,610,375,530,309

1,597         267,914,296        44,945,570,212,853        7,540,113,804,746,346,429

2,584         433,494,437        72,723,460,248,141       12,200,160,415,121,876,738

4,181         701,408,733       117,669,030,460,994       19,740,274,219,868,223,167

6,765       1,134,903,170        190,392,490,709,135       31,940,434,634,990,099,905

10,946       1,836,311,903        308,061,521,170,129       51,680,708,854,858,323,072 17,711       2,971,215,073        498,454,011,879,264       83,621,143,489,848,422,977 28,657       4,807,526,976        806,515,533,049,393      135,301,852,344,706,746,049 46,368       7,778,742,049      1,304,969,544,928,657      218,922,995,834,555,169,026 75,025      12,586,269,025      2,111,485,077,978,050      354,224,848,179,261,915,075

 

satisfactory statistical explanation of the first-digit phenomenon existed until Hill’s 1995 paper (Hill, 1995a). In it, Hill proved that

If distributions are selected at random (in any “unbiased” way) and random samples are

then taken from each of these distributions, the significant digits of the combined sample

will converge to the logarithmic (Benford) distribution.

The Benford distribution is thus the distribution of distributions. Not all distributions of numbers occurring in nature conform to Benford’s law. Numbers that vary within a narrow range, such as the heights of humans or the number of airplane crashes in a given month, will not. On the other hand, measurements that vary across several orders of magnitude such as populations of countries, areas of lakes, and stock prices probably will. It has been observed that numbers that follow a “power law” usually follow the Benford distribution (Pickover, 2009, p. 274). This is the case with numbers that are in geometric progression and with the Fibonacci numbers. { Table 27.2 shows the first 100 Fibonacci numbers. You will note that a leading digit of one is more common

 

{ The Fibonacci numbers are a well-known sequence of numbers whose nth term fn is such that f ¼ f þ

n n1

fn2, with f1 ¼ 1, f2 ¼ 1. For more details, see for example Posamentier and Lehmann (2007), which is an entire book on the topic.
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Figure 27.3   Histogram of the first digits of the Fibonacci numbers in Table 27.2.

than a two, which in turn is more common than a three, and so on. The histogram in Fig. 27.3 shows the distribution of the first digits. The frequencies are in remarkable agreement with the probabilities listed in Table 27.1.

Two other comments are in order. First, scale invariance implies base invariance, which in turn implies Benford’s law (Hill, 1995a, 1995b). That is to say, if the under-lying distribution of numbers is invariant to the unit of measurement used, then it is also invariant to the base system used to represent the numbers. This in turn implies the numbers must follow Benford’s Law. Second, we can also obtain the probability mass functions of other significant digits, apart from the first, by using a similar argument as

 

in our solution. Thus, if   ðiÞ denotes the D ith significant digit in base b, then the joint b ð 1 Þ ð 2 Þ ð k Þ mass function of D ; D ; . . . ; D is b b b

 

Pr n   o  ð  1  Þ  ð  2  Þ  ð  k  Þ  1  D  ¼  d  D  d  b  1  ;  ¼  2  ;  . . .  ;  D  ¼  d  k  ¼  log  1  þ: b  b  b  d   1   2  1  b  k  þ  d  k  2  b  þ    þ  d  k

ð27:2Þ

By using Eq. (27.2), we can obtain both conditional and marginal distributions. Suppose we want to find the marginal probability mass function of Dð Þ 2 10 . We have

 

Prn                           o ð D 1 1 Þ ð Þ ¼         2 10 d 1 ; D 2 ¼ log 1 þ 10 d 2 ¼ 10 ; d 1 ; d 2 ¼ 1 ;; . . . ; 9; 10 d 1 þ d 2

implying

 

Pr n         X 9        o ð Þ D 2 1 ¼ 10 d 2 ¼ log 1 10 þ; d2 ¼ 1; 2; . . . ; 9: 10 d 1 þ d 2 d 1 ¼ 1
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and Engineer’s Guide to Digital Signal Processing{ (Smith, 1999, Chapter 34). Using { simulations, Smith points out that lognormal distributions Finally, we draw the reader’s attention to Steven W. Smith’s book The Scientist with standard deviations

larger than unity satisfy Benford’s law quite accurately. In general, the larger the standard deviation, the more accurate the fit. Smith further adds (p. 721)

. . .the CLT [Central Limit Theorem] describes that adding many random numbers

produces a normal distribution. This accounts for the normal distribution being so

commonly observed in science and engineering. However, if a group of random numbers

are multiplied, the result will be a normal distribution on the logarithmic scale.

Accordingly, the log-normal distribution is also commonly found in Nature. This is

probably the single most important reason that some distributions are found to follow

Benford’s law while others do not. Normal distributions are not wide enough to follow the

law. On the other hand, broad lognormal distributions follow it to a very high degree.

A similar result is reported in Scott and Fasli (2001). These authors further note that real-life distributions with positive values and with medians much closer to zero than their means are likely to conform to “broad” lognormal distributions and hence satisfy Benford’s law.

 

{ This source was pointed to me by an anonymous reviewer.

{                             X If the random variable eis normally distributed then X has a lognormal distribution. The latter is discussed

in detail in Chapter 14 of Johnson et al. (1995).

Problem 28

 

Coinciding Birthdays (1939)

 

Problem. What is the least number of people that must be in a room before the probability that some share a birthday becomes at least 50%? Assume there are 365 days each year and that births are equally likely to occur on any day.

 

Solution. Suppose there are n persons in the room. Then each person can have 365 possible birthdays, so that the total number of possible birthdays for the n individuals is            n ¼ N 365. Let A be the event “each of the n persons has a different birthday.” Then a given person has 365 possibilities for a birthday, the next person has 364 possibilities, and so on. Therefore, the total number of ways the event A can be realized is

n    365 A ¼ 364    ð365n þ 1Þ:

 

Using the classical definition, the probability that all n individuals have a different birthday is

 

p    n A ¼ A N

¼ 365 364 363   ð365 n þ 1Þ           (28.1)

365 n

 

¼         365 365 1 365 2 365 ð n 1 Þ   ð28:1Þ

365      365       365            365

 

¼           1 2 n 1 1 1 1 : 365 365 365
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Taking natural logarithms on both sides, we have{

 

ln                        1 2 n 1 p ln ln A ¼ ln 1 þ 1 þ    þ 1 365 365 365

1     2         n1



365   365        365

1 þ 2 þ    þ ð n1Þ

¼ 

365

 

¼      : 365 ðn1Þn=2

 

Thus,         n    o ð Þ p n 1 exp n and the probability that at least two individuals share a A 2 365

birthday is

 

q ¼ 1 ApA           1

¼           2           n1 1 1 1 1         ð28:2Þ 365 365 365

 

    <     = n ð n 1 Þ 1 8     9

exp      : 2 : 365 ;

 

approximate formula for We now solve 1     n    o n ð n 1 Þ exp :5 obtaining n 23. Since we have used the 2 365 q in the inequality, we cannot be confident of this answer. A

Let us evaluate q for A n ¼ 22, 23, and 24 using the exact formula in Eq. (28.2). We have q A ¼ .476, .507, and .538 (to 3 d.p.), respectively. Therefore, we need at least 23 persons in the room before the probability that some share a birthday becomes at least 50%.

 

28.1 Discussion

The problem was first proposed by von Mises{ (1939). That we need only 23 people for slightly more than an even chance might appear intriguing.} If we apply the

 

{ In the following we shall make use of ln ð1 þ xÞ x for small x and of 1 þ 2þ    þ m mðm þ 1Þ=2. { Ball and Coxeter (1987, p. 45), however, attribute it to Harold Davenport. } The Birthday Problem is also discussed in Weaver (1982, p. 9), DasGupta (2010, p. 23), Gregersen (2011, p. 57), Mosteller (1987, p. 49), Terrell (1999, p. 100), Finkelstein and Levin (2001, p. 45), Hein (2002, p. 301), Sorensen (2003, p. 353), Andel (2001, p. 89), Woolfson (2008, p. 45), and Stewart (2008, p. 132). 242   Problem 28 Coinciding Birthdays (1939)

 

Table 28.1   The Probability that At Least Two People have the Same Birthday When There are n Persons in a Room

Number of people in room (n)            Probability that at least two

persons have the same birthday (q ) A

10                                                .117 20                                                .411 23                                                .507 30                                                .706 57                                                .990 366                                             1.00

 

pigeonhole principle,{ we see that 366 persons are required for a probability of one that at least two have the same birthday. Na ve reasoning would probably suggest a € number close to 183 for at least an even chance. To understand why 23 people would be sufficient, note that with this number we have         ¼ 23 253 possible comparisons

2

of pairwise birthdays, any of which could result in a coincidence. Table 28.1 shows values of n and q . A

There is an easy way to misinterpret the solution of the Birthday Problem. Many believe it implies that, if a particular person is chosen from a group of 23, then there is slightly more than 50% chance that she will have the same birthday as at least one person from the remaining 22. This is not true. Paulos (1988, p. 36) gives a typical illustration:

A couple of years ago, someone on the Johnny Carson show was trying to explain this.

Johnny Carson didn’t believe it, noted that there were about 120 people in the studio

audience, and asked how many of them shared his birthday of, say, March 19. No one did,

and the guest, who wasn’t a mathematician, said something incomprehensible in his

defense.

Our solution refers to the probability for any two or more people to have the same birthday, not for any particular person to have the same birthday as at least somebody else. This leads us to the following classic problem:

What is the smallest number of people so that any particular person has the same

birthday as at least one other person with probability at least .5?

Consider a group of                                                      n people. Let us calculate the probability of the event A that a particular person has a birthday in common with nobody else. Then the total number of possible birthdays is the same as before, namely          n ¼ N 365. This time, though, the number of ways the event   A can be realized is

 

{ The pigeonhole principle states that if n objects are put in p boxes, and n H p, then at least one box receives two or more objects.
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1, 0, 0,...,0,1,0,0,...,0,1,...,1, 0,0,...,0,0*,0*,..

k                k                      k-1-1-1

 

First birthday

Figure 28.1   Illustration of the almost birthday problem.

 

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ n1 terms

n A* ¼ 365                                n1 364 364 364 ¼ 365 ð 364 Þ:

Therefore,                           n . We set p A * ¼ n A * = N ¼ ð 364 = 1 365 Þ

 

1 n1 364 :5; 365

obtaining n 253:65. Therefore, we need at least 254 people to have more than an even chance that one particular person will share the same birthday as at least somebody else. Two additional, less straightforward variants of the classical Birthday Problem are also worth mentioning. The first is the so-called Almost Birthday Problem.

What is the smallest number of people required so that at least two have a birthday

within k adjacent days with probability half or more (Naus, 1968)?{

To solve the above, we consider a group of n people and define A as the event that k at least two birthdays are within k adjacent days. Then we have

Prf                        A 1 k g ¼ Pr f A 1 k g ¼ Pr      f A k j A 1 g Pr f A1g:          ð28:3Þ

In the above equation, A 1 is the event that no two birthdays coincide. From Eq. (28.1), we have

 

Pr             365 ! f g ¼ A 1     : n ð 365 n Þ ! 365

We next define the indicator variable I ( ¼1, 2, , 365) on each of the days of a  j  j  . . .

year such that

 

I        1 ;   if there is one birthday on day j; 

j ¼   0 ;   otherwise:

Now, an arrangement such that each of n different birthdays is k days apart of the next looks as in Fig 28.1. In the above arrangement, we imagine the days of the year as arranged in a circle so that the 365th of a given year and the first day of the next year are adjacent (i.e., are within k ¼ 2 adjacent days). Now, when objects are arranged in a circle, redundant permutations arise when the objects are at different

 

{ For example, two birthdays on March 3rd and March 7th are within five adjacent days. 244   Problem 28 Coinciding Birthdays (1939)

positions along the circle but have the same positions relative to each other. In order to avoid these redundant permutations, we consider the first birthday as fixed. The additional ( n1) 1’s correspond to the remaining (n1) birthdays and the starred 0’s are the days after the last ( k1) birthday-free days. An arrangement such that any two adjacent birthdays are more than k days apart can be obtained by considering the first 1 and the “unstarred” birthday-free days as fixed and permuting the ( n1) 1’s and the ð3651Þðn1Þnðk1Þ ¼ 365kn starred 0’s. The number of such permutations is

 

        nkn þ 364 :

n1

This implies

nkn þ 364

 

Pr                 n1 f A j g ¼ k A 1    : 364

n1

From Eq. (28.3) we have

!

nkn þ 364

 

Pr                 n1      365! f A 1 k g ¼ ! :   n 364 ð 365 n Þ ! 365

n1

 

¼   ð364kn þ nÞ! 1 :                ð28:4Þ n ð 365 kn Þ ! 1 365

We can use Eq. (28.4) to find the smallest number of people required so that at least two of them have birthdays within k adjacent days with probability .5 or more. It can also be shown that an approximation for this number is      { d e n , where k

rffiffiffiffiffiffiffiffiffiffiffiffi

n          365 k    1 ¼ :

2   2 k1

(Diaconis and Mosteller, 1989). Table 28.2 shows values of k and d e n. k

The second less straightforward variant of the classical Birthday Problem is the Multiple Birthday Problem:

What is the smallest number of people required so that at least m of them have the

same birthday with probability half or more?

The above problem can be cast as a cell occupancy question: if one randomly distributes N items over c ¼ 365 cells or categories that are equally likely, what is the

 

{ d e n k   is the smallest integer greater or equal to nk.
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Table 28.2   Smallest Number of People Required for At Least Two of them to have Birthdays Within k Days Apart with Probability At Least 1/2

Number of days apart ( k)           Smallest number of people required ([n ]) k 1                                            23 2                                            14 3                                            11 4                                            9 5                                            8 6                                            7 11                                               6

 

least number of items required so that at least one cell has m or more items with probability .5 or more? To answer this question, we use the method developed by Levin (1981). First, we consider a c-category multinomial distribution with para-

 

meters ðN; p1; p2; . . . ; p Þ. Next let the number of items in cell ,  )  c  j  (  j  ¼  1, 2,  . . .  c  {  {  be  X  ð  ,  where  j  Po  sp  Þ  j  s  H  0  and the  X  ’s are independent. Using Bayes’  j  }  Theorem,  we have

X c

Prf X1 n1; . . . ; X c n j          g c X ¼ j N

 

¼ Prf        ¼ j ¼ 1 X j NjX1 n1; . . . ; Xc ncgPrfX1 n1; . . . ; Xc ncg P c Pr f X ¼ g j Pc        j¼1

¼1 j    N

 

¼ Prf W ¼ NgPrfX1 n1; . . . ; X c n g c P :                        ð28:5Þ c Pr f X ¼ j ¼ 1 j N g

Now, in Eq. (28.5) above, the left side is a multinomial distribution with parameters                  ** ð N ; p 1 ; p 2 ; . . . ; p the denominator on the right is a Poisson random c Þ ,

variable with mean s, and the random variable W is the sum of c independent truncated Poisson (TPo) random variables, that is, W ¼ Y1 þ Y2 þ    þ Y , where c

 

Yj    TPoðsp   with support 0, 1, j Þ . . ., n . Denoting the cell counts in the multinomial j P c distribution by ð N 1 ; N 2 ; . . . ; N c Þ where N ¼ , Eq. (28.5) becomes j ¼ 1 j N

{ Since we will soon be using these Poisson random variables to represent the multinomial frequencies (as that of Poisson frequencies given a fixed sum).

{ s can theoretically be any positive real number; Levin (1981) recommends choosing s ¼ N that works satisfactorily and has an intuitive interpretation that spi ¼ Npi are the expected cell counts. } See Problem 14.

1    2         c

values t1, t2, . . ., tc, respectively, then the conditional joint distribution of V1, V2, . . ., Vc, given that P iVi  ¼  N  ** This is because, in general, if V , V , . . ., V are independent Poisson random variables with expected P

, is multinomial with parameters (N; t1/t, t2/t, . . .,tc/t), wheret ¼    iti. See Johnson et al. (1997, Chapter 5)

for more details.
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Table 28.3   Smallest Number of People (N) Required so that At Least m of them have the Same Birthday with Probability Half or More (Values Obtained from Bruce Levin)

m                                     N 2                                                      23 3                                                      88 4                                                     187 5                                                     313 6                                                     460 7                                                     623 8                                                     798 9                                                     985 10                                                       1181

 

Pr                            N "           # c Y ! f N 1 n 1 ; . . . ; N g     ¼ c n g ¼ Pr f c X Pr f j n j W Ng   ð28:6Þ s N e s j ¼ 1

Levin’s method can be used for exact computation, and he also gives a so-called Edgeworth approximation for the term Pr{W ¼ N} for cases where c is large and exact calculation of the convolution to get Pr{W ¼ N} is arduous. Using Eq. (28.6) we are now ready to solve the Multiple Birthday Problem. The probability that, among N

 

people, at least m have the same birthday is N "             # c Y !

1 Prf N1 m1; . . . ; Nc m1g ¼ 1        PrfX      1 j m g PrfW ¼ Ng: s N e s j ¼ 1

ð28:7Þ

Then, for a given m, one can find the smallest value of N for which the probability exceeds one-half. One can use results from preceding calculations to predict the next value of N for the next larger m. Levin has used this method to calculate the values in Table 28.3 using exact computation (personal communication).




Problem 29

 

L evy and the Arc Sine Law

 

(1939)

 

Problem. A fair coin is tossed successively. Let Xj ¼ þ 1 if the jth toss is a head, and Xj ¼ 1 if the jth toss is a tail. Define the difference between the number of heads and tails after j tosses by S ¼    þ j X 1 X2 þ    þ Xj. Show that the probability that the last time there was an equal number of heads and tails within 2n tosses occurred at the 2kth toss is PrfS2 ¼ 0g PrfS2     ¼ g k n 2 0 k.

 

S      ðkÞ           ð Þ k        ð Þ j olution . Let p 2 ¼ Pr f S ¼ k g ¼ N 2 k 2 j 2 j 2 = , where N is the number of ways the j 2 j S event 2 can be realized. We first establish an important result. We have j ¼ k

Prf S1 6¼ 0; S2 6¼ 0; . . . ; S2     0 j 6¼g ¼ 2 PrfS1H0; S2H0; . . . ; S2jH0g;     ð29:1Þ

since the coin is fair. Using the law of total probability,

X ¥

PrfS1H0; S2H0; . . . ; S2jH0g ¼     PrfS1H0; S2H0; . . . ; S2      0 j 1 H; S2 ¼ 2 jrg:

r¼1

 

Applying the Ballot Theorem (see Problem 17),

 

Pr n                      o    ð2r1Þ   ð2r þ1Þ N 2 j 1 N 2 j 1 S 1 H 0 ; S 2 H 0 ; . . . ; S 2 j 1 H 0 ; S 2 j ¼ 2 r ¼ 2 j 2

1 N ð2r1Þ    ð2r þ 1Þ N

¼    2 j1     2j1 

2         2 j1 2 1         

¼    ð2r1Þ    ð2r þ 1Þ p p :

2    2 j1     2j1
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Therefore, we have

 

Prn                o    ¥ n          o 1 X ð 2 r 1 Þ ð 2 r þ 1 Þ S 1 H 0 ; S 2 H 0 ; . . . ; S 2 j H 0 ¼ p 2 j 1 p 2 j 1 2 r ¼ 1

 

¼ 1 n                     o ð Þ ð Þ ð Þ p 1 ð 3 Þ 2 p þ 3 p 5 þ   j 1 2 p j 1 2 j 1 2 j 1 2

 

¼ 1 ð Þ 1 p

2 2 j1

 

¼ 1 ð0Þ p:

2 2j

 

So Eq. (29.1) can be written as

Prf                                            ð0Þ S 1         2              2                  2              2 0 6¼ ; S 6¼ 0 ; . . . ; S j        0 6¼ g ¼ Prf S j       0 ¼ g ¼ p;                  2 ð 29:Þ

j

which is the important result we will soon use. We are now ready to complete the proof. Note that the probability that the last time there was an equal number of heads and tails within 2n tosses occurred at the 2kth toss can be written as

PrfS2 k ¼ 0;S2kþ 1 6¼ 0;. . . ;S2n 6¼ 0g ¼ PrfS2kþ 1 6¼ 0;S2k þ 2 6¼ 0;. . . ;S2n 6¼ 0jS2k ¼ 0gPrfS2k ¼ 0g

¼ PrfS1 6¼ 0;. . . ;S2n2k 6¼ 0gPrfS2k ¼ 0g

¼                ð Þ 0 Prf S 1            2 0 6¼ ; . . . ; S n 2k    0 6¼ g p:

2k

 

Using the result in Eq. (29.2), we finally obtain

Prf                                   ð Þ 0      ð Þ 0 S 2          2 þ 0 ¼ k        k 1    0 ; S 6¼ ; . . . ; S 2              2 n 0 6¼ g ¼ p p;

n2k 2k

as required.

 

29.1 Discussion

 

The above result can be further explored to obtain some truly intriguing and p ffiffiffiffiffi fascinating results. From Problem 16                ð Þ 0 we know that, p 2 1 for moderate to  =  p  j

large j                                                    j , so that

 

Prf                                   ð Þ                     1 0 ð Þ 0 S 2          2 þ 0 k ¼ ; S k 1 6¼ 0; . . . ; S 2              2 0 n 6¼ g ¼ p n          2   2 p        pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi :

k   k    p   k n ðkÞ

Let T be the number of the toss where there was last an equal number of heads and tails, and let X be the fraction of the total number of tosses where this last equality occurs. Then X ¼ T=ð2nÞ and the distribution function of X is
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Pr fX xg ¼ PrfT 2xng

X 1

¼    pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k         ð Þ p k n k xn

 

 xn ð      1 p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi du p u n ð u Þ

0

2      p ffiffiffi

¼ arcsin x:                    ð29:3Þ

p

The probability density of X is

 

f             d       2 p ffiffiffi     1 arcsin X ð x Þ x ¼ p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ;   for 0GxG1;         ð29:4Þ dx p p x ð 1 x Þ

when the number of the tosses (2n) is large. Note that Eq. (29.4) is the beta(1/2, 1/2)

 

which we shall call the                      { Second Arcsine Law , was first presented by the illustrious { French mathematician Paul L distribution, which is symmetric about x¼1/2 (see Fig. 29.2). The result in Eq. (29.3),

 evy (1886–1971) for the case of Brownian motion

(L evy, 1965) (Fig. 29.1). Brownian motion can be regarded as a continuous-time analogue of a symmetric random walk. An example of the latter is the coin-tossing experiment we have considered here, where the difference between the number of heads and tails is the position of the random walk and the number of tosses is time. Roughly speaking, in the limiting case as the fluctuations of a symmetric random walk become quicker and smaller, we obtain Brownian motion.

Although it might not be apparent at first, the implications of the graph in Fig 29.2 are quite disconcerting. We see that the densities are highest near x¼ 0 (start of the tosses) and near x¼1 (end of tosses). While it is not surprising that a last equality in the number of heads and tails is very likely toward the end of the tosses, it is quite counterintuitive that such a last equality is also very likely toward the start of the tosses. Thus, if we were to toss a fair coin 1000 times, the probability that the last time there was an equal number of heads and tails happened before the 100th toss p ffiffiffiffi has a probability as high as approximately ð2 =pÞarcsin :1 ¼ :20, and happened before the 500th toss has a probability of approximately .5! Thus, there is about an equal chance that in the last 500 tosses, there will be no instance where the accumulated number of heads and tails would be equal. The times at which there

 

{ Note that arcsine here refers to the distribution function, and not to the density, of X. Also, the reader has to be careful here: what we refer to as the Second Arcsine Law might be called by a different number in other textbooks, since there are several arcsine laws. For more details on the arcsine distribution, see Johnson et al. (1995, Chapter 25, Sec. VII). The second arc sine law is also discussed in Feller (1968, p. 78), Lesigne (2005, p. 61), M€ orters and Peres (2010, p. 136), and Durrett (2010, p. 203). { L evy also pointed out the connection between his results for Brownian motion and corresponding ones for the coin-tossing experiment.
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[image: ]

 

Figure 29.1   Paul Pierre L evy (1886–1971). [Picture licensed under the Creative Commons Attribution-Share Alike 2.0 Germany license.]

 

is an equal number of heads and tails are rare. These conclusions are no doubt quite unexpected. Feller (1968, p. 79) writes

Suppose that in a learning experiment lasting one year a child was consistently lagging

except, perhaps, during the initial week. Another child was consistently ahead except,

perhaps, during the last week. Would the two children be judged equal? Yet, let a group of

11 children be exposed to a similar learning experiment involving no intelligence but only

chance. One among the 11 would appear as leader for all but one week, another as laggard

for all but one week.

Feller’s point is that common opinion would most probably judge the second student as better than the first. However, by the very nature of chance, even if the two children were equally good, one would be ahead of the other for the 51 weeks p ffiffiffiffiffiffiffiffiffiffiffiffiffi with probability approximately equal to ð2=pÞarcsin   51=52 ¼ :9. Thus, out of 11 equally good students, we would expect approximately one to be ahead for all but the last week, as we would expect approximately one to be lagging for all but the last week.
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Figure 29.2   The beta(1/2, 1/2) density ofx, the fraction of the total time when there was last an equal number of heads and tails.

 

The               { First Arcsine Law was actually given by L evy in a seminal paper (L evy, 1939) almost 25 years prior to the second law. In it, L evy proved a result that essentially implies that, if Y is the fraction of time that the random walk is positive (i.e., there is an excess of heads over tails), then the distribution function of Y is

 

Pr           2      p ffiffiffi arcsin f Y y g y;   for 0GyG1;             ð29:5Þ p

where the total number of steps made by the random walk is large. Equation (29.5) is the First Arcsine Law, and was proved for the general case of the sum of independent random variables with mean zero and variance one by Erd€ os and Kac (1947). The First Arcsine Law is as counterintuitive as the second one. For we might expect that for approximately half of the time, the random walk will be positive (i.e., there will more heads than tails) and for the other half it will be negative. That is, we would expect values of y near half to be the most likely. However, a look at Fig. 29.2 reveals the contrary to be the case. It is actually values of y close to 0 and 1 that are most likely. What this implies is intriguing but true: with high probability, the proportion of time the random walk will be positive is either very low or very high (but not close to half). Thus, if a fair coin is tossed 1000 times, the probability that there will be an excess of heads over tails for less than 10% of the time or more than 90% of the time is as high as approximately p ffiffiffiffi

ð2=pÞarcsin :1 ¼ :20. On the other hand, the probability that there will be an

 

{ The First Arcsine Law is also discussed in Feller (1968, p. 82), Lesigne (2005, p. 60), M€ orters and Peres (2010, p. 136), Tijms (2007, p. 25), and Durrett (2010, p. 204).
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excess of heads over tails between 45 and 55% of the time is only about p ffiffiffiffiffiffiffi p ffiffiffiffiffiffiffi

ð2 =pÞðarcsin :55arcsin :45Þ :06!

There is at least one other arcsine law, { again due to L evy (1965). If Z 2 ½0; 1 is the time of first occurrence of the maximum of the random walk, then Z has an arcsine distribution function too.

 

{ See, for example, M€ orters and Peres (2010, pp. 136–137).

Problem 30

 

Simpson’s Paradox (1951)

 

Problem. Consider the three events X, Y, and Z. Suppose

Prf XjYZ gHPrfXjY Zg   and PrfXjYZgHPrfXjY Zg:

Prove that it is still possible to have

PrfXjY gGPrfXjY g:

Solution. Using the law of total probability, we have

Prf XjYg ¼ PrfXjYZgPrfZjYg þ PrfXjYZgPrfZ jY g

ð30:1Þ

¼ sPrfXjYZg þ ð1sÞPrfXjYZg;

PrfXjY g ¼ PrfXjY ZgPrfZjY g þ PrfXjY Z gPrfZ jY g

ð30:2Þ

¼ tPrfXjY Zg þ ð1tÞPrfXjY Z g;

where s ¼ PrfZ jYg and t ¼ PrfZjY g. Therefore,

Prf XjYgPrfXjY g ¼ ½sPrfXjYZ gtPrfXjY Z g

ð30:3Þ

þ ½ð1sÞPrfXjYZgð1tÞPrfXjY Z g

We now consider the sign of Eq. (30.3). Let t ¼ s þ dð1 d 1Þ, u PrfXjYZgPrfXjY Zg 0, and v PrfXjYZgPrfXjY Z g 0. Then

Pr fXjYgPrfXjY g ¼ sPrfXjYZgsPrfXjY ZgdPrfXjY Zg

þ ð1 sÞPrfXjYZ gð1sÞPrfXjY Z g þ dPrfXjY Z g ¼ su þ ð1sÞvdw;

where w PrfXjY ZgPrfXjY Z g. Therefore, PrfXjYgPrfXjY g is negative if su þ ð1sÞvGdw.
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30.1 Discussion

The algebra can mask the real implication of the three inequalities given in Problem 30. Consider the following example.{ In a given University 1, 200 of 1000 males, and 150 of 1000 females, study economics. In another University 2, 30 of 100 males, and 1000 of 4000 females, study economics. Thus, in each university, more males than females study economics (1: 20% vs. 15%, 2: 30% vs. 25%). However, when the universities are combined, 230 of 1100 males (20.9%), and 1150 of 5000 females (23.0%), study economics. It now appears that, overall, more females than males study economics! If we define the event X that a student studies economics, the event Y that a student is male, and the event Z that a student goes to University 1, we obtain the

 

Paradox { : a reversal of the direction of association between two variables (gender and } study economics) when a third variable counterintuitive set of inequalities in Problem 30. This is the essence of Simpson’s (university) is controlled for.

Intuitively, why does Simpson’s Paradox occur? First note that University 2 has a higher study rate in economics for both males and females, compared to University 1 (see Table 30.1). However, out of the total 1100 males, only about 9% (i.e., 100) go to University 2. On the other hand, out of the total 5000 females, 80% (i.e., 4000) go to University 2. Thus, the university that has the higher study rate in economics, namely University 2, takes many more females than males, relatively speaking. No wonder when looking at the combined data we get the impression that a higher proportion of females than males study economics!

Simpson’s Paradox shows the importance of carefully identifying the third variable(s) before an analysis involving two variables on aggregated data is carried out. In our example, when university is not controlled for, we get the wrong impression that more females than males study economics. Furthermore, from Eqs. (30.1) and (30.2), we observe that if s ¼ t then PrfXjYgHPrfXjY g, that is, if gender is independent of university (i.e., there is no gender differences across universities), Simpson’s Paradox is avoided. The tables for each university are then said to be collapsible.

An interesting alternative demonstration of Simpson’s Paradox can be obtained through a graphical approach. ** Consider the data in Table 30.2.

 

{ Taken from Haigh (2002, p. 40), courtesy of Springer. { First named by Blyth (1972). Simpson’s paradox is also discussed in Dong (1998), Rumsey (2009, p. 236), Rabinowitz (2004, p. 57), Albert et al. (2005, p. 175), Lindley (2006, p. 199), Kvam and Vidakovic (2007, p. 172), Chernick and Friis (2003, p. 239), Agresti (2007, p. 51), Christensen (1997, p. 70), and Pearl (2000, p. 174).

} Also sometimes called the lurking variable.

** See Kocik (2001), and Alsina and Nelsen (2009, pp. 33–34).
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Table 30.1   Illustration of Simpson’s Paradox Using University Data

University 1                University 2                    Pooled

E                        E Total Study E E     Total Study         E    Total Study

rate                            rate                            rate (%)                     (%)                     (%)

Female 150 850 1000   15   1000 3000 4000   25   1150 3850 5000   23.0 Male    200 800 1000   20     30    70   100   30    230   370 1100   20.9

 

We wish to show that, given

 

a   A        c   C and G G ;                  ð30:4aÞ b B d D

it is still possible to have

 

b a þ c   A þ C                   ð H :30:4bÞ þ d B þ D

We represent the proportions of the different students who study economics by vectors on a Cartesian plane such that the proportions are equal to the slopes of the corresponding lines (see Fig. 30.1). For example, the proportion of females who study economics in University 1 is a/b; we represent this proportion by the vector joining (0, 0) and (b, a). Since a=bGA=B, the segment joining (0, 0) and (b, a) has a smaller slope than the segment joining (0, 0) and (B, A). Similarly for c=dGC=D. By addition of vectors, we see that it is possible for the slope joining (0, 0) and (b þ d, a þ c) to be larger than the slope joining (0, 0) and (B þ D, A þ C), that is, it is possible to have ða þ cÞ=ðb þ d ÞHðA þ CÞ=ðB þ DÞ.

A natural question remains: how should we combine the data from the two universities in order to obtain “correct” economics study rates for females and males? Clearly, just adding the numbers in each university is not appropriate since it gives the two proportions ða þ cÞ=ðb þ dÞ and ðA þ CÞ=ðB þ DÞ for females and males, respectively (see Table 30.2). Following Tamhane and Dunlop (2000, p. 132), we calculate the adjusted proportion of females who study economics across the two

 

Table 30.2   General Distribution of Frequencies Across Universities and Gender

University 1          University 2                      Pooled

E                                           E Total E E Total E E          Total

Female   a   b a     b    c   d c     d    a þ c   (b þ d) (a þ c)    b þ d Male     A B A    B   C D C   D   A þ C (B þ D) (A þ C) B þ D 256   Problem 30 Simpson’s Paradox (1951)

 

(b + d, a + c)

(B + D, A + C)

(d, c)

 

(D, C)

(B, A)

 

(b, a)

(0, 0)

Figure 30.1   A graphical illustration of Simpson’s Paradox.

 

universities as the sum of the weighted proportions of females in each university, where the weight is the relative size of the university:

 

a      b þ B        c      d þ D        aðb þ BÞ=b þ cðd þ DÞ=d þ                 b b   B þ d þ D    d b þ B þ d þ D        b þ B þ d þ D þ                  ¼              :

 

Likewise, the adjusted proportion of males who study economics across the two universities is

 

A     b þ B       C     d þ D       Aðb þ BÞ=B þ Cðd þ DÞ=D þ                 

B b   B þ d þ D    D b þ B þ d þ D        b þ B þ d þ D þ ¼ :

 

For the data presented earlier, these formulae give 16.8% for females and 20.1% for males. We see that the directionality of the association is now preserved (i.e., a higher proportion of males than females in each university and also overall).

Simpson’s Paradox is eponymously attributed to the statistician Edward H. Simpson (b. 1922) (Simpson, 1951), but a similar phenomenon was first mentioned by the eminent British statistician Karl Pearson (1857–1936) (Fig. 30.2) and his colleagues in 1899 (Pearson et al., 1899). These authors noted

We are thus forced to the conclusion that a mixture of heterogeneous groups, each of which

exhibits in itself no organic correlation, will exhibit a greater or less amount of correlation.

This correlation may properly be called spurious, yet as it is almost impossible to guarantee

the absolute homogeneity of any community, our results for correlation are always liable to

an error, the amount of which cannot be foretold. To those who persist in looking upon all

correlation as cause and effect, the fact that correlation can be produced between two quite

uncorrelated characters A and B by taking an artificial mixture of two closely allied races,

must come rather as a shock.
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Figure 30.2   Karl Pearson (1857–1936).

Four years later, the renowned British statistician George Udny Yule (1871–1951) (Fig. 30.3), who had previously been Pearson’s assistant, further delineated the problem (Yule, 1903).{ Yule considers three attributes A, B, and C, such that A and B are independent of each other, given C or C. Yule then proves that

. . .there will be apparent association between A and B in the universe at large unless either

A or B is independent of C.

The last two examples do not really conform to the probabilities given in Problem 30 because there is no reversal in the direction of the association. When an actual reversal occurs, we have a strong form of Simpson’s Paradox. On the other hand, we have a weak form of the paradox when the three expressions hold simultaneously:

Pr fXjYZ g ¼ PrfXjY Zg; Prf XjYZg ¼ PrfXjY Zg;

Pr fXjYgGPrfXjY g:

(The direction of the last inequality could, of course, be reversed.)

 

{ Simpson’s paradox is also sometimes called Yule’s paradox or Yule–Simpson’s paradox. 258   Problem 30 Simpson’s Paradox (1951)
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Figure 30.3   George Udny Yule (1871–1951).

 

The first actual instance of the strong form of Simpson’s Paradox was demon-strated in Cohen and Nagel’s acclaimed An Introduction to Logic and Scientific Method (Cohen and Nagel, 1934, p. 449). These authors present tables for mortality rates from tuberculosis in Richmond and New York City in 1910 as an exercise in their book (see Table 30.3).

They then write

Notice that the death rate for Whites and that for Negroes were lower in Richmond than in

New York, although the total death rate was higher. Are the two populations compared

really comparable, that is, homogeneous?

Simpson’s own 1951 paper was partly motivated by a set of 2 2 tables presented in Kendall’s Advanced Theory of Statistics (Kendall, 1945, p. 317). In the first of these tables, Kendall displayed the frequencies for two attributes in a population, and showed that they were independent. The author then splits this 2 2 table into two 2 2 tables, one for males and one for females. Kendall then shows the two attributes are
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Table 30.3 Rates from Tuberculosis in Richmond and New York City in 1910 as used by

Cohen and Nagel (1934, p. 449)

Population                   Deaths            Death rate per 100,000

New York    Richmond    New York    Richmond    New York    Richmond

White      4,675,174      80,895       8,365        131         179          162 Colored       91,709      46,733         513         155          560          332 Total       4,766,883     127,628       8,881         286          187          226

 

Table 30.4   2 2 Tables Considered by Simpson (1951)

Male                              Female

Untreated             Treated             Untreated             Treated

Alive               4/52                8/52                2/52                12/52 Dead             3/52              5/52              3/52              15/52

 

positively associated in the male subpopulation and negatively associated in the female subpopulation. He concludes

The apparent independence in the two together is due to the cancelling of these

associations in the sub-populations.

Motivated by this example, Simpson considered the situation where two attri-butes are positively associated in each of two 2 2 tables (Simpson, 1951). He then showed that there is no net association in the aggregated 2 2 table (see Table. 30.4).

This time we say that there is a positive association between treatment and survival both

among males and among females; but if we combine the tables we again find that there is no

association between treatment and survival in the combined population. What is the

“sensible” interpretation here? The treatment can hardly be rejected as valueless to the race

when it is beneficial when applied to males and to females.

We end by stressing that Simpson’s Paradox is not a consequence of small sample size. In fact, it is a mathematical, rather than statistical, phenomenon, as can be seen from the algebraic inequalities in Eqs. (30.4a) and (30.4b).




Problem 31

 

Gamow, Stern, and Elevators

 

(1958)

 

Problem. A person is waiting for the elevator on the ath floor in a building and wishes to go down. The building has b (H a) floors. Assume the elevator is continually going up and down all day long. Calculate the probability that when the elevator arrives, it will be going down.

 

Solution. The elevator can come down to the person from any one of the (b a) floors above or can come up from any one of the (a 1) floors below. Therefore, the probability of the elevator going down is

 

ð b a      b a ¼ :            ð31:1Þ  b   a  Þ þ ð  a   1  Þ  b   1

 

31.1 Discussion

This intriguing little problem was adduced by the physicists George Gamow (1904–1968) (Fig. 31.1) and Marvin Stern (1935–1974), and is eponymously called the                                    { Gamow–Stern Elevator Problem . The problem first appeared in their book Puzzle-Math (Gamow and Stern, 1958). As the story goes, Gamow had an office on the second floor of a seven-story building while Stern had one on the sixth floor. When Gamow wanted to visit Stern, he noticed that in about five times out of six the elevator stopping on his floor would be going downward. On the other hand, when Stern wanted to visit Gamow, in about five times out of six the elevator stopping on his floor would be going upward. This is somewhat counterintuitive because for Gamow the elevator was more likely to be coming down, yet for Stern the same elevator was more likely to be going up.

{ The Gamow–Stern Elevator Problem is also discussed in Knuth (1969), Havil (2008, p. 82), Gardner (1978, p. 108), Weisstein (2002, p. 866), and Nahin (2008, p. 120).
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Figure 31.1   George Gamow (1904–1968).

 

By using a similar reasoning to the one in our solution, Gamow and Stern were able to explain their observations. For Gamow, a ¼ 2, b ¼ 7, so that the probability of “a down” is (7 2) =(7 1) ¼ 5=6; for Stern, a ¼ 6, b ¼ 7, and the probability of “an up” is 1 (7 6) =(7 1) ¼ 5=6. So far so good, but then Gamow and Stern made a slip. They reasoned that, even if the building had many elevators, the probability would still be 5/6 for the first elevator to stop on Gamow’s floor to be going down. Likewise the probability for Stern would not change. Gamow and Stern actually considered the analogous situation of eastbound and westbound trains between Los Angeles and Chicago. In Chapter 3 of their book, they stated

Since the track from here to Los Angeles is three times longer than that to Chicago, the

chances are three to one that the train is to the west rather than to the east of you. And, if it is

west of you, it will be going eastward the first time it passes. If there are many trains

traveling between Chicago and California, as is actually the case, the situation will, of

course, remain the same, and the first train passing our city after any given time is still most

likely to be an eastbound one.

In fact, when there are many trains between Chicago and California, the situation does not remain the same. This fact was first pointed out in 1969 by 262   Problem 31 Gamow, Stern, and Elevators (1958)

Knuth (1969). We now prove this. From Eq. (31.1), the probability of a downward elevator when there is one elevator is

 

P1         ¼ 1 p;                    ð31:2Þ 1 ¼ b a b 

where p ¼ ða 1Þ=ðb 1Þ.

Let us now consider the case of two elevators (see Fig. 31.2). We assume, without loss of generality, that p 1=2, that is, the person G waiting is in the lower half of the building. There are two mutually exclusive ways in which the first elevator to reach G will be going down:

(i) both elevators are above G; this has probability ðb aÞ2=ðb 1Þ2 ;

(ii) one elevator is below G and one is within (                    { a 1) floors above; this has

probability

ða 1Þ=ðb 1Þ  ða 1Þ=ðb 1Þ 2 ¼ 2ða 1Þ2=ðb 1Þ2:

These two competing elevators have an even chance of reaching the ath floor first.

The probability for a downward elevator is therefore

ð       2               2 b a Þ ð a 1 Þ

P                    1 2              2    2 ¼ þ 

ðb 1Þ    ðb 2 1 Þ 2

¼ ðb aÞ2 þ ða 1Þ2

ð b 1Þ2

¼ ½ðb 1Þ  ða 1Þ2 þ ða 1Þ2

ðb 1Þ2

 

¼   2ða 1Þ    ða 1Þ2 1 þ 2 ð b 1 Þ ð b 2 1 Þ ¼ 1 2p þ 2p2:                      ð31:3Þ

Note that from Eqs. (31.2) and (31.3), P1 and P2 can be written as

P    1    1 ¼ þ ð pÞ; 1              1    2

2    2

P    1    1        2 ¼ þ ð p Þ: 2              1    2

2    2

It therefore looks like the probability of a downward elevator when there are n elevators is

 

P   1    1        n 1 ¼ þ ð 2 n p Þ ;   n ¼ 1; 2; 3; . . .             ð31:4Þ 2 2

 

{ If the latter was not the case the two elevators could not compete with each other and the first elevator would always be coming up.
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b floors

G                             floor a

floor a  – 1

a – 1 floors

floor 1

Figure 31.2   The Gamow–Stern elevator problem.

 

Let us prove Eq. (31.4) by induction. Clearly, the formula is correct for n ¼ 1. Let us now prove that it is correct for n þ 1 assuming it is correct for n. We have

Pn þ1¼ Prffirst out of ðn þ1Þ elevators is going downg

¼ Prffirst out of n elevators is going down and ðn þ 1Þth elevator is going downg

þ 1 Prf first out of n elevators is going up and ðn þ 1Þth elevator is within ða 1Þ

2

floors above G and going downg:

The 1=2 in the above is due to the equal chance for both top and bottom elevators to reach G first (just like in the derivation of P2 in Eq. (31.3)). Therefore,

 

P              1 n þ1 ¼ P ð n 1          2 1 p Þ þ   f ð Pn Þpg

2

 

¼ P 1 n ð 2pÞ þ p    1 1 n ¼ þ ð 1 2 p Þð1 2pÞ þ p 2 2

 

¼ 1    1        n þ 1 þ ð 1 2 p Þ: 2 2

Hence, we have established Eq. (31.4) by mathematical induction. Also since j12 pj G 1, we have

lim P    1 n ¼ :

n ! ¥      2

This means that, contrary to what Gamow and Stern initially believed, as there are ever more elevators, the probability of a downward elevator gets ever closer to 1/2. Problem 32

 

Monty Hall, Cars, and Goats

 

(1975)

 

Problem. In a TV prize-game, there are three doors (X, Y, and Z). One of them conceals a car while the other two doors hide a goat each. A contestant chooses one of the doors, say X. The game host knows which door hides the car and opens a door, say Y, which has a goat behind it. The host then gives the contestant the options of either sticking to her original choice (i.e., X) or of switching to the other unopened door (i.e., Z). Which is the better option?

 

Solution. Let C ,           be the events that, respectively, doors X C , and Y C Z X, Y, and Z hide the car. Let H be the event that the host opens door . Now, since the question assumes Y Y the contestant initially chooses door X and the host opens door Y, switching will be a winning strategy only if the car is behind door Z. That is, the probability of winning the car if the contestant switches is Pr                                        { f C Z j H Y g , where by Bayes’ Theorem

 

Pr                                  Prf HY j CZgPrfCZg f C j Z H g ¼ Y Pr f H j g Pr f Y C f Pr f     f X C g þ X H j Y C g Pr g þ Pr Y C    j Y H Y C gPrf ZC g Z

ð1Þð1=3Þ

¼

ð1=2Þð1=3Þ þ ð0Þð1=3Þ þ ð1Þð1=3Þ

¼ 2 :

3

In the above calculation, we have assumed that, when the host has two possible doors to open (i.e., if the car was behind door X), she is equally likely to open any one of them. Further, since the host does not open the door that hides the car, we have Pr fC j Y H g ¼ 0, so that Y

Prf CX j HY g þ PrfCY j HY g þ PrfCZ j HYg ¼ PrfCX j HY g þ PrfCZ j HYg ¼ 1:

{ See Problem 14.
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The probability of winning the car if the contestant “sticks” is therefore

 

Prf                             1 C j X          1 H Y g ¼    Prf   j C Z    Y     3 H g ¼ :

 

Thus, the contestant should always switch as she then has twice the probability of winning than if she sticks to her original choice.

 

32.1 Discussion

This problem, in the form presented above, was first put forward by the American biostatistician Steve Selvin in a 1975 Letter to the Editor to the journal American Statistician (Selvin, 1975a). Such has been the contentious nature of the problem that it is worth revisiting Selvin’s Letter. In the first part of the latter, Selvin writes

It is “Let’s Make a Deal” - a famous TV show starring Monty Hall.

MONTY HALL: One of the three boxes labeled A, B and C contains the keys to that new

1975 Lincoln Continental. The other two are empty. If you choose the box containing the

keys, you win the car.

CONTESTANT: Gasp!

MONTY HALL: Select one of these boxes.

CONTESTANT: I’ll take box B.

MONTY HALL: Now box A and box C are on the table and here is box B (contestant

grips box B tightly). It is possible the car keys are in that box! I’ll give you $100 for the box.

CONTESTANT: No, thank you.

MONTY HALL: How about $200?

CONTESTANT: No!

AUDIENCE: No!!

MONTY HALL: Remember that the probability of your box containing the keys to the

car is 1/3 and the probability of your box being empty is 2/3. I’ll give you $500.

AUDIENCE: No!!

CONTESTANT: No, I think I’ll keep this box.

MONTY HALL: I’ll do you a favor and open one of the remaining boxes on the table (he

opens box A). It’s empty! (Audience: applause). Now either box C or your box B contains

the car keys. Since there are two boxes left, the probability of your box containing the keys

is now 1/2. I’ll give you $1000 cash for your box.

WAIT!!!!
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Table 32.1   Selvin’s Original Solution to the Monty-Hall Problem (Selvin, 1975a) Keys are          Contestant          Monty-Hall           Contestant           Result in box            chooses box           opens bat             switches

A             A          B or C        A for C or B       Loses A             B          C          B for A         Wins A             C          B          C for A         Wins B              A           C           A for B          Wins B              B           A or C        B for C or A       Loses B              C           A           C for B          Wins C              A           B           A for C          Wins C              B           A           B for C          Wins C              C           A or B        C for B or A       Loses

 

Is Monty right? The contestant knows that at least one of the boxes on the table is empty.

He now knows that it was box A. Does this knowledge change his probability of having

the box containing the keys from 1/3 to 1/2? One of the boxes on the table has to be empty.

Has Monty done the contestant a favor by showing him which of the two boxes was empty?

Is the probability of winning the car 1/2 or 1/3?

CONTESTANT: I’ll trade you my box B for the box C on the table.

MONTY HALL: That’s weird!!

HINT: The contestant knows what he is doing!

In the second part of his Letter, Selvin proceeds to mathematically justify the con-testant’s decision to switch. He presents Table 32.1 which shows that, for a given box containing the keys, switching makes the contestant win in two out of three equally likely cases.

However, only 6 months later, Selvin was back with another {  Letter to the Editor

(Selvin, 1975b), complaining

I have received a number of letters commenting on my “Letter to the Editor” in The

American Statistician of February, 1975, entitled “A Problem in Probability.” Several

correspondents claim my answer is incorrect.

Selvin then provides a more technical proof that the contestant who switches doubles her chances of winning than the one who “sticks.”

Let us now fast forward to 25 years later. In 1990, Craig Whitaker, a reader of Parade Magazine asked the very same question to columnist Marilyn vos Savant{

 

{ In this second Letter, the phrase “Monty Hall Problem” appears for the first time in print. The Monty Hall Problem is also discussed in Gill (2010, pp. 858–863), Clark (2007, p. 127), Rosenthal (2005, p. 216), Georgii (2008, pp. 54–56), Gardner (2001, p. 284), Krishnan (2006, p. 22), McBride (2005, p. 54), Dekking et al. (2005, p. 4), Hayes and Shubin (2004, p. 136), Benjamin and Shermer (2006, p. 75), and Kay (2006, p. 81). { In 1985, the Guinness Book of World Records gave vos Savant the world’s highest IQ, with a score of 228.
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Figure 32.1   Paul Erdo s (1913–1996).

 

(b. 1946). The latter gave the same correct answer: the contestant should switch. This is when the storm really started. As a consequence of her answer, vos Savant received thousands of letters, some very acrimonious. Most responders argued that vos Savant was absolutely wrong, and that it did not matter whether the contestant switches or sticks to her original choice. The following is the argument that the proponents of the “no-switch” strategy put forward, and it does seem very convincing:

Once the host opens a door which hides a goat, there are only two doors left. One surely

hides the prize and one does not. So it would seem that it does not matter if one switches or

not, since each of the two doors would apparently have the same chance (i.e. 1/2) of hiding

the prize.

One can see the principle of indifference{ at play in the above argument. Even more baffling is the fact that among those who believed this erroneous argument were many mathematicians, some of the highest caliber. Paul Erdo s (1913–1996) was one of them (Fig. 32.1). Erdo s was unarguably the most prolific of all mathematicians

 

{ See pp. 135–137.
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ever, having published in a whole gamut of fields including combinatorics, number theory, analysis, and probability. However, the Monty Hall Problem proved to be a trap for him. In his interesting biography of Paul Erdo s, Hoffman (1998, p. 237) recollects the pains that mathematician Laura V azsonyi had to go through in trying to convince Erdo s on the correct solution to the problem. Hoffman writes

“I told Erdo s that the answer was to switch,” said V azsonyi, “and fully expected to move

to the next subject. But Erdo s, to my surprise, said, ‘No, that is impossible. It should

make no difference.’ At this point I was sorry I brought up the problem, because it was

my experience that people get excited and emotional about the answer, and I end up with

an unpleasant situation. But there was no way to bow out, so I showed him the decision

tree solution I used in my undergraduate Quantitative Techniques of Management

course.” V azsonyi wrote out a “decision tree,” not unlike the table of possible outcomes

that vos Savant had written out, but this did not convince him. “It was hopeless,”

V azsonyi said. “I told this to Erdo s and walked away. An hour later he came back to me

really irritated. ‘You are not telling me why to switch,’ he said. ‘What is the matter with

you?’ I said I was sorry, but that I didn’t really know why and that only the decision tree

analysis convinced me. He got even more upset.” V azsonyi had seen this reaction before,

in his students, but he hardly expected it from the most prolific mathematician of the

twentieth century.

Let us examine the fallacy that, since there are only two doors in the final stage of the game and only one hides the car, it should not matter if we switch or not. The most intuitive argument that the probability of any one door hiding the car cannot be 1/2 was provided by vos Savant (1996) herself:

Here’s a good way to visualize what happened. Suppose there are a million doors, and you

pick door number 1. Then the host, who knows what’s behind the doors and will always

avoid the one with the prize, opens them all except door number 777,777. You’d switch to

that door pretty fast, wouldn’t you?

Indeed, once the contestant makes an original choice out of d possible doors, her probability of winning is 1/ d. At the final stage, when all but one of the doors has been simultaneously opened, there are only two doors left. The initially chosen door still has a probability of 1/d of hiding the car while the other door now has a probability (d 1)/d. By switching, the contestant increases her chance of winning by a factor of (d 1). If d ¼   6 10, this is an increase by a factor of 999,999.

The Monty Hall Problem can be historically traced to the {  Box Problem  in

Bertrand’s Calculs des Probabilit es (Bertrand, 1889, p. 2). In that problem, recall the initial probability of choosing box C (containing one gold and one silver coin) is 1/3, and remains 1/3 once a silver coin is drawn from one of the boxes (the two other boxes, A and B, contain two gold and two silver coins, respectively). This is similar to the probability invariance in the Monty Hall Problem.

 

{ See Problem 18. For an exhaustive list of the different versions of the Monty Hall Problem, see Edward Barbeau’s Mathematical Fallacies, Flaws, and Flimflam (Barbeau, 2000, p. 86).

32.1 Discussion 269

[image: ]

 

Figure 32.2   Martin Gardner (1914–2010). [Picture licensed under the Creative Commons Attribution-Share Alike 2.0 Germany license.]

 

A more recent ancestor of the Monty Hall Problem is the {  Prisoner’s Problem  ,

initially posed by Gardner (1961, pp. 227–228) (Fig. 32.2):

A wonderfully confusing little problem involving three prisoners and a warden, even more

difficult to state unambiguously, is now making the rounds. Three men - A, B, and C - were

in separate cells under sentence of death when the governor decided to pardon one of them.

He wrote their names on three slips of paper, shook the slips in a hat, drew out one of them

and telephoned the warden, requesting that the name of the lucky man be kept secret for

several days. Rumor of this reached prisoner A. When the warden made his morning

rounds, A tried to persuade the warden to tell him who had been pardoned. The warden

refused.

“Then tell me,” said A, “the name of one of the others who will be executed. If B is to

be pardoned, give me C’s name. If C is to be pardoned, give me B’s name. And if I’m to be

pardoned, flip a coin to decide whether to name B or C.”

“But if you see me flip the coin,” replied the wary warden, “you’ll know that you’re

the one pardoned. And if you see that I don’t flip a coin, you’ll know it’s either you or the

person I don’t name.”

“Then don’t tell me now,” said A. “Tell me tomorrow morning.”

The warden, who knew nothing about probability theory, thought it over that night and

decided that if he followed the procedure suggested by A, it would give A no help whatever

in estimating his survival chances. So next morning he told A that B was going to be

executed. After the warden left, A smiled to himself at the warden’s stupidity. There were

 

{ Not to be confused with the Prisoner’s Dilemma, which is a Newcomb-type classic problem in decision theory (see Problem 25).
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now only two equally probable elements in what mathematicians like to call the “sample

space” of the problem. Either C would be pardoned or himself, so by all the laws of

conditional probability, his chances of survival had gone up from 1/3 to 1/2. The

warden did not know that A could communicate with C, in an adjacent cell, by tapping in

code on a water pipe. This A proceeded to do, explaining to C exactly what he had said to

the warden and what the warden had said to him. C was equally overjoyed with the

news because he figured, by the same reasoning used by A, that his own survival chances

had also risen to 1/2.

Did the two men reason correctly? If not, how should each have calculated his chances

of being pardoned?

Of course, the two men did not reason correctly. A’s probability of being pardoned remains 1/3, whilst C’s probability of being pardoned is now 2/3.

Such is the charm of the Monty Hall Problem that Jason Rosenhouse has recently devoted a whole book to it, The Monty Hall Problem: The Remarkable Story of Math’s Most Contentious Brainteaser (Rosenhouse, 2009). The author considers several variations of the classical Monty Hall Problem. In one of the variations { (p. 57),

In a TV prize-game, there are three doors (X, Y, and Z). One of them conceals a car

while the other two doors hide a goat each. A contestant chooses one of the doors, say

X. The game host does not know which door hides the car and opens one of the other

two doors. The door (say Y) happens to have a goat behind it. The host then gives the

contestant the options of either sticking to her original choice (i.e., X) or of switching

to the other unopened door (i.e., Z). Which is the better option? The key point to note in this problem is that the game host does not know which door hides the car. Thus when she picks a different door from the contestant, it is not a sure thing that it will hide a goat. This contingency therefore needs to go into the calculations. Therefore, let G be the event that door Y hides a goat. Then the Y

probability that the contestant wins if she switches is

 

Pr                                  Prf G j Y C gPrf ZC g Z f C j g ¼ Z G Y Pr f G Y j C Pr X g f C X g þ Pr f G Y j C Y g Pr f C Y g þ PrfGY j CZgPrfCZg

¼       ð1Þð1 =3Þ

ð1Þð1=3Þ þ ð0Þð1=3Þ þ ð1Þð1=3Þ

¼ 1 :

2

This time it does not matter if the contestant switches or not.

 

{ See also Rosenthal (2008).

Problem 33

 

Parrondo’s Perplexing

 

Paradox (1996)

 

Problem. Consider the following games G1, G2, and G3, in each of which $1 is won if a head is obtained, otherwise $1 is lost (assuming the player starts with $0). G1: A biased coin that has probability of heads .495 is tossed. G2: If the net gain is a multiple of three, coin A is tossed. The latter has probability of heads .095. If the net gain is not a multiple of three, coin B is tossed. The latter has probability of heads .745.

G3: G1 and G2 are played in any random order. Prove that although G1 and G2 each result in a net expected loss, G3 results in a net expected gain.

 

Solution. For game G1 the net expected gain is $1(.495) $1(.505) ¼ $.01.

 

For game G2, let fXng denote the net gain of the player after n tosses. Then, given

 

all the prior values of the net gain, the value of f X g depends only on fXn1g, that is, n { f ~ { X n g is a Markov chain. Moreover, X n ¼ X mod 3 is also a Markov chain with n states {0, 1, 2} and transition probability matrix

2            3

0     0    :095   :905

P2 ¼ 1   :255    0    :745 4 5:

2    :745   :255    0

f 0         1         2 zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

 

{ A Markov chain is a random process {Wt, t ¼ 1, 2, . . .} such that Pr{Wtþ1     tþ1| ¼ wWt        t, ¼ w Wt–1      t–1, ¼ w. . ., W1 ¼ w1} ¼ Pr{Wtþ1 ¼ wtþ1|Wt ¼ wt }, that is, the probability of the “future, given the present and the past, depends only on the present.” Markov chains are discussed in more details in Lawler (2006), Parzen (1962), Tijms (2003), Grimmet and Stirzaker (2001), and Karlin and Taylor (1975).

{ That is, ~ Xn is the remainder when X

n is divided by 3.
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After an infinitely large number of tosses, the probabilities p ¼ ½p0; p1; p2 that f ~ X ng occupies each of the states 0, 1, and 2 (i.e., the stationary distribution of ~ X ) are n given by

pP2 ¼ p:

By solving

:255p1 þ :745p2 ¼ p0;

:095p0 þ        :255p2 ¼ p1; :905p0 þ :745p1         ¼ p2;

subject to p0 þ p1 þ p2 ¼ 1, we obtain p ¼ ½:384; :154; :462. The expected win for a single toss is thus .384(.095) þ .154(.745) þ .462(.745) ¼ .495 dollars, and the expected loss is .505 dollars. Therefore game G2 results in a net expected loss of $.01.

 

For game G3, we similarly define fY g to be the net gain after n tosses, and we let n Y ~                    ~ n ¼ Y mod 3. Then n f Y   is a Markov chain with transition matrix n g

P   1 ¼ ðP þ P Þ;                   ð : Þ 3          1      2                                    33 1

2

where P1 is the transition matrix for game G1, that is,

 

2            3

0     0    :495   :505

P     4            5 1 ¼ 1 : 505 0 : 495 :

2    :495   :505    0

f 0         1         2 zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

 

The factor 1/2 in Eq. (33.1) takes into account that, in game G3, games G1 and G2 are played at random. Equation (33.1) becomes

 

0 2            3 0 0         1         2 zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ f

:295   :705

P3 ¼ 1    380    0    :620 4 5 : :

2    :620   :380    0

 

The stationary distribution of f ~ Y g is   ¼ ½ n nn0; n1; n2, where

nP3 ¼ n:

Solving like before, we obtain n ¼ ½:345; :254; :401. The expected win for a single toss is thus .345(.295) þ .254(.620) þ .401(.620) ¼ .508 dollars, and the expected loss is .492 dollars. Therefore game G3 results in a net expected gain of $.016.
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33.1 Discussion

This problem is truly counterintuitive because, by randomly playing two losing games, the player comes out a winner! This is, in essence, what the Spanish physicist Juan Manuel Rodriguez Parrondo (b. 1964) (Fig. 33.2) discovered in 1996 and presented at a workshop in Torino, Italy (Parrondo, 1996).{ The result was then first published by Harmer and Abbott in 1999 in the journal Statistical Science and was called                      { Parrondo’s Paradox . Following Parrondo’s original formulation, Harmer and Abbot used the following parameters for the games:

G1 : Prfheadsg¼:5«; Prftailsg¼:5 þ«: >  >  9

G =  2  :  If netgainisamultipleof 3  ;  tosscoinA  :  Pr  f  heads  g¼  :  1   «  ;  Pr  f  tails  g¼  :  9  þ  «  :

G Otherwise ; tosscoinB : Prfheadsg¼:75«; Prftailsg¼:25þ«: >  >  ;  3  :  Randomlyplay  G  1  and  G  2  :

ð33:2Þ

In the above, « is assumed to be a small positive number. Using the same reasoning as the one in our solution above, the net expected gain (or value) for each of the games can be shown to be (e.g., see Epstein, 2009, pp. 74–76)

EG1 ¼ 2«; EG2 ¼ 1:740« þ Oð«2Þ; EG3 ¼ :02541:937« þ Oð«2Þ:

Substituting « ¼ :005, we get the same values as in our solution. Parrondo has also run simulations} to show how switching between two disadvantageous games can be advantageous (see Fig. 33.1).

Dworsky (2008, pp. 221–224) provides a simpler demonstration of Parrondo’s Paradox, one that does not use Markov chains. Consider the playing board in Fig. 33.3. A player moves along black and white sections of a playing board, starting on the center. Each time two dice are thrown, and the player moves forward or backward depending on the total score. When the player reaches the rightmost black section, she wins; when she reaches the leftmost black section, she loses. In game X, if the player is in a black section, then she moves forward if the total score is 11, and backward if it is 2, 4, or 12. On the other hand, if the player is in a white section, then she moves forward if the total score is 7 or 11, and backward if it is 2, 3, or 12. If none of these scores are obtained, the player stays put. This is shown in Table 33.1(a) This table also shows the rules for game Y. Finally, in game Z, the player randomly switches between games X and Y. In Table 33.1(b), the number of ways the scores can be obtained is shown. For

 

{ See Harmer and Abbott (2002).

{ Parrondo’s paradox is also discussed in Epstein (2009, Chapter 4), Havil (2007, Chapter 11), Clark (2007, p. 155), Dworsky (2008, Chapter 13), Mitzenmacher and Upfal (2005, p. 177), and Darling (2004, p. 324). } See http://seneca.fis.ucm.es/parr/.
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2                                        [3, 2]

1.5                                                 [2, 2]

Random

1

 

0.5                                                 [4, 4]

Gain

0

–0.5

 

–1                                          Games A

–1.5                                                Games B

0       20      40      60      80      100

Games played

Figure 33.1 Simulations based on 5000 runs showing Parrondo’s Paradox. Games A and B refer to

games G1 ad G2 in the text. [a, b] refers to G1 and G2 being played successively a and b times. The value of « is taken to be .005. (Figure courtesy of Juan Parrondo.)

 

example, if the player is in a white section in game X, the scores 7 or 11 (first entry in Table 33.1(a)) can be obtained through (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (5, 6), (6, 1), (6, 5), a total of 8 ways (first entry in Table 33.1(b)).

Now for any one game, the probability of winning is the number of ways of moving to the right divided by the total number of ways of moving to the right or left.

[image: ]

 

Figure 33.2   Juan Parrondo (b. 1964) (Photo courtesy of Juan Parrondo.)
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Lose                       start                         win

 

backward                        forward

Figure 33.3   Playing board for Parrondo’s game.

 

Therefore,

 

Pr winning game f Xg ¼              ¼ :444; 8 ð8Þð2Þ

ð Þð2Þ þ ð4Þð5Þ

and

 

Pr winning game f Y g ¼              ¼ :444: ð ð2Þð8Þ 2Þð8Þ þ ð5Þð4Þ

Now, consider game Z where the player starts with any one game and randomly switches between games X and Y. Then the average number of forward moves is

 

ð8 þ 2Þ ð2 þ 8Þ 2                  ¼ 25 ; 2

and the average number of backward moves is

 

ð4 þ 5Þ ð5 þ 4Þ 2                  ¼ 20:25: 2

Hence,

Pr winning game f          25 Z g ¼     ¼ :552 :

25 þ 20:25

Thus by randomly mixing two disadvantageous games, an advantageous one is obtained.

Why does Parrondo’s Paradox actually occur? Consider the specific example given in Problem 33. Note that game G1 is only slightly biased against the player.

 

Table 33.1   Illustration of Parrondo’s Paradox

Game X                        Game Y

White            Black             White            Black

(a)

Forward             7, 11              11                11                7, 11 Backward           2, 3, 12           2, 4, 12            2, 4, 12            2, 3, 12 (b)

Forward             8                 2                 2                 8 Backward           4                5                5                4 276   Problem 33 Parrondo’s Perplexing Paradox (1996)

Concerning game G2, if the player’s net gain is a multiple of 3, then she tosses coin A that is heavily biased against her. On the other hand if the net gain is not a multiple of 3, then she tosses coin B that is less heavily biased in her favor. Because of the heavier bias of coin A, G2 is still biased against the player. Now, when the games are mixed, the player gets to play game G1 sometimes. Since G1 is almost fair, the heavy bias of coin A against the player is reduced. Similarly, the bias of coin B in favor of the player becomes less. However, because coin B is tossed more often than coin A, the reduction in the bias of coin B is less than that of coin A, so that the net positive bias of B now overcomes the net negative bias of coin A. Thus, when the games are switched, the game becomes favorable to the player.

Parrondo’s Paradox is regarded by many as a truly path-breaking phenomenon. For example, Epstein (2009, p. 74) states it is potentially

. . .the most significant advance in game-theoretic principles since the minimax process.

Pickover (2009, p. 500) adds

Science writer Sandra Blakeslee writes that Parrondo “discovered what appears to be a new

law of nature that may help explain, among other things, how life arose out of a primordial

soup, why President Clinton’s popularity rose after he was caught in a sex scandal, and why

investing in losing stocks can sometimes lead to greater capital gains.” The mind-boggling

paradox has applications ranging from population dynamics to the assessment of financial

risk.

However, some of these claims seem to be exaggerated. After all, the winning strategy in Parrondo’s Paradox is obtained by a rather contrived set of rules. Iyengar and Kohli (2004) admonish

One view that has caught the imagination of many people is that Parrondo’s paradox

suggests the possibility of making money by investing in losing stocks. . . Even if stock

markets were exactly modeled by the types of games considered by Parrondo, the strategy

to use would be the obvious one suggested by the above analysis: sell stock that has

particularly poor prospects and buy stock with better prospects; this way you will always

do better than if you randomize over losing stocks.

They further add

Parrondo’s paradox is suggested to possibly operate in economics or social dynamics to

extract benefits from ostensibly detrimental situations. Harmer and Abbott [1] suggest the

example of declining birth and death rates. Each by itself has a “negative” effect on a

society or an ecosystem, but declines in both together might combine with “favorable

consequences” . . . there is no reason, as far as we know, to believe that one or both of the

rates of births and deaths have the structure of a Markov chain or that nature can somehow

randomize between births and deaths, to create a realization of Parrondo’s paradox.
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5

Frasa xy
DOUTES

ET QUESTIONS
SUR LE CALCUL
DES PROBABILITES.

57 %) N fe plaint affez communément
ﬁ que les formules des Mathéma-
iciens , appliquées aux objets
nature , ne fe trouvent que troj
en défaut. Perfonne néanmoins n’avoit
encore appergu Ou Cru appercevoir gt
inconvénient dans ce calcul des Proba-
bilités, Yai ofé le premjer propofer des
doutes () fur quelques principes qui
fervent de bafe g\ce calcul. De gands
Géometres ont jugé ces doutes dignes
d'attention; d’autres grands Géometres
les ont trouvés abfirdes ; car pour uot
adoucirpis-je les termes dont 1ls fe font
fervis P'%a queftion eft de favorr s'ils
ont eu tort de les employer, & en ce

{a) Opufcules mathdmatiques , T- 11 Mém, X,
M vi
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402 Extrait d'une Lettre , O,

c'elt 4 quijoue, lequel en amenant un nombre pairprend
un écuau jea cciame B 5 maisil ne met rien au jea quand.
il amene un nombre impair, & ils continuent jufqu’d ce
qu'il ne refte plus rien au jen, covjours avec cerre condi-
tion, qu'ils preanent Pun &l'autre un écu du jeu quand ils
amencnt un nombre pair; mais que Bfeul mee un éeuau
jeuquand il amene un nombre impair, on demande leurs
fores.. Duatrieme Problime. A promer de donner un éeu
2 B, fiavec undé ordinaire il amene au premicr coup fix
points,, deux écas s'il amene le fix au fecond, erois écus
s'il amene ce pointau croifiéme coup, quatre écuss'il '~
mene au quatriéme,, 82ainfi de faite ; on demandequelle
eft lefperance de B. Cingaiéme Problime. On demande
1a méme chofe fi 4 promer 4 B de lui donnerdesccus en
cetee progreflion 1, 2, 4, 8, 16, &c¢. ou1,3, 9,27, &c.
OUT, 4 9,16, 25, &e. 0uT, 8,27, 64, &c. au lieu de
%,2,3, 4, §, &C comme auparavant. Quoique cesPro-
blémes pour la pldpart ne foient pas difficiles, vousy crou-
verés pourtant quelque chof¢ de fort curienx : je vous ai
déja propoféle premier dans ma derniere Lettre. Vonsme
ferés plaifir de me communiquer enfin vorre folution du
Her, 2fa que je puiffe vous donner I'explication de mon
Anagramme. Au refte, Monfieur, je me réjovisde ceque
voure fanté eft meilleare ; mais je vous plains de ce que
ous avés perdu votre Princeffe, j'2i I'honnear d’étreavec
-nn arrachement inviolable,

MONSIEUR,

Votre tres humble & tres
obéiflane Serviceur

N. BErNoULLY,
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DES ®ROBABILITES. 3
‘quelgues-unes des 16 combinaifons fe touveront répé-
tées. Or je crois que les combinaifons qui feront répé-
sées e plos rarcment , & qui peut-£tze 'arciveront point
du-tou dans un grand nombre de jers , fesont celles
dans lefqueles croix fe trouve quatre fois de fuite , ou
pile quasce fois de fute. D'apris certe caplrience , répés
‘e un grand nombre de fois de fuite, 0 pourtoit peus-
&erc cftimer le rappore des probabilités, pax le nombra
des événemens. 1i eft vaai que le séfuleat poursa haiffer
des doutes; & que dilleurs Fespérience feroit impraci
cable, i le nombre des jezs,au lieu dtre de quare,
ainfi quon Pa fuppofé, éroic beaucoup plus grand , com=
me de cenc; mais voild, ce me femble, le feal moyen
de parveni en ce cas'a un eéfaleac qui foit au moins
‘appeochan: da vaai.

XV.

‘Vienons an autres exemples que ai promis dans I'An
sicle poéobdent, du peu d'ésalizude du calcul ordinaize
des probabilités.

Dans ce caloal, en combimnt tous les dvéoemens
pollibles , on fait deu fuppofitions.qui peavent, ce mo
femble , étre contefides.

La premiece de ces fuppoficions ef, que fi un méme:
vénement et déa anivé pluficurs fois de fite, par
axemple i au jeu de croise ou il , croix eftarrivé trois
fois de fuite, il et dgalemen probable que croix ou pile
asivesont au guamiéme coup?Or je demande f.cene

" SUR LZ CALTUL
fuppolicon eft biea vraie , & f le nombee de fois qus
eroix oft déja activé de fuite pac I'hypochdfe , ne read

pas plus probable Faivée de ik au coup fuivant? Car
eﬂﬁﬂ il n'eft pas vraifemblable, il eft méme phyfipue:
ment impofible que pile n'asive jamais. Donc plus croix
fera artivé de fois confécutives, plus il eft vraifembla-
ble que pile doic amives lo coup denfuice. Si cela e,
comme il me pacole qu'on ne fauroi gudres en difoon-
venie, la régle des combinaifons des événemess pofi-
bles eft dong cacore dfe@ucafe A cet égard.

XVL

Une autee fuppoficion que LAnalyfe fuit d'oedinaizo 5
& qui 2 du rappore & I précédente, el que dans
le nombre des combinaifons poflibles, celle qui ame-
nera. plufieurs fois de fuke le méme événcment , eft
auffi poffible que chacune des autres en particulicr. Par
exemple, daos un jeu o oa doit jouer A crois ou pile
en cent coups, an regarde la combinaifon qui amenera
roix cent fois de fuice , comme auffi polible que chas,
cune de celles o croix & pile feront méls. Oc jo
demande fi cette fuppofition cf biea jufle ; puifqu'il e
phyfiquemens cenain (5. X & X 1.) que crox w'amivers
jamais cent fois de fuite , & quil ne Peft pas quane
combinaifon ob croix & pile fecoicnt mélés & volontd
arrivesa pas. On peuc céduire cecl & la quattion fui-
vance. Que A reprélence croix & B pil, la combinai-
fon 4.4.4.4.4.444 &c. doivele éme regacdée conime
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RATIOCINIIS

IN
LUDO ALE A

Tfi lufionum, quas fola fors moderatur, incerti folent
effe eventus, attamenin his,quanto quis ad vincendum
quim perdendum propior itcertam (emper habet de-
£) REJ £ rerminationem. Ut fi quis primo jau und tefferd fe-
‘e % narium jacere contendat,incertum quidem an vincet;
at quantd verifimilius it eum perdere quim vincere, reipsd defini-
tumet, calculodue fubducitur. Ita quogue, ficum aliquo'certem
hic ratione , ut ternis lufibus conftet vi&oria, atque ego jam unum
lufum vicerim , incertum adhuc uter noftrum prior tertii viStor fit
evafurus. Verdm quanti ex(pe@atio mea, & contra quanti illiusy
aftimari debeat, certiffimo ratiocinio confequi licet atquehine de-
finire, filudum uti eft imperfecum linquere inter nos convenerity
quantd major portiocjus quod depofitum eft mihi quim advefario
meotribuendaeffet: vel etiam i quis in locum fortem{ue meam fac-
cedere cupiat, quo pretio me cam ipf vendere zquum (. Ague
hincinnumerz exoriri polfunt inter duostres. plurélve
collufores. Cumlt:;minime vulgaris it hujulmodi fupputaio , &
fzpe utiliteradhibeatur, breviter hic qui ratione aut methodo ex-
pedienda (it exponam, ac deinde etiam, qu ad aleam fivetefleras
proprid pertinent,explicabo.

o;locmmn utrobique utar fundamento: nimirum, in alez ludo
tanti zftimandam dg cujufque l’oru‘tlm feu expeationem ad q‘ul:d

vy
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258 DETERMINATION OF AX ORIIT FROM [Boox 11

(b cannt b deiod e o i, pproscin the b fio anther
oin o v, i pon wd fmeion, el o wire, sl e
e, th s prinpe, the cxlec of whih s gy eknovllgs,
depen T4 s been ety oy (0 rend 4 an st bypths
e I sny iy b b detained by vl dirc ahseratio, mad
e the e s 40 wih eqal e, e el s of e
et el e he st pobable vlo, i 20k igroly, yo vey
ey 4 T, 20 by s e fo ol 0 4. By pukin,
e,
V=P—raamp
v gt o bave i g,
=P+ O —p) o (O =) ola 0,

it of p i bitctad the oo

Lok g ),
astre posiv ity  exgemes. By oo, b,

Ha— ey,
vl v i gtk i, franypotiv g vl of

o (=1 N=(1—p) g/ (— ),

whenn it i edly nurd tht % st b  contant quatit, whih we will
desta by . Haooe wehave

Vg 4= 1444 Constat,

denotng e b of the hypesbolic oguithns by ¢ and i
Constast =log .
Morsovr i n ey percived that & . b neative i odertht 2 ony
el becns o maizum, o whiehroson wo sball put
[re——,
o e by the cloguat theorcs it dicovored by Lareics he ftagral
Jetssds

Sor. 8] ANT SUNBER OF OBSERTATIONS. 20

= = £ Y, (g by b s of

m

Tho function st fnd casnot, s e, exprems igoroly the probabiin
of the errors: for s the pomleeror ar il case contised witin certain
Vi, theprobabilty of errrs exceoling thos Lt osght beays o bo er.
il our omul. lvags gives e alu.Howerer, i defct, which evr
anaytinl fenton mosfrom e matur, labor under, s of 20 importance in
pracice, b tho vals of ou function decrowes % rapdly, vhen A bax
acquied  consderble maguitde, i it can ey be conidred s uising
B, the ator of the sject ever admit of amigaing with bl e
e it of ere.

Fioaly, the consant A can b comsidrsd a the measu of precsin of the
absrvaions For f the probbilly of the eror i soppased 1 be expremed
i 10y o0 e of ohsrvtins by

b expectato, . the ror of any charratin in the former e s con-

ained betwosn e lmit — 8 a8 will b cxprmed by tho ntognl
Jhevuas

ke fvm 4= —8 1 4 =+, 40 i the s aee th expectatin, st

e aro o aay obervation i th Lt ysem does 0t excod he s —&

a0 il b expromed by th integal

L ias
extenled from o — o 4= 0 bk bt inegrl sty bocome
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i e oms pronsRITES
Pierre ost diminode. Parmi les quatre cas possibles, ceax dans
lesquels Pierce vainc dans un conp est vainqueur dans I'autre
500t moins vraiserblables que ceux dans lesquels ses deax boules
ont e méme sort.

4. Une remarque encore est néces i est pas un
nombre; on se doit pas, saos explication, Uintroduire dans les
récision. llusoire des mots pourrait faire
au hasard, eatre un nombre

misonnements. La
oaltre des contra
infini de cas possibles,
On demande, par exemple,
entier ou fractionmaire, commensursble ou
choisi au hasard eoire o et 100, soit pl
réponse scuble évidente :
‘moitié de colui des cas possibles. La probal
Auiea du nombre, cependant, on peat ch
mombre est compris entee 30 et 100, le carré le sera entre 3500

grand que So. la
le nombre des cas favorables st la

et 10000,
La probabilité pour qu'on nombre choisi au hasard snice o
500 semble évidente : le nombre des cas favo-

Les deux. problémes sont identiques. D'od vient ln différence
des réponsea? Les éooncés manguent de précision.
geore peovent dtre multiplides &

3. On teace au hasard une corde dans u cercle. Quelle est Ia
probabilits pour qu'alle soit plas petite que le c0ié du triangle
équilatéral inserit?

On peat dire - si I'ane des extrémités de la corde est connue, ce
renseignement ne change pas a probabilit; s symétrie du corcle
ne permet d'y atacher sucune influcnce, favorable oo défavorable
A Parrivée de Pévénement demands.

L'ane des extrémités de Ia corde éwnt connue, I direction doit
dure réglée par lo hasard. Si 'on trace les deux ctés du triagle
équiatéral ayant pour sommet le point doant, ils forment entre
eux et avee Ia tungente trois angles de 6c°. La corde, pour étre

AP, 1. — ExeudaaTIox OmS GRS 5

plos grande que le cdté da wisagle quilatéral, doit se roaver
dans celui des troia angles qui est compris entre les deus sutres.

La probabilité pour que le hassrd entre trois angles égaux q
peaveat le recenoir le dicige dans celai- semble, par déBnition,
dpole b 4.

Oo peat ction de la corde, ce

renseignement ne change pas la probabilit. La symétrie du cercle
pe peimet 'y auiacher aucane inflacnce, favorable oa défavorsble.
& Tarrivée do événe
La diree
rande que le coué du isngle équi
des rayons qui composent le disméte perpendic
it Ia plos voisine da ceatre. La probabilis poor qu

inée, elle doit, poar dure pl
érsl, covper Pun ou lsutce
, daos la

en soit

o hasard, dest en
a corde soit plus.
grande que e coué du trisngle équilatéral, i) faut et il suffit que
I point milica sait & une distance du centre plus petite quela
moitié d rayon, clest-dice & Pintériear d'an cercle quatre f

grande que le e du
tion, égale d 1

Eatre ces trois réponses, quelle est ln
est fausse, aucuno n'est exacte, la question est mal

6. On chaisit au hasard un plan d
probabilité pour quil fusse avee I'horizo

Tespace; quelle est ls
un angle plus petit

que
On peat dire  tous les angles soot possibles entrs o et 5, la
probabiié pour que le chox tombe sar un angle faféreur 4 §
.
0n peat dive susi
rayon. perpendicalsire
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534 De Rarioc 1x Lepo Arz

Tres collufores A, B& C affamentes 12 calcalos , quorum 4 albi
& 8 nigri exiftunt, luduot bic conditione ez, qui primas iplomm
welatis oculis album calculum elegerit, vincat; & ut prima eledtio fie
penes A, fecunda penes B, & tertia peves Cs & tum fequens rurfas:
Eaun.nqu fic deinceps alternatim.. Quzritur, qoznam futurd

it ratio illorum fortium 2

A certatcum Bqudd ipfe ex 4o chartislaforiis,id ety 10 cojalqoe
fpecici, 4 chartas extra@urus fit ;itaut ex unaquaque fpecie habeat
unam. Etinvenitur ratio fortis A ad fortem B ut 1000 2d 8139.

Affamptis, ut ante, 12 calculis, 4 albis & 8 nigrisscertat A cum B,
qudd velatis oculis 7 calculosex iis exemprurus fit, inter quos 3albi
erunt. Quzritur ratio fortis ipfs A ad fortemipfs B.

A& B affumentes finguli 12 nummos ludunt tribas tefferis hic
conditione : ut »fi 11 puncia jaciantur » A tradat pummumipfiB; at
G 14 pun@a jaciantur, B tradat nummun ipfi A ; & ur ille ludum
vi@urus ft,qui primiim omnes habuerit pummos. Et inveniturratio
fortisipfius A ad fortew ipfius B, ut 144140625 ad 282429536481

FINTIS
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PENSEES
M. PASCAL

SUR LA RELIGION
ET SUR QUELQUES

AUTRES SUJETS,

Qui ont esté trouvées aprés sa mort
parmy ses papiers.

A PARIS,
Chez GuirLLaume DESPREZ,
rué Saint Jacques, & Saint Prosper.

M. DC. LXX.
Avec Privilege et Approbation.
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PROBLEM V.

TO in bow many Trisls an Evens will Probebly Ha
f,‘fv bow m:_y’y Tridls will be requifice to -‘k“z ".

ferent to lg on its H‘”mﬁ Failing ; [uppofing that a is 4

nuniber of Chances for its Happening iv any one Trial, and b the
wumber ; Chances jf:w its Fashi "

SOLUTION.

LET = be the number of Trials;. therefore by what
bhas been already demonftrated in the Introduftion
= =bror TR T =2k tb«efor::=ﬁ_‘—"l—'-
Moreover, let us reaffume the Equation ;3% = 24" ay
lmkmg 4,b:: 1, g, the Equauon will be changed into this
,+_' * = 21 let therefore 14+ be raifed atually to the
Power » by Sir Jfase Newton's Theonm, and the Equation will
be 142 2ot %&cnz. Ia this E-
?auon lf =1, r‘\en wxllxbellkzwnfe = 1; if g beinfinite,
ca will x alfo be infinite Suppofe g infinite, thea the Equa-
tion will be reduced to 1 4 -*-+ L+? &c.=12: But
the firft part of this Equznnn is the number whofe Hyperbo-
Tic mhmxs—’-, therefore = -+ =Log: 2: Bt r.heHyper-
bolic Logarithm of 2. is 0.693 ornurly 0.7; Wherefore =
0.7, and % = 0.79 very near.
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ESSAY

DANALYSE

SUR

LES JEUX DE HAZARD.

A PARIsS,
Chez JacQuE QuiLraw,Imprimeur-Juré-Librairg
de I'Univerfité, fue Galnde.

MDCCVIIL
AVEC APPROBATION ET PRIVILEGE DU ROY.
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XIL

Ceeft qu'il faut diftinguer entre cc qui eft mézaphy i~
gquemene poffible,, & ce qui eft poflible phyfiguemenss.
Pans la premicre claffe font toutes les chofes dont
Fexiftence n'a rien d’abfurde ; dans la feconde font toutes:
celles dont I'exiftence nen-feulement n’a rien d'abfurde ;
mais méme rien de trop extraordinaire, & qui ne fgit
dans le cours journalier des événemens. IL eft mezply-
_Sguemens poffible , qu'on amene rafle de fix avec deux.
dez, cent fois de fuite ; mais cela cft impoffible phy/i=
quement , parce que cela n'eft jamais amivé, & n'artis
vera jamais. Dans le cours ordinaire de la nature, le
méme événement (quel qull foit ) arrive affez rarement
deux fois de fuite, plus rarement trois & quatre fois,
& jamais cent fois confécutives; & il 'y a pegfonne
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A Method of Calculating the Probability
of Events in Play.

by A De Moivre.

BB O I AT 2

LONDON:
Viinted by W. Pearfen, for the Anthor. MDCCXVIIL
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S I AERSRIET R S

unorum accedit ex circuitibus , inuicem
Siais videlices eribas millbus fescentis icti-
bus, cuius zqualicas eft dimidium,iétus fcili-
cet mille oltingenti. In totidem enim potelt
contingere, & nion contingere. Et non fallie
totus circnitus, nifi quia in vno gemi-
nari, & bis » & ter. Hac igitur cognitio eft
fecundum conic@uram , & proximiorem 5 &
non cft ratio re@a in his : Actamen contin-
git » qudd in multis circuitibus res fuccedic
proxima conie@urz.

)6 6B ) B3 R R 68 8 ) B
CAPVT XIL

De trium Alearum iattu.

] Ema pundta imilia funs, nif vno modo,
vein precedenti ; idedque unt fex. Pun-
@a verd bina fimilia , & tertium difpar fune
triginta ; & vnumquodque contingit tribus
modis, erunt nonaginta. Pun@a verd ex,tri-
bus diffimilibus func viginti , & variantur
fex modis,erunt igitur cum iadu viginti , &
circuitus ex omnibus ducenti fexdecim , &
xqualitas in céum oo, & ponam fimplices,
& varios terminatos pro exemplo. Simpli-
ces, ergo (ex geminati cuius punéi quin-
que modis. Cam ergo ﬁmpunmn » erunt
modi triginta , feu iétuum varietates. Pro-
‘ponitur, & variatio,triplex;ve fint nonaginta.
Sed viginti , qui fonc omnes diffimiles, cum
varientar modis {ex, erunt centum, & vigin-
. Puncta ergo fimilia funt pars centclima
©0&aua zqualiatis, geminata antem cum ria
fint, erunt trigefima fexta cinfdem ; & vt in
duabu Aleis ad vnguem , eft decima ofa-
ua. Tea hic iatus cym in decem oo rume
i fit, ad cenrum ofto fexta pats e , quare
comparatus ad illum, triplo ius con-
tinget:

Eaque cft geminoram lex, dicemus,aut de
fatione pignoris juxta hoc. Duo verd pun-
@a inzqualia, ve vnum ; acduo, fic diftin-
gacmas,, quoniam fi copulabitur voum fiet
tribus modis, i duo, totidem cruat, ergoiam
fex. Quatuor autem madis aljis Contingit:At
hi fex variantur finguli differentiis 5 erunt
itur vigint quatdor , vt cum reliquis fex

CAPVT XIIL

De Numeris compofitis;tam vfqhe ad fex,
quam witra, ¢ tam in duabis
Aleis , quisin tribus.

]N duabus Ale duodecim,8 vndecim con-
{tant eadem raciones qua bis , fex, atque
fex, & quingue. Decem autem ex bis quin-
2\::. & fex , & quatuor , hoc autem variatac
lupliciter , eri igitur torum duodecima pars
circuitus , & fexta equalicatis, Rucfus ex
nouem,& quinqae,& quatior,& (cX; actri-
bus,ve fit nona pars circuitus zqualitasis du-
lam onz partis. 0o autem puncta (ant ex.
thquamm,nihu,& quinque,ac fex, & duo-
bus. Torum quinque feptima fesme circui=
tas pars, & duz (eptim zqualicatis. Septent
agtem , ex fex, & yno quingue » ac duobus
uatuor, ac tribus. Omnia igitur| a‘nn&aﬁuw
fex, tertia pars xqualitatis , & fexta circui-
s, At fex ve ofto, & quingae’, vt nouems
quatuor, vt decem, tria vt vndecim , & duoj
vt duodecin. e
Sed in Ludo fritilli yndecim punéa,adii-
cere decet , quia vna Alea poteft oftendi
erun igitur duorum punorum ia@us duo-
decim , & ita bes #qualicatis , & triens cir-
cuitus. Tria aatem tredecim , quatuor. auteni
quatuordecim, quinque quindecim,dextasis
mqualicatis 5 & 2 toco circpitn quincunx.
Sex autem fexdecim, & valde prope @qua’
licatem. e s
Confenfus fortis in duabus Alejs. ,

2 12 1| 3 1t 2|4 103. Equal.
3 9 4| 68 5|7 818.AdFdtt
Confenfus ortis in sribus Aleis tum Feie,
Sortis Fricilli.
3 g
3 18 4 Iaf 5 i
417 3 5 126 e d
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for that purpose nd hen the T chambers of raiies, ll Bighy worlh

, beside the stabes.  On Thusday oext is & masquersde fa

boo's hbits, 80 ladics aad protleme, wod among them the Elecer

20 Electrios, and oo Priday s magaifoeot opers, all fo_hosour of

the Order; afier which I retorn with all diligence o Eoglaod, asd
sball log o kise your bands, d to sesrs you how trly [ s,
" most obod! Serv, Gu Kiva.

CORRESPONDENOE OF

ok Evdiyn 0 8. Ppy.
Wen, Augut 3, 101

T have becn philesopbicing aod world-despsiog o tho solitodes o
ki place, whither [ am retired {0 pass and moura the abecoce of a3
wortbist friend. _Here in wood and water, mesdows a0d mounais,
the Dryads s0d Humadryade; but beres oo M Pepys, vo I Gale
Notbog of all the cheer io the purkoor that T tane; all's iovipi,
ad all wil be 0 to me tll T e and ecjey you again. 1 loog 1o
Know what you do aad what yoa think, because [ am cortaio you do
both what i worthy the kooviog sod.imitaton. On Mooday pext
will M Beotley resame bis lcture, T thisk, at Bow Charch: T fewr®
1 abal Larly got throogh thi wildernes by that tme.  Pray gire
bi yoar wonted contdeoce if you cas, sod tall b bow ushapply
T am eotaogied. 1 bope, however, o get bome withn thia fotaight,
s0d about the eod of Ociober fo my byematin io Doveratrel.
My soa s gone with tho Lord Livatenant, and car sew reltion, S
Cyril Wyeh,' o Trelod: 1 ook they sbosid retarn woodroes
Blatenmen, or o they bad as well bve siayed s bome. T vm bers
with Boceliv, sod Ersamas's Praies of lly, sed lok down spon
tho world with woodrows contempt whea 1 consider for whet we
Xeep s & mighty bose. O fortwnate M Pepya! who koow,
posmencs, 12d eojoya ll ha¥'s worh the seeking afer. Lt mo lie
among your iocliowtions, and T ball bo bappy.

coie)

3. Evaurw,

a 8 Popys o Josac Nowton.

Noreabr 1, 1k

Sir— Howerer (his comes secompunied to you with  litle

rouble, et T cnoet bet sy, that the oscsion n weleome 0 me.

Whe b marid for N ke i Bty s Bioavd, dnghir o

Gorge ey of Woten. e Oy v 4 2amed st bl g, T
e o Conaniope,whrs b wi b

¥ Aniher of 1 P Porepon, o Pl Tonbetons

SAMUEL PEPYS

ia that i gires mo an oppoeanity of teling you that T conions
wasible of my obligations o yoo, ms desrous of resderiog you
srvice fn whaievr you abll hiok me able, and 30 lew afliced
whea T bearof your beng ia town, without koowing bow
o you il it be 1o It fo e o do s Thia mid, aod with greas
ruth 1nd rovpec, T go 00 o tel you ihat the bearr, M. St
s one [ bear greut goodvill 1, 00 les for what T persoolly know
o ia guownl ingenaity, iodustry, and. virios, (an for he general
Tepatatina bo bas in this towa, infeior to_ hooe, but muperior to
mon, or bia masteryia he w0 poiat of bis proaeion; paely,
i wriing, aad aidhmei, o G, priipaly, a in sobsevient 1o
secounanialip. Now, 0 it i, hat the late project, of which you
nsoot bok bars beard, of Mir. Neal, the Groom-Porier's lotery,
s sl extinguiahed for some time, at all places of publio cco.
Teration ia_(kis town, especilly smoog weo of pumber, every
other bk b bat relates o the docirine of delerminig bebwesn.
ihe true proporiion of the harards ocident Lo this or that given
chaous or ot O this cocsen, i has falen out that thie geadl-
240 s bocome concerond, more hao o Jest, 10 compasm 4 mlston
st may ba rlied upon beyood what bia wodesty wil sufer bi
slose,or say e (han Mr. Newioas @ be, 0 &
fakes & journey on parposs (o sttend you with

common frieadship oaly, but a dos o kis 80 exrosst
-ypli-l---llalmhywi--mrdq—hﬂ—-hu,l
exaont deoy him; a0d therelors trus you will forgive me io b, sad.
o trowble T desrs 0u to bear, a my iostanes, of giviog bim your
deciainn upon i, wud. the process of your comiog &t b: wherein I
shal stoom wynelf on bis bebalf greaily owing i you, aad reauio,
Hoooured Sir, your wost burmble,
And mont afctoouis od faibful Sarmaat,

&P

el Tiaae Newton t0 8. Popys.

Cumetis, Hor 3, 108,
§/—T was very giad o bear of your gogd beath by M Saidh
20d 1o bavo avy opporiaaity girea me of ‘sbowing bow resdy I
Bhould be o seve you or your frends upoa say ocomsion, sod wish
fhat somethiog of greater momeot would give me a tew oppor.
tasty of doing it %0 a8 10 become more useful to you thea fn
wiring only » caibematcl question. To resding he quesion, it
memod 0 me i ot 10 be il sated; a0d ia examiniog M’ Saith
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APPENDICE.
Sur la Méthode des moindres quarrés.

Daxs 1a plapart des questions oi il s'agit de tirer des mesures
données par Tobucovation  les réesitas Jes plus exacts qu'lles
peuvent offrir,-oa est preagac-tosjours conduit & un systéme
déquations de I forme.
E=o+bstey+fet8e

dans 185, f, &o. sont des cotficiens conmus ,
e e
inconnues qu'l faut déterminer par a condition que la valear
de B e réduise, pour chaque équation, & uno quantité ou nulle
ou trés-petite.

BrVon a sutent déquations que dinconnues =, 7, £, &,
iy  suoane diffcalté pour I détermination de’ces incort+
nucs} <t on peut rendro s errears B abdokument nlles. Mais
lo plas soqvsnt, lo. nombre des équations eut supéricur &
celai des inconnues, et il est impossiblo dunéantic toutes leg
eerears.

Do cette circonstance, qui est eclle do Ja plupart des pro-
‘biémes physiques et astronomigues, ot Von cherche & déter-
‘miner quelques élémens importans, il entre nécessairement dé
Tarbitraire dans la disteibation des erzeurs , st on e doit pas
#attendreque foates e Bypothéses conduicont exactement sux
inéinen répultats; mais il fant vor-toat fifre en-sorte quo les
érrears extrémes, sans aveir égard 4 deurs signes , sofemt xen-
fermées dans les imites ls plus étroites qu'l est postible.

De tous Jes principes qu'on peat proposer pour cet objet,
jo pense quil wen est pes do plas géoéral, de plus exact, o
ane application plas fucle que cslai dont mous avons feit
usogo dans les rechorches précédentes, 1 qui consiste & xendre

{(73)
minimum la somame des quarréa des errears. Par ce moyen, il
#btablit eatre s errears une sorte déquilibre qui empichant
e exirémas do. prémaloir, eat rs-peopre & Biee comnoltro
Tétat da systéme lo plas proche de la verité.
Lo somme des quarsés des erreurs B4+ K4 B+ &, élant
(@4bn+cy+fx + &ay
@+ Taty 4 fntbe)
+ (@ Vet ey S+ &
+8c;
4i Yon cherche son minimum , en Talsat vatits * seule, on
sara Péquation
© = fabt afB 4 3 fbo + ftf + &,
dans laquelle par fab on entend la somme des prodsits sew;
blables @b+ '+ 0’8"+ &c. par [6* In spmmse des quazrés
‘codficiens de s, savoir 8'+ 5"+ 8+ K., aipa e suite.
Xo minimsm, pax rupport b, donners smblableswnt
o=feo+ afbe +3f¢+ffe+ &a,
etlo misimum par rapport k £,
=Jaf + =fof +7[eS + ][+ &,
ok Pan voit que Jes mémes coslicions fBe, /b, & sani ggne
muns  deux équations, co qui contribuo & faclter lo alcal.

Ea génénal, pour former Péquation du miniom par rape
por & Funa des incownses, il fouk miplisr tous les terey
e chogue dquation propesds par le coiffcien de Finconsus dans
catie dquation, pria avec son sgna foirs une somme da togs
cas produita.

On obtiendra de cets maniézs eafant déquations da misi-
mum,, quil y « digcounues, ¢t il fodea réscdre cos équa-
ons pac I méthodss ordiaaires. Mais on eurs soin dabréges
Wous lew enlcoly, W des maplplications oo de n résolution,
en n'admetant dans chague opération que e nombre de chiffres

10
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1, vel numerus en:]—x-pﬁq—.,
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Page 58 fur be e da Zreizg. () Defignentur charte quas
cenct Pecrusperlitcerasa, 4, ¢, , ¢, &c. quaram numcrus
fic 2, erit numeras emniam pofibiliam cafau B

.., numerus cafoum uc & {ic primo loco=1. 2.
7 — 13 numerus cafeums uz b fic F«undo nec tamen 2 pri-
moloco=1.2.3.7—1—1. — 2; nume-
Fus cafungn ut ¢ G ereo Joco, neé & :nayrimo vel
{ecundo =1.2. 3.0 B mTom2 XT. 25002
Loz, 3 oame 3 mimmeras ol e d B8 quareo il
vero gmccdcnnum 0 loco =1.2.3:.m—1—3 %
x SXT.2.3. 831,230
= E‘:} eraliter numervs cafizam, quibas contingere
potelt uc charea quz eft ordine 72, nulla autein ex prce-

. dentibus fie fao loco, S —r—theans

for i qoi 2d minimbm in usa 7z chartarum vincere
vle = ominz omoiam poflbilum alorum procedenci
ferie poneado prom fcellvt 1. 2.5 & b.e

i Vel primo loco, vel nom o i  fcprimo
e
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Th Doctame of Crances. 235

1o every body: in order thereto, T fhall here tranilate & Paper of

mine. w)ﬁi’wn printed Nowmber 12, 1733, and communicated

o e Findy bt vyt made poblic, eving oyl the

right of enlarging my own Thoughts, s occafion fhall require,
Nevemb.12. 1733

A Method of approximating the Sum of the Terms
of the Binomial 3+ B* deim @ Serics,
from whence are deduced fome pratical Rules
20 eftimate the Degree of Affent which is tode
groen 1o Experiments,

LTHO" thé Solation of Problems of Chamce ofiea rogire
that feveral Terms of the Binomial 352+ be added to-

gotber, neveribelef in very High Powers the

1 laborious, und of fo great a diffculty, that few.
§ et TS M, b

have olowed basben ey dekribd in sy 3)ésms -
it Ry s e Pl Sk it
ol i gy o b thebef, o conle wht ey
v Have Wt g that Sobe  for mp par, what

T pply myle 10 thr Toqlry wab ao”out f opci that T
honlcuce oten i which vwsre . might bave b forgive

bud what T did was i somplacs .t Goe of & vy womhy
e T ettt i e

hing that bave ben delvered by me  presty whle

e s e o s e e

Tows 1 the Bioomia 141 be i o 8 very high Power de-
Hh'2 oted

236 T8 Docraine of CuANGEs.

noted by 1, the ratio which the middle Term has (o the Sam of
ol the Terms, tht b, 10 2+, may be expreed by the Fration
s

AXTTDE | wherein A repreens the nomber of which the Hy-

caufe the Quantity =P or 1—
s 3 bigh Power, ‘which s not dificul o prove, it follows
that, in an ininte Power, that il be ablokoely given,

B o oo of

Seris, a0d ow.fuppofe that B rprelents the Number of which the.
Hypecbolc Logarithm is 1 — -1 + <t — - + g &2
that Expreffion wil be changed into - .

‘When I-firt began that inquiy, T contented myf to determine

3¢ lage the Valoe of B, which ws done by-the addion- of fome.
Term of the sbove-writen Srics; bot ar 1 percevid tharit cone

g Sy, s o t e e e it wha i e
ther Gl my wrthy and ekned Friend M. L_W,'.'f‘.h
ad pplcd Nimkl afie me 1 that inquiys e e
tity B d denote the Square.root of the Crcumference of 3 Cicle

hok Radtm e Vs
the Rato of the middy
e capetid by 2.
Bt s’ ¢ b s eceBry (o know what o the
B ey v o he Coumicccs o the G, provid. i vaos
e stied, cuber by paring s Lopbnc S ety o
oned or sny et iy, 9T owh wih plesn tat i
oy, B e o, g L
o on the Sl
T Tall foud tat he Lo the Rt whichthe middle
“Term of 4 high Fower b 1o any Term diene Fom . by
o] denored b 1, would b ded by v i sppenime:
o

o that if that Circumference be called ¢,
Term to the Sum of all b Ferms will
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FERMAT AND PASCAL 547

propeses that I should not play the fourth time, and if he wishes
e o b jusly treated, it prope that T have 195{agg of the
entire sum of our wagers,

“This, however, s not tru by my theory. For in this case, the
three st throws having gained nothing for the plaer who holds
the die,the total sum thus remaining at stake, he who holds the
it wh et ke s ot o skl ke 3§
-

And if be has played four throws without finding the desired
point and if they agree that he shallnot piy he ifth time, he wil,
nevertheless, have 3¢ of the total for his share, Since the whole
sum stays in play it not only follows from the theory, but it is
indeed common sense that each throw should be of equal value.

Turge you therefore (1o wrte me) that [ may know whether we
agree i the theory, as | belive (we o), or whether we diffr only
in ts application.

1 am, most heartily, etc.,

Fermat.

Pascal to Fermat
‘Wednesday, July 29, 1654

Monsieur,—

1. Ipatience has seized me as well asit bas you, and although
1am still abed, T cannot refain from teling you that I rceived
‘your letter in regard to the problem of the points! yesterday eve-
ning from the hands of M. Carcavi, and that I admire it more than
Tcan tell you. 1 do not have the leisure to write at ength, but,
in & word, you have found the two divisions of the points and of
the dice with perfect justice. I am thoroughly satisied as I can
n0 longer doubt that I was wrong, seeing the admirable accord in
‘which I find mysel with you.

1 admire your method for the problem of the points even more
than that of the dice. I have seen solutions of the problem of the
dice by several persons, as M. le chevalier de Miéré, who proposed.
the question to me, and by M. Roberval also. M. de Meéré has

The editorsof thes leters note tht the word pari means the division of
the stake between the players in the case when the game is abandoned before
s complecion. Por des ds measstht the man who hkds hedie agre
tho  cerun number i e aumber of i, For carky,in thi v
lation, the first of these cases will be called the probiem of the points, & term
‘which has had a certain acceptance in the histories of mathematics, while the
econd may by aaalogy b called the prablem ofthe i

548 SOURCE BOOK IN MATHEMATICS

never beenabl o ind the just value ofthe problem f the poits
ot has he been able to fnd & method of deriving t, o that |
found myselfthe only one who knew this proporton.

2, Your method i very sound and it i th first one that came
to my mind in thes reserches, but because the trouble of these
combinations was excesive, 1 found an abridgment and indeed
another method that is much shorter and more neat, which [
shoukd lke o tll you bere in  few words; for 1 shoud lke to
open my hear to you hencefrth i | may, so gretis the lessure
Vhave had in our agreement. | plinly seethat the truth s the
same ut Toulouse and at Pais
“Thi s the way I go about it o know the vlue of esch o the
shares when two gamblers ply, for example, in three throws,
and when exch has put 32 pistoles at stake:

Let us suppose that the irst of them has two (points) and the
other ane._They now play one throw of which the chances are
such that i the firt wins, e wil win the eatire wager that i at
stake, that i o say 6 pistoles. 1 the other wins, they wil e
00 o and in consequence, if they wish to separate it follows
that ech will ake back his wagerthat s tosay 32 pstles.

‘Consider then, Monseur, that if the first wins, 64 wil belong
tokim. If be loses, 3 will belng to him. Then if they do not
wish o play this point, and separate without doing i, the st
should say “I am sure of 32 pistoles, for even a loss gives them to
me.. As for the 32 other, perhaps I will have them and perhaps
you will have them, th risk is equal. - Therefore et us divide the
$2gistolesin bal and ive me the 32 of which [ am certain besides”
He will hen have 48 pistalesand the ober willhave 16.

Now let us suppose that the first has oo points and the other
‘none, and that they are beginning to play for a point. The chances
are such that i the it wins, be will win al o the wager, 64
pistoles. 1f the other wins, behold they have come back to the
preceding case ia which th first has two poiats and theotber ne.

Bt we have already shown that i this case 48 pistoles wil
elong to the one who has o points. Therelre if they do not
wish t play this point, he should say, “If 1 win, I shall gin ll,
thatis6h. 1 los, 48 will lgiimately belong to me. Therefore
give me the 48 tha are crtain t be mine,even f | e, and et
us dividetheother 161 hlf because there s as much chance that
you will gain them as that [ will” Thos he wil have 48 and 8,
‘which is 6 pistols.
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IV, FIELD OF PROBABILITY
Fanusr axp PAscaL o Prosasiiry

(raadated from the French by Profess Vers Senford, Western Reserve
Univensy, Cleveand, Obia)

Tlin wisrs o the Gtcnth and sisesh centries, otably Paill
(450, Turtagin (1559, ad Cardan (1545, hud dcumd the probisof
the dovion of & #ake between two players whone game was nerrpied
befre s cse. The prlem wasproponed to Pascl and Ferat,probably
in 1654, by the Chevaerde Mict, o gbler who s sid to bave had unuanl
abliy “even for the matherutics” The comespondesce which casud
e et sl Pul, s el i e deslgment of e
conepts of robabiey, and i fortunate that theintroductoy
Puscal to Pemat i 50 lnger exant. The cne ber transate, written i
165, sppears i the (s de Ferm (. Tannery aod Heary, Vol 11, pp.
288-316, Pai, 1890) an serves to show the nature of the probem. For &
ographical shsch of Feraat, e page 213; f Pasel, page 67, See aloo
page 165, 21, 21, and 326,

Monsieur,
1f I undertake to make & point with a single die in eight throws,
aad if we agree after the money i put at stake, that T shal not
cas the irstthrow, it s necessary by my theory that I take 3§
of the total sum t be impartial because of the aforesaid first
throw,

Andif we agre after that that I shall ot play the second throw,
1 should, for my shre, take the sixth of the remainder that is
3§ of the total.

I, afer that, we agree that I shal no play the third throw, [
should o ecoup myself, take 3§ of the emainder which is 3414
of the total.

And if subsequently, we agree aguin that I shal not cast the
fourth throw, 1 should take 3¢ of the remainder or 123{3¢ of
the total, and I agree with you that that s the value o the fourth
throw supposing that one has already made the preceding plays.

‘But you proposed i thelast exaraple i your letter (I quote your
‘very terms) that if | undertake to find the sx n eight throws and
1 have thrown thre times withou getting it and if my opponest

46
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proposes that [ should ot play the fourth tme, and if e wishes
me to be justly treated, it i proper that 1 Bave 195{gs of the
entire sum o our wagers.

“Thi, bowever, i not true by my theory. - For in thiscase, the
thre ist throws having gained nothing fr the player who holds
the dic,the tota sum thus remaining a¢ stake, he who bolds the
e and who agrees to not play his fourth throw should take J§
s s reward.

And i be has played four theows without fnding the desired
pointand f they agree that e shall no play the ith time, e wil,
neverthelss, bave 3¢ of the toal fr his share. Since the whole
sum says in play it not oly follows from the theory, but it is
indeed common sense that each throw shoud be of equal value.

Lurge you therelore (t0 writ me) that | may koow whether we
agree i the theory,as | believe (we do), o whether we difle oly
inits applicaton.

Tam, most beartly, ete,

Pascal to Fermat.
‘Wednesday, July 29, 1654

Monsieur,—

1. Impaence has seized me as well s it has you, nd although
Lam still abed, I cannot refrin from eling you that | recived
yourlettr in regard t the problem of the points yesteday eve-
‘ning from the hands of M. Carcavi, and that | admire it more than
Vean tell you. 1 do not ave the esure to wrie st lngth, but,
in 2 word, you have found th two divisions of the paints and of
the die with perfct justie. | am thoroughly satified 13 | can
20 longr doubt tht [ was wrong,seing the dirable accod n
which 1 find myself with you.

T adnie your method for theproblem o the prints even more
than thatofthe dice. | have seen soltios of the problem ofthe
die by several persons,as M. cheale de Mirt, who propased
the question to me, and by M. Roberval alio. M. de Mist hus

* [The editors of these letters note that the word parti means the division of
e ke bewes e plyes s he e whe the ae o susdocd bt
i compeion Par s i et e who bk thedie a0
irow s carainnumber . e somber ol vl Fo iy, n ki v
laion,the it of b caes il cld theprobem o the i, e
ih ba hd  cerainacptace i te e of et e the
‘second may by analogy be called the problem of the dice.]
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CONSIDERAZIONE
SOPRA IL GIUOCO DEI DADI -

Che pel giuoco dei dadi alcuni punti sieno pia vantag-
giosl di altri, vi ba la sua ragione assai manifesta, la quale
& il poter quelli pii facilmente e pid frequentemente scoprirsi
che quest, il che depende dal polersi formare con pii sorte
di pumeri: onde il 3 e il 18, come punti che in un sol modo
sl posson con tre numeri comporre, ciod questi con 6. 6. 6
e quello con 1. 1. 1, e non altrimenti, pits difficill sono a
scoprirsi che v.g. i1 6 0117, i quali in pia maniere si com-
pongono, ciod il 6 con 1. 2. 3 e con 2. 2. 2 e con 1.1.4,
ed il 7 con 1.1.5, 1.2.4, 1.3.3, 2.2.3. Tultavia an-
corché il 9 e il 12 in altrettante maniere si compongano in
quante il 10 e I'11, perloché d' egual uso dovriano esser re-
putati, si vede nondimeno che la lunga osservazione ba fatto
dai givocatori stimarsi pii vantaggiosiil 10 e I'11 che i1 9 e il 12.

E che il 9 e il 10 si formino (e quel che di questi si
dice intendasi de'lor sossopri 12 e 11), si formino, dico, con
pari diversitd di numeri, & manifesto; imperocché il 9 si com-
pove con 1.2.6, 1.3.5, 1.4.4, 2.2.5, 2.3.4, 3.3.3,
che 3000 sei triplicitd, ed il 10 con 1.3.6, 1.4.5, 2.2.6,
2.3.5, 2.4.4, 33.4, ¢ non in altri modi, che pur son sel
combinazioni. Ora io, per servire a chi m’ ha comandato che
io debba produr cié che sopra tal difficolth mi sovviene,
esporrd il mio pensiero, con speranza, non solamente di sciorre
questo dubbio, ma di aprire la strada a poter punlualissima-
meate scorger le ragioni, per lo quali tutte le partioolarith
del ginoco sono state con grande avvedimento e gindizio com-
partite ed aggiustate. E per condurmi colla maggior chiarezza

(1) L' sulografo di questa scritiora, edita gié nelle procedeati edixioni
delle Opere, si ha nei WSS, Palatinl, Par. V1, Tom. 3.
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PROBLEMES DIVERS

SUR LE JEU
DU TREIZE

EXPLICATION DUV JEv.

Es Joueurs tirent d’abord 4 qui aura la main. Suppo=

fon's que ce foit Pierre, & que le nombre des Joueurs
joit tel qu'on voudra, Pierre ayant un jeu entier compofé
de cinquante - deux cartes mélées 4 difcretion , les tire
Tune apres l'aucre. Nommant & pronongant un lorfqu'il
tire la premiere carte, deux lorfqu'il tire J2 feconde, trois
lorfqu'dl tire la troifiéme, & ainfi de fuite jufqu'd la crei-
ziéme qui eft un Roy. Alors fidans route certe fuite de
cartes il n'en a tiré aucune felon le rang qu'il les 2 nom-
mées, il paye ce que chacun des Joueurs a mis au jeu, &
cede la main 4 celui qui Ie fuic 4 la droice.

Mais s'il lui arrive dans la fuite des treize cartes, de tirer
1a carte qu'il nomme, par exemple de tirer un as dans le
wmps quiil nomme un, ou un deux dans le temps qu'it
ndmme deux, ou un trois dans le temps quil nomme
trois, &c. il prend tout ce qui eft au jeu, & recommence
comme auparavant,, nommant un, enfuite deux, .

11 peur arriver que Pierre ayant gagné plufieurs fois,
& recommengant par un, n'ait pas IE‘I. de cartes dans 2
main pour aller julqu'a treize , alors il doic, loﬁge le jea
Jui manque, méler les cartes, donaer 4 couper, & enfuite
tirer du jeu entier le nombre de cartes qui lui eft necel~

faire pour cpninuer l¢ jeu,, en commengant par celle o
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rvic in whataver you 4bal thiok e ble, and 00 las aflced
whio T bear of your being in town, without kuoriog bow o wait
0 you tll it be too Ite for me n do . This i, and with great
ruih and. respec, T g0 o0 0 tal you that the bearer, M. Saith,

i wring sod aihmeti, 0., prosipely, a i sobservieat 15
sccunaoiatip, Now, s it i, thit th et projes,of whieh you
‘asoot bk buve beard of M. Nesl, the Groom Bortas lotery,
i lntexinguinbed for s tims, ot a1l placs f ol con.
veation in. 1hd town, especily 4moog 0 of Bumbers, every
ather ik but bat. rlates o the docuriseof deerminiog bebween
e e proporion of the bsards feside Lo i or tht given
chinon or ot Oa thia cooion, it b fllen cut. that thi o
nia i become concerued, moe (an fn s, b compan & miaion
elied upon beyoad what bia odety will ufler bis
e, or ey Je than M. Newion's 0 by, 0 &
Joarey oo parpos t aand you with
i atrodotin t 7oa o that perpose,
oaly, bt e doe o i 10 aroen
splcuian fer trah, hough 1o  cater o specauion lon, T
oot deay bim; od therlos tratyou il ogivs e I i, and
o touble T desro you t bea, st my iotane,of giviog bim your
deiion wpon i s the prosee of your comiog 4t
Al tone el on b pebalf realy
“Hoooured Si, your mest barbie,
And mon afictonui and fihla Sermat, 8. P,

Qwe] Trsoe Newion 0 8. Popys.

Comedgn, Neve 38, 108,
&'—T was vory ghd to bea of your gogd bealth by M Saith
304 10 bavo soy opporiasity giren me of sbowiog bow ready I
Bhoald be 10 serve you or your (reads upoa sny oo, sod wisk
that somethiog of grater momeot would give me & ew oppor-
taniy of ding ity 40 s 1o become more ueful to you thaa in
wiving only a matbeatical questicn. o readiog the quesion,
emed to e at st to be il sated; a0d in examisiog M Samih

COREESPONDENOE OF

28

about the messing of some phrse in i, be pot the cae ofthe
qoumtionthe mime e I A played with s dis il he throw sz
Sad thea B throw as ofen with twelre, a0d © with ighies,the

with coe die, 30d B wih two— b former il be threw a sz, e
it a8 ofen fo two sixss 40d. found.that A had the admasige.
But whotber A will bave tho adraotege wheo ba throws with s,
a0d B with twelre dice, T xosot tel; for the owmber of dios may
st the proporton of the cbasees considerably, and T dd o4
coropute it o this cu, tbe problec being » very bard ove. And,
indeed, upon reading the quetion avew, T found s these cases 46
Dot some withia the question ; for bers a0 advaniage i given t &
by bis throwiog e il be throws  six: wheross, the quesin 1
quies, that they throw wpon equl lock, 10d by cooseqoence tha s0
sdraniags be gen 1o any ooe by throwing . The question o i
A b six dic in & box, with which be i to B
asother box twalve die, with which be ia to fiog bwo sixes; C bas
in anotber bz eightoen dice, with which he in 1o fog three iz
Q) whether B aod O bars oot an exsy stk as A st even Tkt I
bl Taat queston st be wodertond sccoding 1 the plsioet seom
of the words, T thiok thet sens mast bt

'
fe

2%, T lake the most proper aod obrions mesniog
of the quesion 10 be, thet when A fings more iz then ose,bo
finge sz 2 vl whon b fng b0 sy i, nd 0 gl

pectation : a0d 10, wheo B fiogs more szes theo bwo, ad O

e ey)
What s the expesation or bopa of B b0 throw evary time w0
sixn, a lost, with twalre dioo?
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SUR LES PROBABILITES.

"T'oures les queftions du Caleul des Probabilités peuvent V. fs Mém.
fe réduired une feule hypothéfe, & celle dune certaine quantité P 237+
de boules de différentes couleurs mélées enfemble, dont on
fuppole qu'on tire au hafurd difiérentes boules dans un certain
ordre ou dans certaines proportions. Si on fupppfe connu le
nombre de boules de chaque efpéce, on e calcul ordinaire des
probabilités tel que les Géomdtres da dernier fidcle f'ont confi-
e mais o uppoe e nombrede boulsde huguepce
incomna, & qu par Ie nomire de boues de chage chice
quon atirées, on veulle juger ou de [a proportion du nombre
de ces boules, ou de Ia probabilité de les tirer dans Ia fuite
fuivant certaines loix, on @ une nowvelle caffe de
problémes, Ces queftions dont il paroft que M. Bernoull
& Moivre avoient eu lidée, ont été examinées depuis pax
M." Bayes & Price; mais ls fe font bornés 3 expofer les
vincipes qui peuvent fervir 4 les réoudre. M. de la Place
B R N e
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Dans une chambre parquetée ou pavée de carreaux
égaux, d’une figure quelconque, on jette en I'air un
écu; I'un des joueurs parie que cet écu aprés fa chute
fe trouvera & franc - carreau, c’eft-i-dire, fur un feul
carreau ; le fecond parie que cet écu fe trouvera fur
deux carreaux, c’eft-a-dire, qu'il couvrira un des joints
qui les {éparent ; un troifime joueur parie que I'écu fe
trouvera fur deux joints; un quatrimé parie que I’écu
fe trouvera fur trois, quatre ou fix joints: on demande
les forts de chacun de ces joueurs.

Je cherche d’abord le fort du premier joueur & du
fecond; pour le trouver; j'infcris dans 'un des carreaux
une figure femblable, éloignée des cotés du carreau,
de la longueur du demi- diamétre de I’écu; le fort du
premier joueur fera a celui du fecond, comme la fuperficie
de Ia couronne circonfcrite eft a fa fuperficie de Ia figure
inferite ; cela peut fe démontrer aifément, car tant que
{e centre de I’écu eft dans la figure infcrite, cet écu ne
peut érre que {ur un feul carreau, puifque par conftruction
cette figure infcrite eft par-tout éloignée du contour du
carreau, d'une diftance ¢égale au rayon de I'écu; & au
contraire dés que le centre de I’écu tombe au dehors
de fa figure inferite, I'écu eft néceffairement fur deux
ou plufieurs carreaux, puifqu’alors fon rayon eft plus
grand que la diftance du contour de certe figure infcrite
au contour du carreau; or, tous les points ou peut tomber
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